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PREFACE 

In the following pages I have tried to exhibit the 
Elements of Dynamics in the simplest form which 
the subject seems to admit. It is throughout a 
strictly elementary work, and is designed to be put 
into the hands of any Student who has read the first 
Four and the Sixth Books of Euclid's Geometry, 
Algebra to the solution of Quadratic Equations, and 
Plane Trigonometry as far as the solution of Tri- 
angles. It seems to me desirable that a boy when 
equipped with this amount, of Elementary Mathe- 
matics, should enter on the study of Dynamics some- 
what earlier in school life than is now the custom. 

In placing at the threshold the pure Geometry of 
Motion, irrespective of the cause of that motion, and 
then founding the entire science of Dynamics, in its 
Kinetic and Static branches, on Newton's * Three Laws 
of Motion,' I have, like many recent writers on the 
subject, followed the system advocated by Professors 
Thomson and Tait ; and there seems to be now an 
almost universal consensus of opinion that this is 
the most philosophical and the simplest method of 
proceeding. 

Digitized by VjOOQIC 



VI Preface. 

The present Work may be considered as divided 
into two Parts — the First Part embracing Chapters 
i-xi., containing most of the principles, and the 
Second Part, included in Chapters xii-xvi., containing 
applications of those principles. 

The following Articles seem to constitute a suitable 
course for a first reading of the book : — 

Articles 1-30; 43-54; 61-75; 80-11 1; 124-130; 
135-149; 156-178; 181-186; 188; 189; 194-208; 
220-254. 

On a second reading, the chapter on Impact may 
be added to the Articles previously omitted in 
chapters i.-xi. ; and then, as a final course, the 
chapters on Projectiles, Friction, Work, and Energy 
may be studied 

Thus treated, this book will serve the useful 
purpose of leading to more difficult and more 
exhaustive works, such as Garnett's Elementary 
Dynamics, and Minchin's Treatise on Statics. 

It is not necessary that all the Examples in each 
set should be worked. Those at the end of some 
groups are more difficult than the earlier, and re- 
quiring, it may be, special skill in applying principles, 
may be omitted with advantage until the Student 
has made some progress in the subject. 

The Examples have been chiefly taken from the 
Examination Papers set in the Royal Naval College 
during the past thirteen years. Some have been put 
together to illustrate particular points, some have been 
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Preface. vii 

suggested by those in other works-, and others may 
be regarded as common property, appearing in 
almost every collection. They are intended to form 
a special feature in this book ; and besides their 
unusual number (in typical questions worked as 
models, and in problems proposed for solution), they 
have been carefully arranged with the view (i) of 
presenting several examples of the same kind in suc- 
cession as in Text-Books of Arithmetic, Algebra, 
and Plane Trigonometry, (2) of leading from the 
easier to the more difficult, and (3) of bringing out 
the Student's grasp of principles. 

Throughout both Text and Exercises a distinction 
has been observed between the expressions so many 
pounds weighty and so many pounds — the former 
always denoting a certain force^ the latter invariably 
meaning a certain quantity of matter. 

While designed to cover the course required in 
the Examination for the rank of Lieutenant in the 
Royal Navy, the work includes the extra subjects 
expected from candidates for the Beaufort Testi- 
monial ; and it is my hope that it may be found 
useful by those reading for the Oxford and Cam- 
bridge Local Examinations, as well as by those 
who are studying the subject in the ordinary course 
of education. 

There remains the pleasant duty of acknowledging 
the generous help given me in its preparation. 
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INTRODUCTION 

Our knowledge of the laws of nature has become 
accurate, and can be extended by careful observation 
and experiments alone. In such investigations the 
conceptions of Time, Space, Mass, Force, and other 
elements are required. We assume that certain of 
these are known intuitively, and from them we deduce 
others. 

Those usually taken as fundamental are Time, 
Space, and Mass; and the next step is to devise 
instruments for their accurate measurement. Time 
is measured by clocks, chronometers, chronoscopes, 
etc.; Space is measured in its linear dimensions 
by rods, chains, etc., and in its angular dimensions 
by sextants, theodolites, etc.; and Masses are com- 
pared by balances. But no instrument can g^ve 
us practical measures of anything without reference 
to certain Standards or Units of that thing by which 
they can be estimated and compared. 

xvii 
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The Standard of time furnished by nature in the first 
instance is the Sidereal Day ^ which is defined to be the 
period of the earth's rotation on its axis. From this 
is derived the Mean Solar Day^ which is the mean of 
the intervals which elapse between several successive 
transits of the sun across the same meridian. For 
practical purposes this may be regarded as constant. 
A good chronometer will mark 24 hours in the Mean 
Solar Day. Each hour contains 60 minutes, and each 
minute contains 60 seconds. 

Therefore the Mean Solar Second is the ^7 J^rt P^irt 
of a Mean Solar Day, and this is the Unit of Time 
made use of in physical research in all civilised 
countries. 

The Unit of Length used in England is the 
Imperial Yard, This length was not originally 
derived from any data supplied by nature,^ although 
some important relations with such have been dis- 
covered, and by which it could be reproduced if 
necessary. 

By English law the Yard is * the distance between 
the centres of the transverse lines, in the two gold 



* There is a tradilion that this measure was derived from the length 
of Henry I.'sarm. 
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plugs in the bronze bar deposited in the Office of 
the Exchequer/ when the whole is at a temperature 
of 60° Fahr. If this Standard Yard should be lost 
or destroyed, it may be restored from the authorised 
copies of it which are kept in the Mint, in the Houses 
of Parliament, in the Royal Observatory, and in 
the custody of the Royal Society. 

A Foot is the one-third part of the Imperial 
Yard. 

The Unit of length in France is the Metre, This was 
originally supposed to be the ten-millionth part of 
the length of an arc of the earth's meridian between 
the Pole and the Equator, and was made the National 
Standard by a decree of the French Republic in 1795. 
It is legally defined as 'the distance, at the temperature 
of melting ice, between the ends of a platinum rod 
preserved in the Archives.' It is practically defined 
by certain accurate Metres which are kept in various 
places, and by comparison with which it could be 
restored in case of accident. The original Standard 
M^tre was made by Borda. 

I Mitre = 39-37043 inches. 

I Centimetre =0-3937043 inches, or nearly | inch. 

I Kilometre = 39370-43 inches, or nearly | mile. 
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The Unit of Mass ^ in England is the quantity of 
matter in an Imperial Standard Pound Avoirdupois 
{see Art. 87). The Standard Pound is a piece of 
platinum preserved in the Exchequer Office, and 
marked 'P. S. 1844. i lb.' If lost or destroyed, it 
may be restored from authorised copies of it pre- 
served with the authorised copies of the Imperial 
Yard. 

I Pound =7000 grains. 

The French Unit of Mass is the ' Kilogramme des 
Archives.' This was originally intended to be the 
mass of a litre of distilled water at a temperature of 
4** C, but is always practically defined by authorised 
copies of the standard. 

I Cubic foot =28-3 litres. 

I Kilogramme= 1000 grammes. 

I Kilogramme= 2.204 pounds. 

I Gramme =iS-43 grains. 
In physical research the units of Space, Mass, and 
Time, usually employed are the centimetre, gramme, 
and second, and this system of units is known as the 
* C. G. S.' system. 

^ ' Mass ' is a technical word used to denote ^<t quantity of matter m 
a body {see Art. 83). 



Digitized by VjOOQIC 



Introduction. xxi 



There are many aspects of Motion which may be 
considered quite apart from the physical ideas in- 
volved in force, mass, elasticity, etc. Ampere has 
suggested the term Kinematics^ to denote the purely 
geometrical Science of Motion; and in all recent 
treatises dealing with ' Matter and Motion,' whether 
elementary or advanced, this Geometry of the subject 
is made introductory to Djrnamics or the Science of 
Force. The latter will naturally be regarded in two 
aspects, as the forces under consideration cause motion 
or maintain rest. 

The former branch of Dynamics is called Kinetics, 
the latter branch is called Statics. These terms may 
be formally defined as follows : — 

Kinematics is the Science of Motion without 
reference to the masses of the bodies moved, or to 
the causes which produced the motion. 

Kinetics is that division of Dynamics which treats 
of the action of force producing motion. 

Statics is that division of Dynamics which treats 
of the action of force maintaining rest. 

1 K^>'97/Aa = motion. 
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It may be here remarked that the subject-matter 
of the present work has often been presented under 
the title Mechanics* Now this word properly denotes 
the Science of Machines ; in this sense it was used by 
Newton. There is, at present, a marked tendency to 
revert to the original meaning of the word. 
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ERRATA 

P. 44, Ex. i8, for 32-2 read 32* 12. 
52, Ex. 9,. for f.-s.-s. read f.-s. 
„ Ex. II, add 'the acceleration being the same.' 
190, Ex. 15, for *on the ground ' read *at the base.' 
203, Ex. 36, for * end ' read * ends.' 
248, Ex. 36, for m read ^2 9 ^^^ ^^' ^ '^^^ ^^^* 
252, line 5 from bottom, for 'causing' read 'permitting.' 
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CHAPTER I. 

UNIFORM VELOCITY. 

1. The Motion of a point is its * change of position.' 
The Velocity of a point is its * rate of motion/ or its 

* rate of change of position.' 

To say how fast a point is going is to assert something 
about its state of motion at a particular instant. The 
student must at the very beginning realise that the velocity 
of a moving point is an instantaneous property of the 
motion which may or may not change from instant to 
instant 

2. Uniform Velocity is the rate of motion of a point 
which remains constant from instant to instant^ and as a con- 
sequence, a point moving with uniform velocity will traverse 
equal spaces in equal times, however small those times may 
be, or, in other words, is always moving at the same rate. 

It is not sufficient to define uniform velocity as *a velocity with 
which equal spaces are traversed in equal times,' because a train, for 
example, may describe 20 miles an hour, and yet at different periods 
of each hour its velocity may not be the same. 

3^ Variable Velocity is the rate of motion of a point 
which is not the same from instant to instant, 

4, We have seen that a velocity is a property of motion 
which belongs to it at any given instant, but it is evident 
that we cannot measure it instantaneously. To find how 
fast a person is walking at any moment, he must keep on 

A 

Digitized by VjOOQIC 



Elements of Dynamics. 



walking at that rate for some definite time, and thus dis- 
cover how far he can go in a certain time. 

We see then that a velocity involves the ideas of space 
and time, 

5. The units of space and time used in England are a 
Foot and a Second, This system of units is known as the 
'foot-second/ or simply as the *f.-s.' system. 

In France a Centimetre and a Second are the units used. 

6. The Unit Velocity is 'the uniform velocity with 
which the unit space is described in unit time.' 

The British Unit Velocity is therefore *the uniform 
velocity with which a foot is described in a second,' or, 
briefly, *a velocity of a foot per second.' 

7. Now since any quantity is measured by the number of 
units of that quantity which it contains, we infer that 
Uniform Velocity is measured by the space passed 
over in a second. 

Thus a uniform velocity of 10 f.-s. means that the point 
will describe 10 feet during every second of its motion. 

8. Of course velocity may be measured byanyunits of space 
and time which may be considered suitable : but if we desire 
to compare the velocities with which two points are moving, 
we must express their measures in terms of the same units. 

9. If a point move with a uniform velocity (p) for a given 
time (/), to find the whole spaces described. 

By Def. :— 
in I sec. the point describes v feet from its initial position. 
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This is the fundamental equation of uniform motion in a 
straight line. In it three quantities are connected, and if 
any two of them be given the third may be found. It is 
evident, by Algebra, that if v be constant, the space de- 
scribed varies directly as the time of motion. 

Example. — A point moves with a uniform velocity pf lo f.-s.; find 
the space described in a minute. 

Here »=io, and /=6o, 
.'. x= 10 X 60=600 feet. 

10. Since a quantity is measured by the number of units 
of that quantity which it contains, we see that 

Quantity =5 Measure x Unit. 

Hence we infer, by Algebra, that the measure of any 
definite quantity will vary inversely as the unit employed. 

11. Suppose that v is the measure of any velocity in the 
* foot-second' units, and we require the measure of the 
same velocity when x feet are chosen as the unit of space, 
and / seconds as the unit of time, we may work from our 
definition as follows : — 

Let Vx denote the measure required. 
By Def. v^ means that the point will describe 
Vx times x feet per / sees. ; 
or, VxX times i foot per / sees. ; 

or, — times i foot per i sec. 

But by Hyp. v means that the point will describe v 
times I foot per i sec 

X 
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If V be constant, then by Algebra, z^^ oo — , Le, the measure 

X 

of a velocity will vary directly as the unit of time employed, 
and inversely as the unit of space. 

Example. — If the velocity of a point be 44 f.-s., find its measure in 

the mile-hour system of units. 

Using the formula just established, we have 

z/=44, /=36oo, ^=5280; 

44x3600 .- , 

= X^ — miles per hour ; 

= 30 miles per hour ; 

or thus, independently of the formula, 

A velocity of 44 feet per second, 

= „ 44 X 3600 feet per hour, 

44x3600 ., , 

= ,, g — miles per hour, 

= „ 30 miles per hour, 

ue, a velocity of 44 feet per second is the satne as a velocity of 30 miles 
per hour. 

Examples — I. 

X. A point is travelling with a velocity of 88 f.-s. ; find its measure 
in the mile-hour system. 

2. A point has a velocity of 15 miles an hour; find its measure in 
the foot-second system. 

Find the measure of a velocity of 30 miles an hour in the foot- 
second system. 

3. Compare a velocity of 12 f.-s. with a velocity of 10 yards per sec. 

4. Find the measure in the yard-minute system of a velocity of 45 f. -s. 

5. A velocity of x feet per minute is four times a velocity of 3 yards 
per second ; find x, 

6. A velocity of 20 miles an hour contains the velocity of 33 feet per 
half-second v times ; find v, 

7. A man walks with a velocity the measure of which is 5*5, and 
finds that he has travelled 8 miles in 2 hours ; find the unit of time, 
the unit of space being 2 feet. 

8. A man walks with a velocity represented by 2, and he walks 7 
miles in 2 hours ; if I foot be the unit of length, find the unit of time. 

9. A man walks with a velocity the measure of which is 15, and he 
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walks 10 miles in 3f hours ; find the unit of space used, if the unit of 
time be 7i seconds. 

ZO. A point describes a feet in n seconds ; if unit of time be i 
minute, find unit of space in order that the numerical value of the 
point's velocity may be i. 

Zl. If V be the measure of a velocity using / feet and / seconds as 
units, find its measure when /x feet and /^ seconds are the units. 

Z2. If 2 seconds be the unit of time, and an acre be represented by 
40, what number will represent a velocity of 30 miles an hour, when a 
yard is the unit of space? 

12. Variable Velocity is measured at any instant 
by the space which would be passed over in a second, 
if the velocity at the instant considered remained the same 
throughout the second. 

If we say that a train is travelling at the rate of 40 miles 
an hour, we do not necessarily imply that it has travelled 
40 miles during the previous hour, or that it will travel 
40 miles during the next hour, but that at the instant 
referred to the velocity is such that if it remained the same 
for a whole hour the distance 4escribed would be 40 miles. 

13. If a point has described a certain space with variable 
velocity in any given time, we call the uniform velocity with 
which the same space might be described in that time the 
* mean velocity ' or the * average velocity ' of the point. 

The mean velocity may practically be found by dividing 
the whole space described by the time taken to describe it. 

A nautical mile is a mile of Latitude, i.e. ^ degree on the 
earth's surface. It is usually taken as equal to 6080 feet. 

Def. — A knot is a velocity of a nautical mile per hour. 
Examples— II. 

X. A point moves with a uniform velocity of 12 f.-s. ; find the whole 
space described in half a minute. 
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2. A train moving uniformly describes 240 miles in 6 hours ; find its 
velocity in feet per second. 

3. Compare the velocities of 2 points, one of which describes 5 feet 
per i-second, the other 100 yards per minute. 

4. Compare the velocities of 2 points, one of which describes 720 
feet per minute, and the other 3^ yards per |-second. 

5. Two points starting simultaneously from a given position in the 
same direction move one with a velocity of lof.-s., the other with a 
velocity of 15 f.-s. ; find their distance apart at the end of 5 minutes. 

6. Sound travels at the rate of 1090 feet per second. The report of 
a gun fired at sea is heard on shore after 35 seconds ; how far is the 
ship from the shore ? 

7. A steamer going 12 knots steams at this rate for 4 days, and then 
altering her speed travels for 3 days 7 hours at the rate of 13 knots ; 
find the whole distance travelled. 

8. A train takes 7 hours 31 minutes to travel 205 miles; find its 
mean velocity in the foot-second system. 

9. A point moves at the rate of 754 yards per hour; find the 
velocity in feet per second. 

10. A train starts on a journey of 347 miles and travels at the rate 
of 30J miles an hour; after travelling 261 miles, the train is stopped 
by an accident for 2 hours 27 minutes, and then proceeds at the rate 
of only 16 miles an hour ; find time of travelling the whole distance. 

11. A train performs a journey of 45 miles in 2 hours; find the 
mean velocity in feet per second. 

12. A point is moving at the rate of 2700 yards per minute ; express 
this velocity in feet per second. 

13. How long will it take to ciraimnavigate the earth at the rate 
of 12 knots? 

14. The motion of a point at any instant is known when 
its direction and rate are given. We may therefore 
completely represent a velocity by a straight line : first, in 
direction^ because we can always draw a straight line in the 
direction of the motion ; next, in magnitude^ because we 
can always make the line contain as many units of length 
(according to any determined scale) as there are units of 
velocity. 
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15. We thus bring velocities within the grasp of 
Geometry. By using the conventions regulating the signs 
+ and — to denote contrariety of direction, we are able to 
indicate velocities in the same or contrary directions. 

If AB denotes a velocity . ^ 

v^ then BA will denote a 
velocity—?;. 

If 12 f.-s. mean that a point is moving due N. (suppose) 
with a velocity of 12 feet per second, then —5 f-s. will 
indicate that a point is travelling due S. with a velocity 
of 5 feet per second. 

All lines which have the same length and direction will 
represent the same velocity. 

COMPOSITION AND RESOLUTION OF VELOCITIES. 

16. A person walking fore-and-aft in a steamer going 
through still water, or moving from one window to another 
of a railway carriage in motion, or going aloft as a ship sails 
obliquely through a current, will present a case of what are 
called simultaneous velocities. In such instances the 
velocities are called Component velocities, and the actual 
velocity in space of the body possessing them is known as 
the Resultant velocity. 

The Composition of Velocities is the determination 
of the Resultant when the components are given. 

The Resolution of Velocities is the determination 
of Components when the Resultant is given. 

17. To find the Resultant of two velocities which are in 
the same straight line. 

Case I. — If they have the same direction, the Resultant 
is equal to their sum. 

If a point move with a velocity Vx in the direction of the 



Digitized by VjOOQIC 



8 Elements of Dynamics. 

straight line AX such that it will describe the distance AB 
y I > f ^" ^ second, and if 

^ B C X ^J^g J-jjg ^J^ ^Qy^^ 

in the same direction in the plane of the paper with a 
velocity v^ sufficient to carry it the distance -5C in a 
second, then it is evident that the point has moved from its 
initial position a distance AC, or (Vi+Vt) feet in a second. 
If V denote the resultant velocity, then 

V=Vt + V2. (Q.E.D.) 

Case II. — If they have opposite directions the Resultant 
is equal to their difference. 

If Vx would carry the point from A X.Q B m2, second, 

and the line itself 



A ) i ( I 

. c B ^ moving with velocity 

Vi in the opposite direction were carried in the plane of the 
paper backwards through the distance ^C in a second, 
then it is evident that the point has moved from its initial 
position a distance ^C or i^px—v^ feet in a second. 
If V denote the resultant velocity, then 

V='Vx'-V^, (Q.E.D.) 

CoR. — If the components are equal and opposite^ then 
z;=z'i— z/2==o> and we say that the particle is at rest. 

We mean at rest relatively to the earth or other selected object ; such 
a thing as absolute rest is beyond our power to determine. 

Note. — If a point have several velocities, some in one 
direction and the rest in the opposite direction, we can 
apply the above cases to determine their Resultant. 

Examples — III. 
I. Find the resultant of the following velocities in the same straight 
line: — 

(a) 5 and 7 in the same direction. 
{b) 12 to the east, and 3 to the east. 

(c) 10 to the N. and 6 to the S. 

(d) 8, 10, 15 in one direction, 6, 7, 11 in the opposite direction. 
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2. Compound the velocities 3, 10, 13, - 5 in the saipe straight line. 

3. A sailor is running forward on the deck with a velocity of 10 feet 
per second ; the ship is steaming 10 miles an hour in still water. Find 
the man's velocity over the ground. 

4. If in Ex. 3 the sailor is running aft, find his resultant velocity. 

PARALLELOGRAM OF VELOCITIES. 

18. The next case to be considered is that where a 
point possesses two velocities whose directions include 
a given angle. Their resultant may be found by the 
following important proposition, which, is known as the 
' Parallelogram of Velocities' :— 

Statement. — If two component velocities be represented in 
magnitude and direction by two adjacent sides of a Parallelo- 
gram^ their resultant velocity is represented in magnitude and 
direction by the diagonal which passes through their intersection. 

Let OA^ OB, represent 
the components in magni- 
tude and direction. Com- 
plete the parallelogram 
OACB. Then OC will 
represent the Resultant in 
magnitude and direction. ^ ^ ^ ^ 

In a second the point moving along OA will arrive at A, 
During that second the line OA moving parallel to its 
initial position, with one extremity in the line OBy and 
carrying the point in it, will reach the position BC \ 

.-. at the end of the second the point will be at C. 
We must next show that at any instant during the second 
the point is found in the line OC. 

Assume any time t less than a second. 

Suppose that in the time t the point moving with the 
given velocities would describe Oa and Ob respectively. 
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Complete the parallelogram Oach^ and join Oc, Then, 
as before, the point will be at c at the end of the time t. 

Now the velocities being uniform and the spaces described 
being therefore proportional to the times of describing them 
(Art. 9), we have 

0A\0a—0B\0b^\\T, 

.'. OA : 0B=^ Oa : Oby and the angle between the sides of 
the parallelograms being the same, we must have the 
diagonals OC and (?^ coincident in direction, by Euc. vi. 26 ; 
.'. the point is always found in the line 0C\ 
,\ 6? C will represent the resultant in direction. 

And since at the end of the second the point is at C\ 
. '. OC will represent the resultant in magnitude^ 
and this completes the proof. 

Cor. — ^The parallelograms OACB, Oach being similar, 
it follows that Oc : (9C= Oa : OA—vr : z;-i =t : i, i,e, the 
distance described along OC being proportional to the 
time, we infer that the velocity of the point in the direction 
0C\^ uniform. 

Note. — By the geometry of the parallelogram it follows that : — 

1. The direction of the Resultant of two equal velocities bisects the 
angle between their directions. 

2. The direction of the Resultant of two unequal velocities makes 
the less angle with the greater component. 

3. If the diagonal AB intersect the diagonal OC in Z>, the Resultant 
will be completely represented by 2.OD, 

19. To express the Resultant (^) of two velocities (p-^ and v^ 
in terms of the components and the included angle (6), 
In Trigonometry it is shown that 

0C' = 0A' + AC*+20A,AC cos 6. 
or, z;*=z^i*+z/,*+22'i2;2 cos ft 
CoR. I. — If ^=90°, then cos ^=0, and the formula 
becomes v*=Vi*+v^*, 

as it ought by Euclid i. 47. 
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Cor. 1 1. — As the angle between the directions of two com 
ponents increases the Resultant diminishes. 




V 
Fig. i. 

Let 6^=0°, or 90**, or 180° successively; then cos ^=1, 
or o, or —I successively, and v^-=iVx'\-v^-\-2VxV^ \ or 
=z/i'+z//; or=7/i*+z^j* — 2z/i^', successively; which proves 
the theorem. 

It may also be established by Geometry, thus : — 

In the above figures, OA and AC of the triangle OA C 
are equal each to each, and the angle OAC in Fig. i. is 
greater than the angle OAC in Fig. ii. 

.'. by Euc. i. 24, OCin Fig. i. is greater than OCin Fig. ii. 

(Q.E.D.) 

Examples — IV. 

. I. A point tends to move with two equal velocities of 10 f.-s. in 
directions inclined at an angle of 120° to each other ; find its path and 
the resultant velocity. 

2. A point is subject to two velocities of 30 f.-s. and 40 f.-s. at right 
angles to each other ; find the magnitude of the resultant. 

3. An engine is running through a tunnel at the rate of 30 miles an 
hour, and the boiler suddenly bursts. A piece of metal is thrown off 
at right angles to the direction- of the previous motion with a velocity 
of 33 f. -s. With what horizontal velocity will it strike the side of the 
tunnel ? 

4. A ball is rolled across the deck of a ship sailing 4 miles an hour 
with a velocity of 10 f.-s. ; find its path and resultant velocity. 

5. Two velocities of 12 f.-s. and 16 f.-s. are inclined at an angle of 
60"* ; find the magnitude of their resultant. 
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6. Two velocities of i8 f.-s. and 21 £-s. include an angle of 135" 
between their directions ; find the magnitude of their resultant. 

7. Two velocities, 12 and 15, are impressed on a point; find the 
greatest and least possible resultant. 

8. The resultant of two equal velocities impressed on a point is 
II f.-s., and the angle between the components is 60' ; find the value 
of the components. 

9. If velocities of 2 and 3 have a resultant = V19, find 0, 

10. If two velocities, 53 and 65 V2, include an angle of 45*, find 
the magnitude of their resultant. 

11. If the resultant =55, the sum of the components =60, and 
^=60", find the components. 

12. If ^=150', find the ratio v-i w^ii v is equal to the smaller com- 
ponent. 

13. If «'i=75» 2^2=35. and ^=tan-i (f), find v. 

14. Two velocities, no and 86*6, have a resultant of 190; find the 
angle between the components. 

15. ^2/1=^? (V5"-H), 2'2='*('^5+0» v=2x, find e, 

x6. If Vi and V2 are inclined at an angle of 120", and v is at right 
angles to Vi, find v and v^ in terms of Vi. 

17. Two given velocities include an angle=^ ; if the angle = — , then 

resultant =7z;; if ^=60", resultant =5z/; find $, 

18. If two velocities are in the ratio 3 : 4, and their resultant is a 
mean proportional between them, find 6, 

19. Two velocities include an angle 6 and their resultant =z/; if the 

angle = 9, the resultant = — ; if the angle = — -H ^, the resultant = — ; 

find 9. , 
2Xk The resultant of two equal velocities =z; when d=6o° ; find the 

V 

cosine of the angle between them when resultant =—. 

21. liv^=a^-b^; V2=2ad; v=a^+d^; find d. 

22. Find the ratio Vi : v^, if Vi be greater than z^gf ^^^ resultant 
=2/3, and ^=135^ 

23. The resultant of two velocities at right angles is represented by 
20, and it makes an angle of 30° with one of them ; find the two com- 
ponents. 

24. Velocities of 40 and 24 have a resultant =9, and the resultant is 
inclined at 90' to the 24 ; find v. 
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25. If two velocities impressed on a point at be represented in 
magnitude and direction by OA and nOBf show that their resultant 
is represented by («+ i)(9C, when C is a point in AB such that AC= 
nBC. 

26. Two points starting instantaneously from the same initial 
position move uniformly with the same velocity along lines repre- 
sented in direction by two sides of an equilateral triangle ; find their 
distance apart after a given time. 

27. Two points move with velocities Vi and Vq along lines inclined 
at an angle $ ; find their distance apart after t seconds. 

THE TRIANGLE OF VELOCITIES. 

20. Statement. — If a point have three Component 
Velocities which are represented in magnitude and direction 
by the sides of a triangle taken in order ^ the point is at rest. 




If a point O have three velocities, OM^ ON, ORy repre- 
sented in magnitude and direction by the sides AB^ BC^ 
CA of the triangle ABCy the point is at rest. 

Complete the parallelogram ABCD, Then AD will also 
completely represent the velocity ON, 

The resultant of OM and ON, /.<?. of ^^ and AD^AC 
(Art. 18). 

.-. the resultant of OM, ON, (?-^ = the resultant of ^C 
and CA, and this s Zero (Art. 17, Cor.). 
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.*. the resultant of the velocities represented by ABy BQ 
CA being zero, the point O will be at rest, (q.kd.) 

Note i. — It is hoped that this method of proving the proposition 
will prevent the student from falling into the error of supposing that 
the point subject to the velocities represented by the sides of the 
triangle ABC tends to move along the sides -4^, BCy CA of the 
triangle. 

Note 2.— The resultant of two velocities represented by AS and 
EC will be represented by AC, 

21. The converse of the Triangle of Velocities 

is true, viz. : * If a point be at rest when possessed of three 
velocities, we may represent those velocities in magnitude 
by the sides of any triangle drawn parallel to their direc- 
tions.' 
This follows by Euc. vi. 4. 

Examples — V. 

1. Show that velocities represented by 5, 6, 13, cannot keep the 
point at rest. 

2. Can a point be at rest when possessed of velocities 7, 9, 12 ? 

3. Find die resultant of velocities 4, 4, 4 acting parallel to -the 
sides of an equilateral triangle taken in order. 

4. Find the resultant of velocities 4, 5, 6 acting parallel to the sides 
of an equilateral triangle in order. 

5. Find the resultant of velocities 8, 11, 20 which include angles of 
120° with each other in order. 

6. A point which possesses three velocities 3, 4, 5 is at rest ; find the 
angle between 3 and 4. 

7. A point is at rest when possessed of velocities 2, 3, V6 ; find 
the angle between 2 and 3. 

8. Show that a point is at rest when possessed of 3 velocities whose 
directions are perpendicular to the sides of a triangle, and whose 
magnitudes are represented respectively by the sides to which the 
velocities are perpendicular. 

9. If three velocities v^t V2, v^, keep a point at rest, and we have 
given the magnitude and direction of v^ the magnitude only of v^, and 
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the direction only of v^, find the direction of v^ and the magnitude 
ofz'j. 

THE POLYGON OF VELOCITIES. 

22. Statement. — If a point have several Component 
Velocities which are represented in magnitude and direction 
by the sides of any polygon taken in order ^ the point is at rest. 





Let the velocities OM^ ON ... be represented in magni- 
tude and direction by AB, BC, CD, DE, EA ; then the 
point is at rest. 

Draw ^C and ^Z?. 

The resultant of OM, (9iV= resultant of AB, BC^AC, 
(Art. 20, Note 2.) 
.-. The resultant of OM, ON, (9-P= resultant of AC, CI? 

= AD, 
.-. The resultant of OM, ON, OB, 0Q = resultant ofAD, DE 

= AE, 
.•.The resultant of OM, ON, OP, OQ, (9-^ s resultant of 
AE, EA^Ztxo. (Art 17, Cor.) 
Therefore the point O is at rest. (q.e.d.) 
Cor. — If a point have several component velocities 
represented in magnitude and direction by all but one of 
the sides of a polygon taken in order, their resultant is 
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represented in magnitude and direction by that remaining 
side taken in the reverse direction. 

If the velocities OM^ ON, OP^ OQ be represented in 
magnitude and direction by AB, BC, CD, DE, then it 
may be shown by the method given above that their resultant 
is represented in magnitude and direction by AE, which 
proves the proposition. 

23. If then, without removing the pen from the paper, 
we draw straight lines equal and parallel to the several 
component velocities which a point may possess, we shall 
find that our lines will either form a closed figure, or they 
will not : if they do form a closed figure, then we infer that 
the Resultant is zero, and therefore that the point is at 
rest ; if they do not form a closed figure, then we infer from 
the Corollary just stated that the line necessary to close the 
figure, and drawn in the opposite way to our other lines, will 
represent the Resultant in magnitude and direction. 

This proposition is also true when the velocities are not 
all in the same plane. 

24. The converse of the Polygon of Velocities 

is not necessarily true : that is, ' If a point be at rest when 
possessed of any number of velocities more than three, we 
cannot represent these velocities in magnitude by the sides 
of any polygon drawn parallel to their directions,' because 
it does not follow that rectilineal figures (except triangles, 
Euc. vi. 4) which are equiangular must have their sides 
proportional — in other words, they need not be similar 
figures, 

THE PARALLELOPIPED OF VELOCITIES. 
25- Statement. — If a point have three Component Velo- 
cities which are represented in magnitude and direction by the 
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three edges of a parallelopipedy their resultant is represented 
in magnitude and direction by the diagonal through the point. 

Let the component velo- 
cities be represented in 
magnitude and direction by 
OA, OB, OC, the adjacent 
edges of a parallelopiped. 
Their resultant is repre- 
sented in magnitude and 
direction by the diagonal OE, 

Draw OD, CE, and OE. 

The resultant of the components OA and OB will 

be represented by OD. (Art. 18.) 

And since ODEC is a parallelogram, 

the resultant of OD and OC will be represented by OE \ 

.-. OE will represent the Resultant of OA, OB, OC. (q.e.d.) 

26. If these Component Velocities act in directions at 
right angles to each other, we can very easily obtain an 
expression for the resultant in terms of the components. 

Let V be the resultant of the components Vx, v^, Va, in the 
directions OA, OB, C?C respectively, 

Then OD^=Vi^+v^\ (Art. 19. Cor. i.) 

and OE'=OD^+Vs'; 

.-. OE'=Vx'+v,^+v,'; .-. v^=^vx'+v^'+v,\ 

Example. — Three velocities 16, 63, and 156, are impressed on a 
point at right angles to each other ; required the magnitude of their 
resultant. 

2/2=162 + 632+1562 
=256 + 3969 + 24336 
= 28561; 
.•. z/=i69. 
Therefore the resultant velocity is 169. 

B 
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27- Before noticing the general method of finding the 
Resultant of several velocities in the same plane, it is 
necessary to point out the way in which a velocity may be 
resolved into two velocities at right angles to each other. 

2& As we have seen that two Simultaneous Velocities 
can be combined into a resultant velocity (Art i8), so we 
can resolve a single velocity into two simultaneous com- 
P^ ^^^ ponent velocities. 

For example, if a velocity 
be represented by OC^ then 
it can be resolved into the 
simultaneous components OA 
A and OB. 

Now in resolving a velocity into two others we cannot 
speak of one component as quite independent of the other, 
because by the geometry of the parallelogram the magni- 
tude of OA will evidently depend on the direction of OB: 
Hence, when we speak of tfu component of a velocity 
in any particular direction, we must know the direction of 
the other component. In practice it is most convenient to 
take the second direction at right angles to the first ; and 
we may then speak of the component of a given velocity in 
any direction^ it being understood that the direction of the 
other component is perpendicular to it 

The component in this case is called the ^ resolved part^ 
of the velocity in the required direction. 

29. To determine tJu components of a velocity in any given 
direction and at right angles to that direction. 

Let OC denote any velocity, and it is required to find 
the components of which it is the resultant, one in the 
direction of the straight line DEy the other at right angles 
to this direction. 
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Through O draw OX parallel to DE, and (9y at right 
angles to OX, 

Y 




Draw CA and CB perpendicular to OXdxA (?y respec- 
tively. 

Then OACB is a parallelogram, and OC will be the 
resultant of the velocities represented by OA and OB, 

Since these velocities are at right angles to each other, it 
follows that the resolved part of OC \n the direction OX 
(or DE) will be represented by OA (=2^1), and in the 
direction (9 y by OB {—v^. Let the angle AOC=0. 
Now 0A= OC cos AOC, 
and OB=OC cos (go''— AOC); 

.-, zfi =2/ cos 
and 57, =v cos (90°— ^)=z; sin ft 
Therefore t/ie component of a velocity in any direction is 
found by multiplying the velocity by the cosine of the angle 
between the direction- of the velocity and the line cUong which 
the component is required to act. 

Note i. — If two velocities are inclined at any angle, they hSve only 
one resultant ; and this may always be found by the Parallelogram of 
Velocities. But any velocity may be decomposed into any number 
of pairs of components, because by Geometry the same straight line 
may be a diagonal of an infinite number of parallelograms ; or on any 
straight line an infinite number of polygons may be constructed. {See 
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Art. 22, Cor. ) If, however, one component be given in direction, its 
magnitude, and that of the other at right angles to it, may always be 
found. 

Note 2. — If in the diagram OC denote a velocity in a direction 
between north and east, then while the point has moved from O to C, 
it is evident that it has moved due north, a distance represented by 
OB, and due east, a distance represented by OA. 

Example i. — If a point move with a velocity of 100 in a direction 
making an angle of 60° with the horizon, find its horizontal and 
vertical components. 

Hor. comp. = 100 cos 60** = 100 x J = 50. 

Vert. comp. = 100 cos 30°= 100 x ^=^oV3 = 86-6. 

Example ii. — A point moves with a velocity of 1000 f. -s. in a direction 
inclined to the horizon at an angle of ^f ; find its vertical component. 
Let V2 denote the vertical component. 

Then z'2= 1000 cos 45®= 1000—== 707- 1 f.-s. 

Examples — VI. 

z. Find the horizontal and vertical components of a velocity of 80 
whose direction is inclined at 30° to horizon. 

2. A velocity of 200 Vl ^--s. is inclined at an angle of 30° to the 
horizon, find its horizontal component. 

3. A particle moves with a velocity of 120 up a plane, inclined at an 
angle of 30"* to the horizon ; with what speed is it travelling horizontally 
and vertically ? 

4. A ship is making 14 miles an hour on a north-east course ; how 
fast is she moving east, and also north ? 

5. Three velocities 20V3I 30V2, 40, are impressed on a point in 
directions making angles of 30°, 45°, and 60** respectively with a fixed 
straight line; find the velocity of the point in a direction parallel to 
that line. 

6. Three velocities, 12, 15, 24, are inclined at angles 30% 45°, 120' 
respectively to a given straight line ; find the velocity with which the 
point tends to move along that line, and also along the line at right 
angles to it. 

7. Two velocities, Vi and v^y in the direction of OA and OB respec- 
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tively, include an angle of 30' 5 find their combined components along 
a line which makes an angle of 120*^ with the direction of OA^ and 30** 
with the direction of OB, 

30. To find the Resultant of any number of velocities 
possessed by a point. 

This may be done in three ways. 

(i.) By repeated applications cf the Parallelogram of 
Velocities, 
Find the resultant of any two of the velocities ; then of 




this resultant and the next velocity; and so on for any 
given number of components. The final resultant so found 
will be the Resultant of the given velocities. 

Let OA^ OlBy OC represent three velocities. 
Completing the parallelograms as in the figure, we have, 
OV^ the resultant of OA and OB, (Art. 18) 
and OV^ the resultant of OV^ and OC \ 
,'. of OA, OB, OC, 

(ii.) By the Polygon of Velocities. 

Construct a figure whose sides taken in order will repre- 
sent the magnitude and direction of the given components ; 
then the line closing the figure and taken in the opposite 
direction will completely represent the Resultant. (Art 23.) 

The student ought to notice that the order in which we draw the 
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lines is quite immaterial, and that it will not make any difference if the 
lines cross each other. The annexed figures will make this clear. 




In Fig. i. the lines are drawn in the order i, 4, 2, 3, 5. 
In Fig. ii. „ „ „ 4, 3, 5, i, 2. 

In Fig. iii. ,, ,, „ i, 3, 5, 4, 2. 

In each figure the dotted line represents the Resultant in magnitude 
and direction. 

(iii.) By resolv- 
ing the velocities 
alongtwo straight 
lines at right an- 
gles to each other, 
and compounding 
^ the components 
thus found. 

Let 6> be a 
point possessing 
velocities fully 
represented by 
OA, OB, OC, OD, OE. 
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Through O draw two straight lines xx^ and yy^ at right 
angles to each other. 

Resolve the velocities along xxx and j'j^i respectively. 
The components along xx^ in the direction Ox will then be 
OAco%xOA\ OBcQ%xOBy OCcosxOC .... (Art. 29.) 
The components along yy^ in the direction Oy will be 
C^^cos^'C^^; OBco^yOB-y OCcosyOC .... 
or, OAsinxOA; OBsinxOB ; OCsinxOC .... 
Let X denote the algebraical sum of the components in 
the direction Ox, (Art. 17, Note.)* 

Let Y denote the algebraical sum of the components in 
the direction Oy, 

.'. X=OA cos xOA + OB cos xOB+ .... 
And Y=OA sin xOA + OB sin xOB+ .... 
Then we have two velocities, X and F, at right angles to 
each other. Let F denote the resultant of these velocities. 
Then V*=:X^+ Y\ (Art. 19, Cor. i.) 
This determines the magnitude of the Resultant. 
If be the angle which V makes with Ox^ then 

V" 

tan^=~. 

And this determines the direction of the Resultant. 

Note i. — ^The usual conventions about the positive and negative 
directions of straight lines must be carefully attended to. For example, 
if ^"=8 and K=— 6, then ^=io, and the point would move in the 
region xOy^ ; but if X— —8 and ¥= —6, then the point would move 
in the region XiQyi with the velocity = lo. 

Note 2. — In practice it is often desirable, in order to lessen the labour 
of numerical computation, to draw xxi or yyi coincident with the 
direction of one of the component velocities. 

* The student will remember that a line Oxi is positive when measured 
in the direction Oxi, but it must be considered negative when measured 
in the dh-ection Ox. 
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Note 3.— If the point is at rest, then V=o, 

.*. X^+Y^=o; and .*. -Ymust=o and Kmust=o separately. 

From this we infer that if a point be at rest when possessed of any 
number of velocities, then the algebraical sums of their components 
in any two directions at right angles to each other must be separately 
equal to zero ; and conversely, if these algebraical sums be each equal 
to zero, the point is at rest. 

Example. — A point has four simultaneous velocities of 10 f. -s. The 
angle between first and second is 30", between the second and third is 
60°, between the third and fourth is 30**. Find the magnitude of the 
resultant. 

Drawing xxi to coincide with the first component, it is evident that 
jyi will coincide with the third. 

Then X= 10 + 10 cos 30** + 10 cos 90° + 10 cos 1 20% 

and y= 10 cos 90^+10 cos 60' + 10 + 10 cos 30' ; 

.-. ^=10+1^ + 0-10. 4=5 + 5^3. 
K=o+io. 4+10+12^3=^ 15 + 5V5; 

y^=X^+ >^=(5 + 5V3)'+(I5 + 5^/3l"=400+200^/3 
= ioo(4+2V3); 
• '. r=io (V3+i)=27.32f.-s. 

CHANGE OF VELOCITY. 

31. When a certain velocity has been changed into 
another velocity the question may be asked, * What has been 
the change of velocity?' We can answer this by saying 
that a given component and an unknown velocity have 
produced a given resultant, and f/ie unkno7vn component 
represents in magnitude and direction the Change of velocity.^ 




32. To make this clear, suppose that a velocity OA at 
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any instant is changed into a velocity DE at another 
instant, and we require to find the change of velocity in the 
interval. We draw OB equal and parallel to DE^ join AB^ 
and complete the parallelogram OABC, Then OB is the 
resultant of OA and OC, 

That is, OC (or AB) in combination with OA have pro- 
duced a velocity represented in magnitude and direction 
by DE. 

Therefore OC (or AB) measures the * change of 
velocity ' in the interval in both magnitude and direction. 

Note. — The student must therefore remember that the 'change of 
velocity ' is not denoted by the difference between the velocities at the 
beginning and end of any interval unless the direction of the velocity 
has during that interval been in the same straight line. This is 
important. 

Example i. — A velocity of 10 to the north is changed into a velocity 
of 6 to the south ; find the change of velocity. 

Here we ask, * What velocity when compounded with a velocity of 
10 north will produce a velocity of 6 south ? ' 

Let z/= velocity required. 

Then if a velocity to the north is positive, one to the south will be 
negative. 

Therefore, «; + lo = - 6. 
.*. z;=-i6. 

lience the change of velocity is i6 to the south. 

Example ii.—A velocity of 6 to the east is changed to a velocity of 
6\/2 to the north-east; find the 
change of velocity. 

Construct the fig. as in Art. 32. 

The A OAB is evidently right- 
angled at A^ and A OB =4$°, 

.-. AB=A0=6. ^ 

Hence the change of velocity is 6 to the north. 

Example iii.--A point is moving with a velocity of 10 {OA), and 
during an interval its change of velocity is 14 {OB), in a direction 
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making an angle of 60° with its first direction. Find the motion of the 
point at the end of the interval. 




tan ^=7r7s= 



O ^ 

OC is the resultant of OA and OB. 

0^2=10^+142+2, 10. 14. cos 60°. 
,\ C>C®= icx) + 196 + 140 ; 

=436] 

.\0C=2\/iO9. 

Vertical comp. of OB 14 sin 60° 



7V3 



■ OD . OA + Hor. comp. of OB 10 + 14 cos 60** 10 + 7 
The point is moving with a velocity of 2\/iog in a direction which' 

makes an angle with its first direction whose tangent is Z!^. 

17 



Examples — VII. 

z. A point has a velocity at a certain instant of 10 f.-s. to the west, 
and at another instant a velocity of 6 f.-s. to the north-west ; find the 
change of velocity in the interval. 

2. The direction of the velocity (v) of a point is changed by 60°, but 
its magnitude remains the same; find the change of velocity in the 
interval. 

3. A point has a velocity of 12 to the east at one instant and a 
velocity of 12 to the south at another instant ; what is the change of 
velocity ? . 

4. A point is describing a circle whose radius is 10 feet with a 
velocity of 25 f.-s. ; find the change of velocity during the time the 
point describes an arc (i) of 60** ; and (2) of 90°. 

5. A point has velocity of J f.-s., and it suffers a change of velocity 
of A f.-s. in a direction which is inclined at an angle 60** to the 
original direction of the motion ; find the final velocity. 
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ANGULAR VELOCITY. 

33. If ^ be a fixed point, P any other point, and OA 

a fixed straight line, then the y^ s^p 

rate at which the angle AOP is 
altering measures the angular 
velocity of P about O, It is 
evident that if P be not moving 
in a straight line to or from O^ 
it must always have some angular 
velocity about O, 

34. The Unit of angular velocity is that angular 
velocity with which a point moving uniformly describes the 
unit angle (a radian) in unit time. 

The symbol w. is used to denote the angular velocity of a 
point expressed in circular measure. 

When equal angles are described in all equal intervals 
of time the angular velocity is uniform; if not, it is said to 
be variable. 

Uniform angular velocity is measured by the number 
of unit angles described in unit of time. 

Variable angular velocity is measured at any 
instant by the number of unit angles which would be 
described in a unit of time if the angular velocity at that 
instant remained uniform for the unit of time. 

If (I) be the angular velocity of a point P^ and / the time 
in which it describes the angle AOP^ then AOP—is^t 

35. If V be the limar velocity with which P is moving in 
the circumference of the circle whose radius is r, then we 
may connect the linear and angular velocities as follows : — 

Let motion take place for / seconds. 
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Then AF=i vt, and A 0P= co/ ; . 

but AOP=^yT-:=~; 

OA r ' 

. / ^^ 
r ' 

V 
.'. 0) = -, 

r 

ue, the measureof the angular velocity =-^ t-t — r^. 

° "^ radius of the cu*cle 



Examples— VIII. 

Take ir=— . 
7 

1. If a point be moving on the circumference of a circle whose 
radius is 3 feet with a velocity of -If f.-s., find its angular velocity. 

3 63 

2. A point is moving in a circle of 20 feet with a velocity of 20 feet 
per second ; find the angular velocity. 

3. A point is moving with an angular velocity of 60* in a circle 
whose radius is 10 feet ; find its linear velocity. 

4. A point is moving with uniform velocity » along the circumference 
of a circle, radius r ; find its angular velocity about a point on the cir- 
cumference at the other end of the diameter. 

5. If a ball at the end of a string make a complete revolution in one 
second, find the angular velocity. 

6. G)mpare the angular velocities of the hour-hand, the minute-hand, 
and the second-hand of a watch. 

7. lif the hour-hand be 3 inches long, find the linear velocity of its 
extremity. 

If the minute-hand be twice as long as the second-hand, show that 
the end of the latter moves 30 times as fast as the end of the former. 

8. If the earth's radius be 4000 miles, find the linear velocity of a 
point situated on the equator in foot-second units. 

9. Compare the linear velocities of the extremities of the hands of 
a clock, the hour-hand being 2 • 2 inches long, and the minute-hand 
3 • 6 inches. 
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1 

10. If a point move with a velocity v in a circle whose radius is r, 
and after a time / has described an 2inglt A OP, show that the velocities 
of the point in the directions OA and a line perpendicular to OA are 

—vsiri-, and v cos—, respectively. 

RELATIVE VELOCITY. 

36. DEF.^-When the straight line joining two points 
changes either in magnitude or in direction, or in both, the 
points are said to have Relative Velocity. 

37. Thus, if two points are moving in the same straight 
line with different velocities, the line which joins them is 
changing in magnitude but not in direction, and each of 
the points has a velocity relative to the other. 

If a point is moving on the circumference of a circle its 
distance from the centre changes in direction but not in 
magnitude, and the moving point has a velocity relative to 
the centre. 

Generally, if two points move with different velocities 
along two lines, the line which joins them changes both in 
magnitude and direction, and each of these points has a 
velocity relative to the other. 

38. Now suppose that two trains are moving in the same 
direction with equal velocities (however great) on parallel 
lines close together, then a person sitting well back in a 
carriage of either train and in full view of the other, would 
not be conscious of that other train possessing any motion 
whatever, — supposing, of course, the motion of his own 
train to take place on perfectly smooth rails. 

If the velocities of the trains are not equal, then a person 
in either would be conscious of a velocity in the other 
equal to the difference of the velocities, but this velocity 
would appear to have opposite directions to the respective 
passengers. 
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m — — — • 

39. This may be very easily explained by a figure : — 
A . »_E g X 



->^ 



Let one train move along AX with a velocity AB ; 

and the other along CFwith a velocity CZ>, 

Cut off from AB a part AE= CD. 

Then AB=AE+EBy 

t\e, the velocity of the faster is equal to the resultant of two 

components one of which is equal to the velocity of the 

slower train. 

Now the component AjE of the velocity AB would not 
be apparent to a person moving with the equal velocity 
CZ>, There remains the component EB, which will carry 
the faster train ahead of the other ; and this component is 
the difference of the velocities. Thus to a person in the 
slower train, the faster will have only a velocity represented 
by the difference of the velocities in the direction of the 
faster. 

Next, in Cy take CF=AB. 
Then CD^CF^DF, ox=CF+F£>. (Art. 15.) 
ue, CD is equal to a velocity AB in its own direction, and 
a velocity FD in the opposite direction. 

Now a person in the faster would not be conscious of the 
component CF, but he w,ould be conscious of the component 
FD, and of that only. And hence the slower train would 
appear to him fo move backwards with the velocity FD, 
which is the difference of the velocities. 

In each case, therefore, where the velocities have the 
same direction, the magnitude of the Relative Velocity is 
the difference of the velocities. 

The student can easily show in like manner that when 
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the velocities have different directions the magnitude of the 
Relative Velocity is equal to their sum, 

40. The same result may be more briefly shown as 
follows, but the principle is the same : — 

Let the velocity of a ^ v 

the faster train ^,=«; > 

that of the slower B^ = v. 

Suppose that u^v-\-x, B q/ ^ Y 

A person in B is not 

conscious of the component v\xlA^ but he is of ;i; ; and this therefore 
will be the velocity with which the faster moves ahead of the other. 

Again v—U'-x, 

A person in ^ is only conscious of the component - ;i; in ^, and this 
will appear to carry the slower train backwards at a rate x. 

In each case x the difference of u and v will be the magnitude of the 
Relative Velocity, and its direction will depend upon which train is 
selected as that whose relative motion is wanted. 

41. Let us next consider the case where the directions are 
not parallel. 




A " B 

Suppose that two ships close to one another at A and C 
have velocities represented in magnitude and direction by 
AB and CD respectively. 

Resolve CD into two components, one of which, CE^ is 
equal and parallel to AB^ and complete the parallelogram 
CEDF. (Art 28.) Then CD is the resultant velocity of 
velocities represented by CE and CF, 

Now by what has gone before a person in A is not con- 
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scious of that part of C*s motion represented by C£ (Art. 
38), but he is of that motion only which is represented by 
CF, Hence C7^ represents the Relative Velocity of C with 
regard to A in magnitude and direction. 

In the same way the velocity of A with regard to C may 
be found. It is equal to the other in magnitude, but 
opposite in sign. The student will find it profitable to draw 
the figure as a test of his grasp of this part of the subject 

Note. — ^The shortest distance apart between the ships may be found 
by drawing from A a perpendicular to FC, produced if necessary. 
The Relative Velocity is often denoted by V, 

Example i.— One point is going due east with a velocity of 10, 
another due east with a velocity of 25.; find the velocity of the latter 
relative to the former. 

^=25 - 10= 15 due east. 

Example ii. — If the latter point were travelling west with a velocity 
of 12, what would be the relative velocity ? 

r= 10+ 12=22 due west. 

Example iii. — One train A is going N. at the rate of 30 miles an 
hour, another B due W. at 40 miles an hour ; find the velocity of the 

latter relative to the former. 

We break up BD (40) into BE 
(30) due north, and BF{V) equal 
and parallel to ED, somewhere 
between south and west. 
F2=^i>a+Z>/^=40» + 3o2=25oo 
.-. F=5o; 

DB * 
.-. DBF=iQXi-^ {%), 
Hence the magnitude of the 
relative velocity is 50 miles an hour, and its direction makes with the 
east and west line an angle whose tangent is f. 

Example iv.— Explain why rain falling vertically appears to a person 
in a train moving rapidly through it to move in a slanting direction. 
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Let a drop of rain have a vertical velocity AB^ and let XY 
represent the velocity of the 
train. Resolve AB into the 
components AC equal and 
parallel to A'K and AD (equal 
and parallel to CB), Then 
AD will be the only com- 
ponent of which the traveller 
can take note, and BAD will 
be the angle of apparent deflection from the vertical. 

42. Now if two points are in motion their relative motion 
is not changed if the same velocity, in magnitude and 
direction, is impressed on each; and hence another very 
useful method of finding the Relative Velocity of a point A 
with regard to another B is to imagine impressed upon 
each, in composition with its own velocity, a velocity equal 
and opposite to the velocity of B» £ will now be at rest, 
and the new velocity of A will be its relative velocity with 
regard to B. This method is often more easy of application 
than that of resolving one of the velocities. 

Thus in Example iii. above, if we impress on both A and B a velo- 
city of 30 miles an hour in a southward direction, the train A will be 
at rest, and the diagonal of the parallelogram whose sides are BD and 
BE (drawn due south from B) will be BF as before. 

Examples — IX. 

z. Two points are moving along a line in the same direction with 
velocities of 30 and 20 ; find their relative velocity. 

2. If the points in Ex. i. were moving in opposite directions, find 
their relative velocity. 

3. If the points in Ex. i. were moving along lines at right angles to 
each other, find their relative velocity. 

4* Two trains run through a station on lines whose directions in- 
clude an angle of 60** with velocities of 20 and 35 respectively ; find 
their relative velocity. 

C 
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5. A ship is sailing due N. with a speed of 10 knots, and another 
S.W. with a speed of 15 knots ; find the velocity of the latter relative 
to the former. 

6. Two points A and B are moving on a horizontal plane, A with a 
velocity of 2 f.-s. due N., and B with a velocity of V3 f»-s. due E. ; find 
the velocity of B relative to A, 

7. Two steamers leave the mouth of a harbour at the same time, one 
going due E. with a speed of 12 knots, and the other due N. with a 
speed of 16 knots ; show that they separate from each other at the rate 
of 20 knots. 

8. A ship is sailing due N. at 5 miles an hour ; in what apparent . 
direction and with what relative velocity must a man run on her deck 
that his actual motion over the ground may be due W., and his absolute 
velocity 5 miles an hour ? 

9. A ship A is sailing due E. 6 knots. A person in A observes an- 
other. By on the port bow ; B appears to be going due N., and is known 
to be going 12 knots ; find her course. 

za Why does a person walking rapidly in rain which is descending 
vertically hold his umbrella somewhat in front ? 

zz. A man walks at the rate of 3} miles an hour in rain falling verti- 
cally at the rate of 40 f.-s. ; in what direction will the rain strike him? 

Z2. A is due W. of Z?, and distant from him 200 feet. A starts to 
walk due E. with a velocity of 8 f. -s. , and at the same instant B pro- 
ceeds due N. with a velocity of 6 f -s. ; find (i) their relative velocity, 
(2) their nearest distance to each other, (3) when they are nearest to 
each other. 

Z3. Two persons are placed at A and B^ 5 yards apart. The first 
starts to walk from ^ to ^ at the rate of 3 yards per second, and the 
other starts from B at right angles to the line BA at the rate of 4 yards 
per second ; what is their shortest distance apart, and the time of 
reaching it? 

14. A boy is running with a speed of a f.-s., and passing through rain 
falling vertically with a velocity of b f. -s. He holds an open tube in such 
a manner that a drop entering it traverses its length along the axis ; at 
what angle does he hold it ? 

Z5. To a passenger in a train moving at the rate of 45 miles an hour, 
through rain falling vertically, the direction of the drops appears to 
make an angle tan-^(f) with the vertical; find the velocity of the 
rain. 

z6. A traveller moving due E. at 4 miles an hour observes that the 
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wind seems to blow directly from the N., and on doubling his speed it 
appears to blow from the N.E. ; find the true direction of the wind, 
and its velocity. 

17. A farmer driving to market on a road going due W. feels the 
wind from the N. W. ; and returning at the same speed he feels the 
wind N.E. Explain this, the wind not having changed its true direc- 
tion during the day. 

18. A wind is on the beam ; as the ship's speed increases the wind 
appears to draw more ahead. Explain this by a diagram. 

19. Two trains moving in the same direction on parallel lines ap- 
pear to a passenger to pass each other in 2 seconds ; on the faster 
reversing its direction, they repass each other in 30 seconds. The 
slower speed being 21 miles an hour ; find the faster. 

20. A, By C run a race, B having 30 and C having 50 yards start. 
After 32 seconds B passes C, and 16 seconds later is passed by A. 
When did A pass C? 

21. The wheel of a carriage is 4 feet in diameter, and it makes 34 
revolutions per second ; find the velocity of any point in the circum- 
ference relative to the centre. 

22. Three railways, AB, AC, AD, which make angles of 30** with 
each other, meet in A, and three engines pass through A at the same 
time, on the three lines with uniform velocities, such that at any in- 
stant they are in a line perpendicular to AB, Show that to a person 
on the first engine the velocities of the other two engines would appear 
to be as I : 3. 

23. A train is going 28 miles an hour, when a bullet moving hori- 
zontally enters a compartment at one corner and passes out at the 
comer diagonally opposite. The compartment is 8 feet between the 
windows, and is 6 feet wide, the sttie of the angle between the paths 
of the bullet and train being f ; find the velocity of the bullet. 

24. Two particles move with the same uniform velocity v on the cir- 
cumferences of two concentric circles (radii r and 2r), starting from 
points on the same straight line OAB through the centre and on the 
same side of it. Determine the direction and magnitude of their 
relative velocity when the particle on the smaller circle has described 
one-third of the circumference. 

25. If a watch be laid face upwards on a table, and moved without 
rotation along the line joining the figures 9 and 3 on the dial, with the 
velocity with which the extremity P of the minute hand moves when 
at rest, prove that the velocity of P at any instant relative to the 
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table is perpendicular and proportional to the line joining P at that 
instant with the position of P at any half-hour. 

26. If X be the distance between two points moving uniformly in one 
plane, F their relative velocity, and «, v the resolved parts of Fin, 
and perpendicular to, the direction of ^, show that their shortest dis- 
tance apart is -^j and the time of arriving at this is ^ . 
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CHAPTER II. 
ACCELERATED VELOCITY. 

43, Def. — When the velocity of a point is changing, the 
* rate at which the velocity is being changed ' is called the 
Acceleration of the Velocity. 

44. The term Acceleration is here used to denote any 
change in the velocity, whether that change be an increase 
or a decrease. If the acceleration measured in one direction 
be regarded as positive, then when measured in the opposite 
direction it must be considered as negative ; and a negative 
acceleration is what is called a retardation in popular 
language. 

45, The phrase * acceleration of a point' is often used 
instead of ' acceleration of the velocity of a point.' 

46. A velocity involves both magnitude and direction^ and 
if either, or both, of these elements be changing, the velocity 
is said to be * accelerated.' 

For instance, the velocity of a falling body is said to be 
accelerated, because, while the direction of the velocity 
remains the same, the magnitude of the velocity is being 
changed. Again, the velocity of a point which describes 
the circumference of a circle with uniform velocity is ac- 
celerated, because, while the magnitude of the velocity re- 
mains the same, the direction of the velocity is being changed. 

87 
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.-. New Unit=|x Old Unit 

k X 
= -^, because the Old Unit is constant ; 

.', New Unit oc -, by Algebra, 

U New Unit oc ^nit of space 

(Unit oftimef (q.e.d.) 

56. Proposition II. — The Measure of an acceleration^ 
when we pass from the ^foot-second* units to any other units^ 
varies directly as the square of the unit of time^ and inversely 
as the new unit of space. 

Since any Quantity = Measure x Unit of that quantity, 
we can assert, by Algebra, that the Measure of the quantity 
varies inversely as the Unit employed. 

And therefore, by Proposition I., we infer at once that 

the Measure of an acceleration oc L-5L?^5^, (q.e.d.) 

Unit of space 

Or, the Proposition may be established directly from 

Definition, as follows : — 

Let X feet be the new unit of space, 

and let / seconds be the new unit of time. 

Let a be the measure of an acceleration in the 

* foot-second ' units. 

Let ttj be the measure of the same acceleration in the 

* X feet-/ seconds ' units. 

Then a means that the velocity is increased by 

a times a vel. of i foot per i sec. per 1 sec. (Art. 51.) 

or, - times a vel. of Ji: feet „ „ 

X 

or, ~ times a vel. of x feet per / sees. „ 

X 
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or, — times a vel. of x feet per / sees, per / sees. 

X 

/. — is the Measure of the acceleration in the new units. 

X 

But, by data, the Measure in the new units is ai ; 
.-. a, = _. 

But a IS a constant, /. ai= — 

X 

.*. aj oc — 

X 

U the Measure of the acceleration oc (^^jt of time)* ^ (q.e.d.) 

Unit of space ' 

57, When required to change the measure of an accelera- 
tion from one system of units to another, the student is 
strongly advised to avoid stated formulae, and to work each 
question directly from Definition. The following examples 
will sufficiently explain the method of working here recom- 
mended : — 

Example L— If 32 be the measure of an acceleration in the f.-s. 
system, find its measure in the ' foot-minute ' sjrstem. 

Let a be the measure required. 
A velocity of 32 feet per second added per second 

= ,, 32 X 60 feet per 60 seconds added per second 

= ,, 32 X 60^ feet per 60 seconds added per 60 seconds ; 

. •. a= 32 X 66^= 1 15,200 feet per minute per minute. 

Example ii. — If no be the measure of an acceleration in the f.-s. 
system, find its measure in the ' mile-hour * system. 

Let a be the measure required. 

A velocity of 1 10 feet per second per second 

= „ —^ miles per second per second 



— »» 



\^^3P^^ miles per hour per second 



= .. ^^^^j miles per hour per hour ; 

" 5280 ^ ^ 

.-. a^iiox 36WX 3600^2^0^000 tniies per hour per hour. 
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Example iiL — An acceleration which is measured by 32 in the f.-s. 
system is measured by 640 when the unit of space is 5 feet ; find the 
unit of time. 

Let / seconds be the unit of time. 
Then 640 means that the velocity is increased by 

640 times 5 feet per t seconds per t seconds ; 
or, 640 X 5 times I foot per t seconds per / seconds ; 

or, ^^^^ times i foot per i second per t seconds ; 

or, ^ ^ times i foot per i second per i second. 

But, by data, 32 means that the same velocity is increased by 32 
times I foot per i second per i second. 

.'. /'*=ioo 

.*. /=IO. 

The ««tV of time is therefore 10 seconds. 

Example iv. — If a lo-acre field be represented by 100, and an ac- 
celeration by 58 J, which in the 'f-s.* system is measured by 32 ; find 
the unit of time. 

10 acres = 4840 X 10 square yards ; 
. * . 100 square units =48, 400 square yards ; 
. *. I square unit =484 square yards ; 
. •. I linear unit =22 yards ; 
. •. Unit of space = 66 feet. 

Let t seconds be the unit of time. 
A velocity of 32 feet per second per second 

= „ II times 66 feet per second per second. 

00 

= » & times 66 feet per / seconds per second. 

00 

= „ \^ times 66 feet per / seconds per / seconds. 

66 

and, by data, 58} means a velocity of 58) times dd feet per t seconds 
per ^seconds. 32/^ _ 

.-. -gg--S8| 

.*. /^=I2I 
.*. ^=11. 

The unit ojtime is therefore 11 seconds. 
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Example v. — If the unit of velocity be 6 f. -s. and unit of acceleration 
be 24 f.-s.-s. ; required (i) the unit of time, and (2) the unit of space. 
Let t sees. =unit of time, and x feet = unit of space. 
By Definition, Unit Velocity =jc feet per t seconds. 

=^f.-s. 
t 

By data, Unit Velocity = 6 f. -s. 

.-. f =6 (I.) 

Again, by Definition, Unit Accelerations unit velocity added per unit 
of time. ^ 

s= - f.-s. added per / seconds 

=£ f -s -s 
-^ I. s. s. 

but, by data, Unit Acceleration = 24 f.-s.-s. 

••• %=^ (*•) 

Solving these equations, /= J second, and jf= I J feet. 
Therefore, Unit of time = J second ; Unit of space = li feet. 

Examples — X. 

1. If the acceleration of a falling stone be 32 in the foot-second units, 
find its measure 

(a) when a yard and a second are the units ; 
{b) when a yard and a minute are the units ; 
{c) when a mile and a minute are the units ; 
{d) when 5 yards and 10 seconds are the units ; 
{js) when a fathom and \ second are the units ; 
(/) when X feet and y seconds are the units ; 
[g) when a mile and an hour are the units. 

2. Find the ratio between an acceleration of 5 in the foot-second 
units, and an acceleration of 20 in the yard-minute units. 

3. If 10 be the measure of an acceleration of 40 in the foot-second 
units, what number will represent an acceleration of 5 when the units 
are a yard and a minute ? 

4. If an acceleration is represented by 32 in the f.-s. system, and by 
576 in a system of * x feet, 6V3 seconds * units ; find x, 

5. If an acceleration is denoted by 27 when referred to a quarter of 
a minute and 25 feet as units, by what number will it be expressed 
when referred to a foot and a second ? 
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6. If the measure of an acceleration be the same in two systems, in 
which the units of time are 3 sees, and 5 sees., find the ratio of the 
units of space. 

7. If a be the measure of an acceleration when using / as unit of 
length and t as unit of time, find its measure when using /^ and /j 
respectively. 

8. If 10 be the measure of an acceleration when using 5 feet and 4 
seconds as units, find the measure if we use the units 4 feet and 
5 seconds respectively. 

9. If an acceleration when measured by the ' foot-second ' system of 
units is 32, and is represented by 384 when a yard is unit of space, 
find unit of time. 

10. How often does the measure of an acceleration of 120 yards per 
minute per minute contain the measure of an acceleration of an inch 
per second per second ? 

zz. A point is moving with an acceleration of 10 (metre-seconds) ; 
find its measure in the (centimetre-second) units. 

Z2. If 1760 yards per 60 seconds is the unit of velocity, and 3 feet 
be taken as the unit of length, what will be the unit of time ? 

Z3. If the unit of velocity be 32 feet per 16 seconds, and the unit of 
acceleration be 32 feet per second per second, find the unit of time. 

Z4« If the unit of velocity be 12 feet per 3 seconds, and the unit of 
acceleration be 900 miles per hour per hour, find the unit of time. 

Z5. If 1 1 yards per sec. per sec. be taken as the unit of acceleration, 
and 60 sees, be taken as the unit of time, required the unit of space. 

z6. If i mile be the unit of space, and 15 minutes be unit of time, 
find ( I). unit of velocity, (2) unit of acceleration, in the *f.-s.* system. 

If unit of velocity be 18 feet per 4J sees., and unit of acceleration 
be 2 fathoms per \ sec. per \ sec, find (i) unit of time, and (2) unit of 
space. 

z8. The measure of an acceleration is 32 '2 in the foot-second units ; 
what is the unit of time in use when with a mile as unit of length the 
measure of the same acceleration is 87*6? 

zg. The measures of an acceleration and a velocity when referred to 
{a-\rb) ft, {m-^-n) sees, and {a-b) ft, {m-n) sees, respectively are in 
the inverse ratio of their measures when referred to {a-b) ft., {m-n) 
sees, and {a+b) ft., {m-\rn) sees. ; their measures when referred to a ft., 

m sees, and b{t,,n sees, are 9isma:nb; show that —^— i — ^* 

m^ tr 
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20. Two bodies P and Q are moving from rest with accelerations 
measured in the * inch-second * and * yard-minute * units respectively, 
and their measures are as 2 to i. If /'describe {x+y) feet in {a—b) 
seconds, and Q describe {x—y) feet in {a-\rb) seconds, and the velocities 
of /'and Q measured in their respective units at the end of the {a—b) 
and {a+b) seconds are as lO to i, prove that ^t : ^=13 : ii and 
xiy=^Zi1, 

58. Acceleration when uniform is measured by the in- 
crease of velocity per unit of time (Art. 51); hence any 
straight line which represents a given velocity in magnitude 
and direction will also represent in magnitude and direction 
the acceleration which is measured by that velocity added 
per unit of time. 

PARALLELOGRAM OF ACCELERATIONS. 

59. Statement. — If a paint at any instant possesses two 
accelerations which are represented in magnitude and direction 
by two adjacent sides of a parallelogram^ their resultant 
acceleration is represented in magnitude and direction by the 
diagonal drawn through the point. 

We must show that the resultant acceleration of two 
accelerations which are repre- 
sented in magnitude and direc- 
tion by OA and OB will be 
represented in magnitude and 
direction by OC. 

Since OA and OB represent 
the accelerations, 
.-. they represent the velocities added by each in unit of time. 
The Parallelogram of Velocities (Art. 18) 
is true for all velocities, 
.•. it is true for velocity added in unit of time; 
.-. ^Cwill fully represent the resultant velocity 
added in unit of time; 
. •. ^C will fully represent the resultant acceleration, (q.e.d.) 
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60. The terms Component, Resultant, Resolution, Composition, 
apply to accelerations as well as to velocities, and we have analogous 
propositions. The Parallelogram of Accelerations has just been estab- 
lished, and in the same way we might prove the Triangle of Accelera- 
tions^ the Polygon of AccelercUions, etc. 

UNIFORM ACCELERATION IN A STRAIGHT LINE. 

61. If a point moving with a uniform velocity (u) become 
subject to a uniform acceleration (a) in the direction of its 
motion^ to find the velocity (v) after a given time (t). 

Our definition of the Measure of Uniform Acceleration 
(Art. 51) tells us that the velocity of the point is increased 
each second by the quantity a. 

At the beginning the velocity =«^. 
At the end of i* „ =u+a ; 

n M 2« „ =U+2a; 

„ „ t^ „ =U+ta. 

But the final velocity is denoted by z/, 
.♦. v^u+at. 

Examples — XI. 

1. A point moving with a velocity of 6 f. -s. has its velocity increased 
S feet per second per second ; find its velocity after 12 seconds. 

2. A stone thrown vertically downwards from the top of a cliff with 
a velocity of 40 f.-s. is subject to an acceleration of 32 f.-s.-s. ; find its 
velocity after 3 seconds. 

3. In what time will a point whose initial velocity is 10 acquire a 
velocity of 100 when moving with an acceleration of 6 ? 

4. A point moving at the rate of 140 yards per minute has its velocity 
uniformly increased, so that at the end of a quarter of a minute it is 
moving at the rate of 15 miles an hour; find the measure of the 
acceleration in the foot-second system. 

5. If a point moving with a uniform velocity of 100 f.-s. is subject to 
a constant retardation of 20 f.-s.-s., when will the particle be at rest? 
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62. If a point moving with uniform velocity (u) become 
subject to a uniform acceleration (a) in the direction of its 
motion; to find the space (s) passed over in a given time (/). 

Since the velocity increases uniformly throughout the 
given time, the mean velocity during the interval will be 
half the sum of the extreme velocities. 

To find the value of the Mean Velocity during / seconds, 
we have — 

velocity at the beginning =» (By data.) 

„ „ end =«+a/ (Art. 61.) 

.'. sum of the velocities =2«+a/ 

.*. Mean Velocity =«^+ — 

Now the space described with uniform velocity in any 
ixcat^velocityxtime, (Art. 9.) 

...«.(.+4). 

.-. s=:ut^\atK 

In Art. 76 another proof of this important result is given 
not involving the mean velocity. 

Examples — XII. 

1. A point has an initial velocity of loo f.s., and moves with a 
uniform acceleration of lo f.-s..s.; find distance passed over in 5 
seconds. 

2. A point describes 124 feet in 4 seconds under a uniform accelera- 
tion of 8 f.-s.-s. ; find the initial velocity. 

3. A stone starting with an initial velocity of 29 f.-s. describes 750 
feet with an acceleration of 32 f.-s.-s. ; find the time. 

4. If a point moving with an initial velocity of 12 f.-s. describes 
252 feet under a uniform acceleration in 6 seconds, find the measure of 
the acceleration in the foot-second units. 
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63. If a point moving with uniform velocity (u) describe a 
certain space (s) with a given acceleration (a) in the direction 
of its motion; to find the velocity (z^) at the end of that space. 

We have z/=«+a/ (Art. 61); and j=«//+Ja/2 (Art 62); 

=«2 + 2a(2^/+Ja/2) 
= «2-[-2a.x 
.•. z^=«2^2aj. 
Then«/—«=velocity acquired while describing thedistance s. 

Examples — XIII. 

z. A point has an initial velocity of 6 f.-s., and describes 8 feet with 
an acceleration of 4f.-s.-s. ; find its final velocity. 

2. A point, having described 12 feet with an acceleration of 12 f. •s.-s, 
has a velocity of 18 f.-s. ; find its initial velocity. 

3. A point starting with initial velocity of 30 f. -s. describes 50 feet with 
an acceleration a, and has then a velocity of 40 f. -s. ; find the value of a. 

4. A point has a final velocity of 60 f.-s., having started with an 
initial velocity of 10 f,-s., and passed over 70 feet with uniform accelera- 
tion ; find the measure of the acceleration in the foot-second units. 

5. A point starting with an initial velocity of 12 f.-s. describes a 
certain space with an acceleration of 6 f.-s.-s., and has then a velocity of 
30 f.-s. ; find the space passed over. 

64. Collecting the results obtained in Articles 61-63, we 
have — 

(1) v=^U'\-a.t (connecting v and /), 
(2)x=«/+|a/2 ( „ ^ „ /), 

(3)z;2=:2^2^2aj ( ^^ ^ ^^ sy 

These may be called the ^Formulae of Reference* 
for uniformly accelerated motion in a straight line. 

Note i. — If a point have no initial velocity, it is said to start from 
rest* In this case we must assume m=o, in the * Formulae of 
Reference.* 
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Note 2. — If the acceleration be opposite to the direction of the initial 
velocity, then we must write a with a negative sign in the * Formulae of 
Reference.* {See Art. 44.) 

Note 3. — A body falling freely under the earth's attraction has its 
velocity increased each second by 32*08 feet per second at the Equator, 
by 32-18 at Greenwich, by 32'25 at the Pole. 

This case of uniform acceleration is so important that it is usual to 
denote its measure by the special letter *^.* 

If nothing be said to the contrary, the student may assume that ^= 32. 

Example i. — A point moving at the rate of 44 feet per second is 
brought to rest in 30 seconds by a constant retardation ; find the 
measure of the retardation. 
Here ^=44, z/=o, ^=30, and a is required. 
We evidently make use ofv=u + at; 

. -.0=44-0. 30; 
.*. a= 1^5^ feet per sec. per sec. 
Hence we infer that the velocity is diminished 2X the rate of i^ feet 
per second per second ; and thus in 30 seconds the point has lost all its 
velocity. 

Example ii. — A particle is thrown up with a velocity of 144 f.-s. ; 
after what time will its height be 320 feet ? 

If we agree to consider velocity, acceleration, and space, measured in 
one direction as positive, then when measured in the opposite direction 
they must be regarded as negative. In this question the initial velocity 
and the height are measured «/, and the acceleration caused by gravity 
is measured down. If, therefore, we consider quantities measured up as 
positive, then quantities measured down will be negative. 
Here «= 144 ; ^=320 ; a=^= -32 ; and t is required. 
We evidently make use of s=ut'\-\afi ; 

.-. 320=144/- ix 32 x^; 
.*. 16/2- 144^+320=0; 
whence /=4, or 5. 
We conclude therefore that the particle is at the height of 320 feet in 
4 seconds and 5 seconds after its projection ; in 4 seconds on its way 
upf in 5 seconds on its way down. 

Example iii. — A particle is projected vertically upwards with a 
velocity of 160 f.-s. ; find (a) how high it will rise. 
{b) the time of ascent ; 
{c) the velocity at the height of 300 feet ; 
D 
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{d) the velocity after 3J seconds ; 
(g) the velocity after 6 seconds. 
Here «=i6o; a=^= -32. 



(a) Height ctttained — 

(b) Time of ascent — 



. o=i6o»-2X32Xj; 
. j=40ofeet. 



.•. 0=160-32/; 
.-. /=5 seconds. 

(c) Velocity after describing 'yyofeet — 

= 160^-2x32x300 
= 25,600-19,200 
= 6,400 
. * . v=2iO feet per second. 

(d) Velocity after 3J seconds — 

= i6o-32x-^ 
= 160 — 112 
=48 feet per second. 
ue, a velocity of 48 ft. per sec. upwards » 

(e) Velocity after 6 seconds — 

= 160-32x6 
= 160-192 

= - 32 feet per second ; 
Le, a velocity of 32 feet per second downwards. 
Example iv.— A particle passes a point 528 feet high with a velocity 
of 128 f.-s. up ; after what time will it return to the' ground ? 

Let us consider the positive direction down^ and the negative direction 
up. The ground is therefore 528 feet below the point. 
Herej=528; 0=32; «=-i28. 
We use the formula s—ut-^- Jo/* ; 

.\ 528=-i28/+i6/3; 

.-. /»-8/-33=o; 
whence /= 1 1 seconds. 
The other root, - 3, of the equation, signifies that the particle will 
return to the ground in 3 seconds after passing the point on its way down. 
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Note. — It is much simpler to work this question as shown than to 
find (i) the further height to which the particle will ascend; (2) the 
time of this further ascent ; (3) the time of descending through whole 
space ascended from the ground ; (4) and, finally, by (2), (3) the whole 
time required. 

Example v. — A particle is dropped from a height of 12^, and 4 
seconds afterwards another is projected from the ground vertically 
towards it with a velocity of 4^ ; when and where will they meet ? 
When ? — Let / seconds elapse after 2nd is projected. 
Then (/+4) „ 1st was let fall. 

Space described by ist, Ji=o+ J x^x (/+4)S because «=o ; 
„ 2d, Ja=4^x/-Jx^x/2; {SeeRn.n,) 

.-. '^i+^a=-f(^+4)*+4r^"-f.^. 
But jj + jj = 1 2^ (by data) ; 

.-. i^=-f (/+4)«+4^^-f^; 

.\24=(/ + 4)*+8/-/«; 

24=/«+8/+i6 + 8/-/«; 
.'.16/= 8; 
.'. /= J second. 
Where ? — Let x be the height above the ground. 
Thenjr=4^xJ-fe'(i)* 

=64-4 
= 60 feet. 
The particles therefore meet J sec. after the second is projected, and 
at a height of 60 feet. 



Examples — ^XIV. 

z. A body falls for 5 seconds ; find its velocity and the space described. 

2. A particle is projected vertically upwards with a velocity of 250 
f.-s. ; how high will it rise? 

3. A particle is projected vertically upwards, and has lost half its 
original velocity when it has risen through 60 feet; find the initial 
velocity. 

4. A particle is projected vertically upwards with a velocity of 320 
f.-s. ; find the velocity after it has described 576 feet. 

5. A particle has an initial velocity of 12 f.-s., and having described 
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30 feet has a velocity of 18 f.-s. ; find the acceleration, and also the 
time of motion. 

6. A particle is thrown upwards with a velocity of 200 f.-s. ; after 
what interval will it be 50 feet above the ground ? 

7. A particle is projected from A with an initial velocity of 100 f.-s., 
and is subject to a retardation of 40 f.-s.-s. ; find the distance from A 
after 5 seconds. 

8. A particle under uniform acceleration described 180 feet in 6 
seconds from rest ; find the acceleration. 

9. A particle is projected vertically upwards with a velocity of 640 
f.-s-s. ; in what time will it be at a height of 624 feet? Explain the 
double result. 

10. Two particles fall from heights of 256 and 1600 feet respectively ; 
if they reach the ground at the same instant, find the interval between 
their starting. 

11. A particle starts from rest under a uniform acceleration of 16 
f.-s.-s.; after 5 seconds another particle is projected from the same point, 
in the same direction, with a certain velocity. If the second body 
overtake the other in 10 seconds, find the velocity of projection. 

12. A body is dropped from a height of 784 feet ; after it has fallen 
through 144 feet, a second body is projected vertically downwards from 
the same point with such a velocity that the bodies reach the ground 
in the same time ; find the velocity of projection. 

13. A body is dropped from a height of 576 feet ; after it has fallen 
through 48 feet, a second body is projected vertically downwards, and 
the bodies reach the ground at the same instant ; find the velocity of 
projection. 

14. A particle projected vertically up passes a point 176 feet high 
with a velocity of 160 f.-s. ; after what interval will it return to the 
ground ? 

15. A particle thrown up passes a point 240 feet high with a velocity 
of 240 f.-s. up ; when will it return to the ground? 

16. A particle thrown up passes a point a feet high with a velocity 
of ^ f.-s. ; after what time will it return to the ground? 

17. A ball is let fall from a height of 256 feet, and at the same 
instant a second ball is projected vertically upwards to meet it ; find 
the velocity of projection of the latter if the balls meet at a height of 
64 feet. 

18. A ball is projected vertically upwards with a velocity of 5^ ; after 
what time must another be projected with a velocity of *]g in order that 
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the latter going up may meet the other coming down at a height of 
384 feet? 

19. A body projected vertically up is at the same height at the end 
of 5 and 9 seconds ; find the initial velocity. 

20. A body is thrown up with an initial velocity of 176 f.-s. ; after 
li seconds another is projected up, and overtakes the first at its highest 
point ; find the velocity with which the latter is projected. 

21. A body is let fall from a given point ; 3 seconds later another is 
let fall from a point 240 feet below ; in what time will the bodies pass 
each other, and how far apart will they be one second after that 
happens ? 

22. From the top of a tower 100 feet high a stone is dropped ; with 
what velocity must another be projected downwards from the same 
point after the lapse of half a second, that the stones may reach the 
ground at the same instant ? 

23. One second after the first stone in Ex. 22 was let fall, another 
was projected downwards so as to reach the ground half a second 
before the other; find (i) the velocity of projection; (2) where the 
stones passed each other. 

24. A body shot vertically upwards rises 240 feet in 4 seconds ; how 
high will it rise, and what time will elapse between its starting and 
returning to the point of projection ? 

65. We next proceed tofind the acceleration with which 
a particle will slide down an inclined plane} 

Let AC be a. plane inclined to the horizon at an angle 
CAB=i. Draw a vertical 
line OGySind let it represent 
the value of g. Resolve 
the acceleration g along 
the plane and at right angles 
to it. Let these component 
accelerations be OF and 
OjS respectively. Then 
(Art. 28) the component 

^ The assumptions made in this Article will be justified in Article 133 
after the student has read the Laws of Motion. 
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OF will be the resolvedpart along the plane of the accelera- 
tion OG, 

Therefore the total effect of g along the plane will be 
fully represented by OR 

Now OF^ OG cos FOG \ 
.*. OF=OG sin BAG; 
or, a=^sin /. 
And when motion takes place on an inclined plane whose 
inclination is /, we must substitute *^sin /' for *a' in the 
' Formulae of Reference/ (Articles 61-63.) 

Examples — XV. 

1. Find the angle of inclination, when the acceleration along the 
plane is i^, 

2. In what time would a body slide down a plane 640 feet long, 
having an inclination to the horizon =30" ? 

3. A particle slides from rest for 4^ feet down an inclined plane, and 
has a velocity of 12 f.-s. at the bottom ; find the inclination. 

4. A particle takes twice as long to slide down the length as to fall 
through the vertical height of a given plane ; find the inclination of 
the plane. 

5. In what time will a particle slide down an inclined plane whose 
length is loo feet, and height 65 feet ? 

6. A particle slides down a plane 150 feet long in 12 seconds; find 
the height of the plane. 

7. Find the velocity acquired by a particle on sliding down a smooth 
plane whose base is 200 feet and inclination 45**. 

8. If the time of sliding down an inclined plane : the time of falling 
down the vertical height = 2 V2 : V3- 1 ; find the inclination. 

9. A plane rises I foot in every 100 feet of length ; find the velocity 
with which a particle must be projected up the plane in order that it 
may describe 1839 feet in 10 seconds. 

za A particle slides down a plane 100 feet long, inclined to the 
horizon at 60** ; find the time of describing the upper and lower halves 
respectively. 

II. A particle slides from rest down a plane 320 feet long, and having 
an inclination of 30** ; find the time of describing the last 50 feet. 
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X2. A particle takes twice as long to slide down either of the sides 
of an isosceles triangle as to fall freely from the vertex to the base 
(which is horizontal) ; find the vertical angle of the triangle. 

13. With what velocity must a particle be projected down a plane of 
given length (/) whose inclination is 30**, so as to reach the bottom 
simultaneonsly with another particle which starts at the same instant 
and falb freely through the vertical height of the plane ? 

14. Show how to place a smooth plane of given length (/) so that a 
particle may acquire a given velocity {v) in sliding down it. 

66. A point is moving with an initial velocity («), and 
becomes subject to a uniform acceleration (a) in the direction of 
motion ; to find the space described in any particular («'*) 
second. 

Space in «'* second = space in n seconds— space in («— i) 

seconds. 
Space in n seconds =«.«+i«««*- (Art. 62.) 
„ («-i)„ =«.(«- i)+ia.(«-iV. 
.'. Space in «'* second=«(«— «+i)+i<i («*—«*+ 2«—i) 

= «+^a(2«— l). 
If the point have no initial velocity, then «=o, in this 
result. 

Note. — ^The student may, as an exercise, obtain this result by using 
the mean velocity in «'* second. 

Example i.— Find the space described in the 6th second by a 
particle falling from rest. 

If Sn denote the space described in n seconds. 
Then J6=o+45'(W 

And ^5=0+4^ (5)*; 

. •. Space in 6th second = }^ ( 1 1 )= 16 x 1 1 = 1 76 feet. 

Example ii. — A particle has fallen from rest for 16 seconds ; com- 
pare the spaces described in the 6th and i6th seconds. 
^6-.f5 =4^6)2- J^(S)»=i^x IX. 

.;. Space in 6th sec. : space in i6th sec. = 11 : 31. 
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Example iii. — A particle which had an initial velocity of lo f.-s. 
described 54 feet in the 6th second ; find the acceleration. 
Je=l0.6 + Ja(6)*, 
j5=io.5 + ia(S)«; 
.*. 54= 10+ Ja (11); .'. a=8f.-s.-s. 

Example iv. — A particle moving with uniform acceleration described 
140 feet between the 3d and 5th seconds, and 770 feet between the 
1 2th and 17th seconds ; find the initial velocity and the acceleration. 
Let u denote the initial velocity, and let a denote the acceleration. 
Then J5=«.S + 4«(5ft 

And J8=«-3 + i«(3)^ 

.*. I40=22/ + ia.i6 (l.) 

Also Ji7=«.i7 + ia(l7)'. 

And Jia=«.l2 + Jo (12)*; 

.-. 770=5« + Jo.X4S (2.) 

From these two equations (i) and (2) we get ^=38 f.-s. and 
o=8f.-s.-s. 

Examples— XVI. 

1. A stone has fallen for 7 seconds ; find the space passed over in 
the seventh second. 

2. A point moving from rest with uniform acceleration describes 
590 feet in the 30th second ; find the acceleration. 

3. A point had an initial velocity of 100 f. -s., and it described 328 feet 
m the loth second ; find the acceleration. 

4. A body has fallen for 12. seconds ; compare the spaces passed over 
in the 6th and last seconds. 

5. A body moving from rest with uniform acceleration describes 
300 feet in the 5th second of its motion ; find the space passed over 
in the 8th second, and in 8 seconds 

6. A body whose velocity was uniformly accelerated described 84 feet 
and 108 feet in the «** and (»+ x)'* sec. respectively from rest ; find the 
acceleration. 

7. A body whose velocity was uniformly accelerated described 82 feet 
in the 7th second, and 98 feet in the 9th second of its motion ; find both 
the initial velocity and the acceleration. 

8. A falling body describes 16/25 of the whole space in the last 
second ; find the whole time of motion. 
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9. A stone falls over the edge of a cliff, and describes 7/16 of the 
height of the cliff in the last second of its fall ; find the height of the cliff. 

10. A stone falls from an anchored balloon, and describes 8/9 of the 
height in the last second of its fall ; find the height of the balloon. 

iz. The space described by a falling body in the 5th second : space 
described in the last=i 134 find the height from which the body is 
let fall. 

12. The space described by a fallmg body in the last second of its 
fall : space in the last second but one=i5 : 13; find the height from 
which the body is let fall. 

13. A falling body describes in the last second a space equal to three 
times that described in the last second but five ; how long has it been 
falling ? 

14. A particle sliding from rest down an inclined plane whose angle 
of inclination is tan "^(3/4), describes 86*4 in the last second but one ; 
find the length of the plane. 

15. A point moves with uniform acceleration, and in the w^, »'*, p^ 
seconds it describes jc, y^ z feet respectively ; show that 

;r(« — /) -^-y^p — m) + z{m - w) = o. 

67. We can obtain the following interesting results from 
the * Formulae of Reference.' Examples in which some of 
them are required will be found in the Exercises at the end 
of this Chapter. 

68. JV/ien a point starts with no initial velocity^ and moves 
with uniform acceleration^ the space described varies as the 
square of the time. 

We have j=«/+Ja/*. (Art. 62.) 

And, by data, «=o; 

.-. J=Ja/»; 

but Ja is a constant ; 

.-. s « /^ (Q.E.D.) 

69. When a point moves with uniform acceleration the 
spaces described in successive seconds are in Arithmetical 
Progression, 

The space in the «'* second=w+ia (2«— i); (Art. 66.) 
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.'.space in ist sec.=a-f 4a(2 — i)=«+Ja; 
„ 2nd „ =«+Ja(4— i)=«+|a; 

„ 3rd „ =«+^a(6-i) = «+fa. 

Hence the spaces described in successive seconds form 
an Arithmetical Progression, whose common difference is a. 
The student will notice that these spaces are proportional 
to the odd numbers i, 3, 5, . . . when the body starts from 
rest 

Note.— The converse of this theorem is given as an exercise in the 
Examples at the end of this Chapter. See Example in. 

70. TAe space described by a particle falling freely for a 
given time is approximately equal to the square of the number 
of quarter-seconds. 

We know that x=«/+ Jo/* ; and in this special case «=o, 
and ^=32, nearly; 

.-. J=i6/*; 

= (number of quarter-seconds)*, (q.e. d. ) 

7l« When a particle is thrown vertically upwards its time 
of ascent is equal to its time of descent. 

Let /=time of ascent, and T=time of ascent and descent. 

We know that z;=r«+a/. 

In this formula z/=o, because after / seconds the body is 
at its highest point; and a=—g^ because its direction is 
opposite to the direction of u. 

.-. o^u-'gt; .-. /=— . 

When the body has returned to the point of projection, 
its height above that point =0, and this is the space de- 
scribed in the time =7! 

We know that j= «/-f Ja/« ; 
.-. o=uT^igT*; 
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2U 

T= — =time up and down, 

and /=— =time up : 

,\T—i^ — = time down. 
g 
Therefore, the time of ascent is equal to the time of 
descent, (q.e.d.) 

The time up and down— that is, the time in the «>— is called the 
Time of Flight, 

72. When a particle is thrown vertically upwards^ on re- 
turning to the point of projection it has a velocity equal to the 
velocity of projection^ but in the opposite direction. 

Let «= velocity of projection, 
and «;=velocity on returning to the point of projection. 

Then, Time of Flight = -• (Art. 7 1.) 
Now t;=«+a/; 

2U 

Or, we may establish the theorem in the following very 
simple manner. 

When the particle returns to the ground its height above 
the ground =0. 

To find the velocity at this height we use the formula 

Z;* = «* + 20J. 

But j=so; 
.-. «^'=««; 
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Le, +« is the velocity of projection, and — « is the velocity 
on striking. 

Therefore the velocity on returning to the point of pro- 
jection is equal in magnitude to the velocity of projection, 
but in the opposite direction, (q.e.d.) 

Cor. — Hence the velocity at any point in the ascent is equal and 
opposite to the velocity at the same point in the descent. The student 
will notice that this is a special case of a general theorem, viz. : — * If 
a particle is moving in a straight line, and its velocity be uniformly 
retarded, it will pass twice through any point in its path with its 
velocities equal in magnitude but opposite in direction.* 

73. When a particle slides from rest down an inclined 
plane, the velocity acquired in describing the length of the plane 
is equal to the velocity which it would acquire in falling freely 
through the height of the plane. 

Let z/i= velocity acquired in 
describing the length of the 
^ plane. 

We use the formula 

In this, x=/; u-=^o\ a=^sin/, 

h 

.\V^z^^2gh (l.) 

Let z'a= velocity acquired in falling through the height. 

.-. v^^ ^2gh (2.) 

Hence, from the results (i) and (2), we conclude that 

Vi^Vt* (Q.E.D.) 
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74.. The time occupied by a particle falling from rest daivn 
any chord of a vertical circle, passing through its highest point, 
is equal to the time taken to fall down the vertical diameter. 

To show that the time down any such chord ^j5=time 
down AC, - A 




Draw BDJl AC, and join BC 
Now lABD=^lACB] . •. each=9o"- C^Z>; 

.-. sin^^Z>=^. 
AC 

We use the formula s=ut+lat^. 
Let the time down AB=ti, 
.-. AB=o+^g sin /x /i* ; 

J, 2AB 2AB 2AC 



(I.) 



(2.) 



> sin / ^^ ^ 

Let the time down AC^t^, 

.-. ^C=o+J^V; 

. /« = ?^ 

g 
Hence, from the results (i) and (2), we conclude that 

A = /,. (Q.E.D.) 

75. In the same way it may be shown that the time down 
any chord of a vertical circle passing through its lowest 
point is equal to the time down the vertical diameter. 
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Cor. — If from a given point particles at any instant fall away in all 
directions, at the end of a time / they will all be situated on the surface 
of a sphere whose diameter is igl\ 



Examples— XVII. 

z. If two vertical circles touch at their highest points, and a straight 
line be drawn through this poiiit cutting the circles, show that the time 
down the part between the circumferences is constant. 

2. A particle moves down a chord of a vertical circle inclined at an 
angle of 60" to the horizon, and passing through the lowest point of the 
circle. If it reach that point with a velocity equal to that due to the 
vertical diameter, prove that its velocity is doubled during its descent. 

3. Determine that diameter of a vertical circle, down the latter half 
of which a body (having started from rest at the other extremity) falls in 
the same time as down the whole vertical diameter. 

4. If a circle be ' placed in a vertical plane, determine that chord 
passing through its lowest point down which a body must fall so that 
it may acquire the greatest horizontal velocity. 

5.- Find that radius of a vertical circle so that the time to the centre 
may be equal to the time from the extremity of the radius to the lowest 
point of the circle. 

6. AB is the horizontal diameter of a vertical circle, C the lowest 
point of the circle, P a point on the circumference. If /i, /2» ^8> ^^^ 
times of falling from rest down PA, PB, PC, be such that V+ V^4^8*> 
find the angle PAB, _ 

7. If the anglePAB in the last question be is^show that t^^-t^^t^ ^2, 

8. ABC is a vertical circle, A its highest point, CB a diameter which 
is produced to meet the tangent at ^ in Z? ; if a particle fall down DC 
from rest, find (i) its velocity at B ; (2) its velocity at C; (3) the angle 
ADC, so that the velocity at -5. may be half the velocity acquired in 
moving from B to C 

9. If ^^ be the horizontal diameter of a vertical circle, show that 
the time down any chord AP varies inversely as the time down the 
chord BP. 

76. Although the proof of the Proposition in Art 62 is 
sufficient, yet some may desire to have it established with- 
out reference to the mean velocity. 
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*A point has initial velocity (f#), and an acceleration (a) in the direc- 
tion of motion is imparted to it ; it is required to show thcU in any time 
W the space descrided=ut+iatK* 

Let the time / be divided into n equal intervals, 

,'. each interval = — . 
n 

The velocity added in the interval — =— . 

n n 

The number of intervals will be 

X, 2, 3, . . . . «. 

The velocities at the beginning of these intervals will be 

. ^ ., . 2a/ , (»-i)a/ 

n . n n 

The velocities at the end of these intervals will be 

at . 2at . 30/ . not 

n n n n 

Let Si and Jj denote the whole space, described, if the point moved 
uniformly during each interval with the velocity which it possessed at 
the beginning 2sidi endoi the intervals, respectively ; then, since s^vt 
(Art. 9), we have 

ut a/* 

= «-~+"~a-(i+2+3+ w- I terms); 

=«/+-^-~(«-i), by Arith. Prog. ; 
o/V 






In the same way the student may show that 

Now the actual space (s) described must lie between these values of 
Si and s^ whatever be the value of n. 

When n is increased the quantity - is diminished, and in the limit 
vanishes. ^ 

Hence when n is endlessly increased, s^ and s^ will each become ulti- 
mately equal to «/+—> which therefore represents the actual space 
described. .\ s^ut-\-\afi, (q.e.d.) 
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LINES OF QUICKEST DESCENT. 

77. By means of the two results arrived at in Arts. 74 and 
75, we are enabled to solve a series of problems known as 
* Lines of Quickest Descent' 

78. Def. — A Line of Quickest Descent is the line 
along which a particle will pass in the shortest time from 
one assigned position to another; e,g, from a given point 
to a given line, or to a given circle, or the converse. 

79' The student is advised to become familiar with the solution of 
the following problems in Geometry before attempting to find any line 
of quickest descent. 

1. Draw a circle which shall totuh two given straight lines, touch- 

ing one of them at a given point. 

2. Draw a circle which shall touch a given straight line cU a given 

pointy and also touch a given circle. 

Take various cases, e,g, when the point is first within, and 
then without the circle. 

3. Draw a circle which shall touch a given circle at a given point 

aftd also touch a given straight line. 
Example i. —Find the line of quickest descent fi"om a given point 
without a circle to the circle. 

Let P be the point; ADE the 
circle. Draw a horizontal line through 
P. Then describe a circle which shall 
touch this line in P, and also touch the 
circle ADE (No. 2 above). Let the 
circles touch at A, and draw PA and 
any line PCD cutting the circles at 
C and D respectively. 

PA is the line required. 
The time down A4 = time down PC 
(Art. 74). 
and . •, < time down PD, 
Similarly for all other lines through 
• P which cut the circles. 
PA is the line of quickest descent from P to the circle ADE, 
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Example ii. — Find the line of quickest descent from a circle to a 
given point within it. 

Through the given point P draw a hori- 
zontal line. Describe a circle which shall 
touch this line at P and also touch the circle 
ACD, Let the circles touch at A ; then AP , 
is the line of quickest descent from the circle 
to P, Draw any straight line CBP cutting 
the circles and passing through P. 
Then time down AP=. time down BP{Axx.. 75), 
and . •. < time down CP. 

Examples— XVIII. 

Note. — The circles, lines, and points are supposed to be in the 
same vertical plane. 

1. Find the line of quickest descent — 

(a) From a given point to a given straight Hue. 

{b) From a given straight line to a given point. 

(c) From a given straight line without a given circle to the circle. 

{d) From a given circle to a given point without it. 

{e) From a given circle to a straight line without it. 

(/) From a given point within a circle to the circle. 

{g) From a given circle to a given point within it. 

{h) From a given circle to another circle within it. 

(0 From a given circle within the circle to the circle. , 

{j) From a given circle to another circle without it. 

2. A point /* is 16 feet from a plane inclined at an angle of 30° to 
the horizon and above the plane. Find the time of quickest descent in 
a straight line from P to the plane. 

3. C is the centre of a vertical circle ; B any point within it vertically 
above C, If BD be drawn horizontally to meet the circumference in 
Dy and CE be taken in CD, = CB, show that the line of quickest 
descent from E to the circumference is perpendicular to CD, 

MISCELLANEOUS EXERCISES-XIX. 

1. Compare the velocities of two particles, one of which moves 
through 13 yds. in 2\ sees., and the other through 260 ft. in a minute. 

2. Compare the velocities of two particles, one of which moves at 
the rate of 8 miles an hour, the other at the rate of 176 feet per minute. 

E 
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3. What is implied when we say that the acceleration due to gravity 
is 32*2 ? 

4. A train increases its speed uniformly from 30 to 40 miles per 
hour in 12 minutes ; compare its acceleration with that of a particle 
falling freely. 

5. A man walks with a velocity represented by 5*5, and finds that 
he travels 10 miles in 3 hours ; if 2 sees, be the unit of time, find the 
unit of space. 

6. Distinguish between uniform velocity and uniform acceleration ; 
and give an instance of each. 

7. State and prove the theorem known as the * Parallelogram of 
Velocities.* 

8. Explain and give illustrations of the following varieties of motion : — 
translation, rotation, undulation. 

9. What is the acceleration (f.-s.), supposed uniform, of a train 
which while passing over 120 yards changes its velocity from 15 miles 
an hour to 60 miles an hour ? 

ZO. A point describes 45 feet and 55 feet in two successive seconds ; 
find the space it would describe (i) in 20 seconds from rest, (2) in the 
20th second from rest. 

ZZ. Establish the formula, J =11/+ ia/3. 

Z3. Assuming the formulae, v=:u + at, and s^ut-hiafi, establish the 
formula v^ = »^ + 2ar. 

Z5. A particle projected vertically upwards passes a point 640 feet high 
with a velocity of 96 f. -s. ; after what time will it return to the ground ? 
>- 14. A particle thrown up is 10 seconds in the air ; find (i) its velo- 
city of projection ; (2) the height to which it rises ; (3) the time taken 
to rise 200 feet ; (4) its velocity at a height of 300 feet. 

15. A particle is projected vertically upwards with a velocity which 
would carry it to a height of 576 feet ; after what time will it be coming 
down with a velocity of 48 f.-s. ? 

z6. Show that the unit of acceleration varies directly as the unit of 
length, and inversely as the square of the unit of time. 

ly. Show that the velocity acquired by a body falling down an 
inclined plane is the same as if it had fallen through the vertical height 
of the plane. 

z8. A point moves with a velocity increasing every minute at the 
rate of 50 yards per minute. What space is passed over during the 
interval between its having a velocity of 20 and one of 80 yards per 
minute ? 
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xg. If 3 seconds were substituted for i second as the unit of time, 
by what number would an acceleration one-fourth as great as that 
caused by gravity be represented ? 

20. A train starts from A ; its pace is quickened so that in 2 minutes 
its velocity is 30 miles an hour ; it then travels for 18 minutes with 
uniform velocity ; its speed then is regularly diminished so that in two 
minutes the train comes to rest at B, • Find the distance between A 

SLTidB, 

21. A stone let fall from a certain height would reach the ground in 
5 seconds. If it were stopped at the end of 3 sees, and afterwards let 
fall, how long would it take to fall through the rest of the distance ? 

22. A body falls from a certain point ; after it has been in motion 
for 3 sees, it moves for 2 sees, more with the uniform velocity which it 
has acquired ; find the whole space described. 

23. Show that the time down any chord of a vertical circle passing 
through its lowest point is equal to the time down the vertical 
diameter. 

24. A man walks with a velocity represented by 2^, and he finds 
that he walks 7} miles in 2} hours ; if 3 sees, be the unit of time, what 
is the unit of length ? 

25. A body projected vertically upwards loses 2/3 of its velocity in 
describing 9 feet. To what height will it rise ? 

26. A particle describes spaces of 24 feet and 64 feet respectively in 
two successive intervals each of 4 seconds duration ; required the measure 
of the acceleration. 

^27. In 3 minutes after starting from a station a train is travelling at 
the rate of 40 miles an hour ; express its mean acceleration in the 
interval with a foot and a second as units. 

28. Find the vertical and horizontal components of the acceleration 
down a plane whose inclination is t. 

29. Define veiocityt and explain how it is measured (i) if uniform, 
(2) if variable. 

30. If gravity be represented by 14 instead of 32, when the unit of 
time is 5 seconds, find the unit of length. 

31. If 3 seconds be the unit of time, and a square yard be repre- 
sented by 16, find the measure of a velocity of 15 miles an hour. 

W32. In what time will a body slide down an inclined plane whose 
/length is 100 feet, and height 64 feet? What is the velocity acquired ? 
33. A body sliding down an inclined plane describes 104 feet in the 
7th second from rest ; find the angle of inclination. 
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34. In the last question, where must the plane be divided in order 
that the times of describing the two portions may be equal ? 

35. Explain how the measures of a velocity and an acceleration 
respectively depend on the units of length and time. 

36. A particle moves from rest under a uniform acceleration, and 
describes 20 yards in a certain second, and 30 yards in the next second. 
Compare this acceleration with that caused by gravity, and find how 
far the particle had moved from rest before the first observation was 
made. 

37. If each unit employed in the measurement of an acceleration be 
increased x times, show that the new value of the measure of the 
acceleration will be x times its former value. 

38. What is the unit of length when a minute is the unit of time, 
and a velocity of i f.-s. is denoted by the cube root of the number 
which denotes an acceleration of 60 f.-s. -s. ? 

39. A man runs with a velocity 5 on a horizontal platform which is 
rising vertically, with a velocity 12 ; find the magnitude and direction 
of his actual motion. 

40. Prove that the velocity of a particle moving from rest under a 
constant acceleration varies directly as the square root of the distance 
described. 

41. Obtain the formula z;^=2«^+2cur, defining the S3nnbols em- 
ployed. 

42. A particle subject to a constant acceleration describes 50 and 
56 feet in the 6th and 7th sees, respectively ; find the initial velocity. 

43. If at the two instants when it is i foot distant from a certain 
point in its path a particle is moving with velocities of I f.-s. and 7 f.-s. 
respectively, find (i) the value of the acceleration; (2) the velocity 
with which it passes through the point. 

44. A person at a window throws a ball up outside, and observes 
that in 3 seconds it passes him on its downward path, and that in 
another second it strikes the ground. Find (i) the height of the 
window above the ground ; (2) the vertical velocity of projection. 

45. A stone falls freely for 3 seconds when it breaks a pane of glass, 
and thereby loses one-half its velocity ; find the height of the glass 
above the ground if the stone reaches the ground in 2 seconds after 
breaking the glass. 

46. If a stone fall freely for 4 seconds, and then perforating a roof 
lose one-third of its velocity, find the entire space described in 5J 
seconds. 
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47. A particle moves over i6, 40, 70 feet in the ist, 2nd, 4th seconds 
respectively. Is it moving with uniform acceleration ? 

48. A particle falls down a smooth inclined plane ; if Vi, v^ are its 
velocities at two points whose vertical distance apart is h, prove that 

49. A particle moving with uniform acceleration is observed to pass 
over a feet and b feet respectively in two consecutive seconds ; find the 
acceleration, and find the time from rest before describing a, 

50. A stone in falling from rest describes the «'* part of the height 
in the last second ; find the time of falling. 

51. What is the acceleration (a yard and a second being the units) of 
a train which quickens uniformly in one minute from 10 miles to 60 
miles an hour. 

52. If a body falling freely for i second acquire 5 units of velocity, 
and its acceleration be 10, find the units of length and time. 

53. If the unit of velocity be a velocity of a mile an hour, and the 
acceleration due to gravity be represented by 327^^* what are the 
units of length and time ? Express the unit of acceleration in the foot- 
second units. 

54. If the space described in the last 5 seconds of motion under 
uniform acceleration (a) be ii times that described in the first five 
seconds, find the whole time of motion, the initial velocity being 6a. 

55. Can a particle move with a velocity of constant magnitude, and 
yet be moving with an acceleration ? 

56. A stone is projected vertically upwards from the mouth of a pit 
with a velocity of jf, and finally reaches the bottom of the pit with 
the velocity 5^. Find (i) the depth of the pit ; (2) the time of motion. 

57. If the units of space and time be each doubled, find the effect on 
the measures of a velocity and an acceleration. 

58. A particle starts from rest at one end of a straight line AB^ 364 
feet long, under an acceleration of 8 f. -s. ; at the same instant another 
particle is projected from B towards A with uniform velocity. If they 
meet 64 feet from A, find the velocity of the latter particle. 

59. Two balls are thrown up with a velocity of 192 feet per second, 
one 2 seconds after the other ; when and where do they meet ? 

60. A body is thrown up with a velocity of 100 f.-s., and after 
i second another is thrown up and overtakes the other when at its 
highest point ; find the velocity with which the latter is projected. 

6x. A particle is started from A towards B with an acceleration of 
9 f.-s. ; while another particle is moving from B towards A to meet it 
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with uniform velocity of 120 f.-s., they meet half-way ; find the distance 
between A and B^ and the time of motion. 

62. A balloon is rising uniformly with a velocity of 10 f.-s., when a 
stone dropped from it reaches the ground in 3 seconds ; find the height 
of the balloon (i) when the stone was dropped ; (2) when the stone 
reaches the ground. 

63. A ball is projected up a plane (inclination =30°) with a velocity 
of 64 feet per second, (i.) In what time will the ball return to the 
point of projection ? (2.) What distance does it ascend ? (3.) When 
will the velocity be 256 f.-s. ? 

64. A balloon is ascending vertically with a velocity of 20 f.-s., and 
a stone having been let fall from it reaches the ground in 8 seconds. 
(I.) Find the height of the balloon when the stone was let fall from it. 
(2.) Find the velocity of the stone when the height of the balloon was 
1000 feet. 

65. A balloon is rising with a uniform velocity of 50 f.-s., and a 
stone projected vertically upwards from it with a velocity of 30 f.-s. 
reaches the ground in 10 seconds; find the height of the balloon 
(i) when the stone- was projected; (2) when the stone reached the 
ground ; find also the greatest height attained by the stone. 

^, A balloon ascends with uniform acceleration of 11 f.-s.-s., and 
at a height of 352 feet a stone is dropped, (i.) How long will the 
stone continue to rise ? (2. ) When will it reach the ground ? (3. ) What 
was its greatest height ? 

67. A balloon ascends with uniform velocity for 44 seconds, and a 
stone let fall from it reaches the ground in 7 seconds. Find (i) the 
velocity of the balloon ; (2) the height from which the stone fell. 

68. A person drops a stone into a well, and after 10 seconds hears 
the splash ; find the depth to the surface of the water, if sound travel 
at the rate of 11 20 f.-s. 

69. Assuming the velocity of sound to be 1120 f.-s., find the height 
of a cliff if the sound of a stone striking the base reach the top in 5^ 
seconds after it was dropped. 

70. A particle is projected vertically up a height of 212 feet with 
a velocity of 90 f.-s. ; after what time must another be projected 
down from the upper extremity with the same velocity to meet the 
other half-way ? 

71. A stone is thrown upwards with a velocity of 150 f.-s., and one 
second later another stone is projected with a velocity of 200 f.-s. 
When and where will the stones meet ? 
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72. A stone is projected downwards with a velocity of 50 f.-s. If 
another stone be projected after it in 10 sees, with a velocity 8 times 
as great as that of the first, when will it overtake the first ? 

73. A rocket fired vertically upwards with an initial telocity of 96 
f.-s. explodes at its highest point. The interval between the sound 
reaching the firing-point and a place a quarter of a mile distant from 
it is one second. Determine the velocity of sound. 

74. A balloon is ascending with a velocity of 80 f.-s., and when at a 
height H a stone is dropped from it. Five seconds later another 
stone is projected vertically downwards from it with a velocity of 200 
f.-s. When will the latter overtake the former? and find the least 
value of /^ for this to be possible. 

75. A steamer goes due W. at 18 miles per hour ; a current is running 
due S. at 4 miles an hour ; a train is going due N. at 60 miles an hour ; 
find the relative velocity of the steamer and train. 

76. A falling body describes in the n^^ second of its fall a space 
equal to x times the space described in the («- i)'* second ; find the 
whole space described. 

77. A particle is projected up a smooth plane inclined at 60° to the 
horizon with a velocity N^; find (i) how far, (2) how long, it will 
rise, h being the height of the plane. 

78. Two balls are projected vertically upwards with the same velocity 
Uy the second being despatched when the first has attained 3/4ths of its 
greatest height ; at what height will they meet ? 

79. To a man travelling W. at the rate of 8 miles an hour the wind 
appears to come from the NW. ; when he stands still the wind comes 
from a point 5° more to the N. ; what is the velocity of the wind ? 

80. If the measure of gravity be 32*2 in the foot-second units, find 
its measure when the centimetre ( = -4 inch) and a second are the 
units. 

81. One ship sailing due N. is 6 miles south of another sailing twice 
as fast due E. ; what will be the shortest distance between them, and 
when will the bearing of one from the other be NE. ? 

82. A body is dropped from the top of a tower, and at the same 
instant two bodies are projected upwards from the ground, one of 
which meets the falHng body at the middle of the tower, and the other 
after the lapse of half the whole time of descent. Compare the 
velocities of projection. 

83. Two bodies are projected at the same instant, and they are 
instantaneously under the same acceleration, the initial velocity of one 
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being 5 times that of the other. After 5 J sees, their velocities are 277*1 
f.-s. and 677' I f.-s.; find the initial velocities, and the magnitude of 
the acceleration. 

84. A particle is projected vertically up with a velocity of 102 f. -s. 
from a certain point 0^ and 2 sees, later another is projected down from 
X (vertically above 0) with a velocity of 14 f.-s.; find OX^ if the latter 
reach O at the same instant that the former reaches X, 

85. A body slides down an inclined plane. It starts with an initial 
velocity due to the height of the plane. The time of its descent is 
equal to the time in which it would fall from rest through this height. • 
Find the inclination of the plane. 

86. Divide an inclined plane, whose length is /, into n parts, such 
that the times of describing the successive parts shall be equal. 

87. Find the velocity with which a particle should be projected down 
an inclined plane whose inclination is i, that the time of describing the 
length (/) may be equal to the time of falling down the height (h), 

88. A particle starts from A and slides down a smooth plane AB 
inclined at 45° to the horizon. Two seconds before it starts another 

is projected up the plane from B with velocity /= » and meets the 

first midway between A and B. Find when they meet. 

89. The velocities acquired by a body falling vertically down AB 
and along the inclined planes AC and AD respectively are as the 
numbers 4, 2, i, and the time of falling is the same in each case ; find 
the inclinations of the planes to the horizon. 

90. With what velocity must a particle be projected downwards 50 
that in / seconds it may overtake another which has already fallen 
through a distance of a feet ? 

91. A body has fallen from rest through m feet at the instant another 
body begins to fall from a point n feet below that which the first then 
occupies ; find the distance traversed by the second before it is over- 
taken by the first, assuming that the acceleration caused by gravity is 
constant, but unknown in amount. 

92. A stone is projected vertically downwards with a velocity of v, 
and in / seconds after its projection another stone is projected down- 
wards with a velocity Vi ; when will the latter overtake the former ? 

93. In the last example, what should the second velocity be in order 
that the first stone may not be overtaken ? 

94. Two particles slide down the sides AB, AC oiz. vertical triangle 
whose base ^C is horizontal. Prove that (i) the velocities acquired 
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are equal ; (2) the times of describing the sides are proportional to their 
lengths. 

95. Three bullets are fired vertically upwards at the end of three 
successive seconds; the first with a velocity of 500 f.-s., the second 
with a velocity of 600 f.-s. Find the initial velocity of the third if the 
three bullets pass through a plane parallel to the horizon at the same 
instant. 

96. If a particle be projected upwards \iath a velocity xg^ when will 
it have attained the height oi xg^ and what will be its velocity at that 
instant? 

Find the least value of x, 

97. A particle is moving with uniform acceleration a. If n be the 
Arith. Mean between its initial and final velocities in describing a space 
J, and V be the velocity generated during the time of describing that 
spac^, show that uv=as, 

98. A number of beads lie in contact on the horizontal arm AB of a 
bent wire ABC, BC being vertical, and they are pushed along the wire 
in the direction AB with uniform velocity. Show that at any time the 
distances between those which have passed the bend B and are moving 
vertically are in A. P. 

99. Determine that point in the hypothenuse of a right-angled 
triangle, having its base horizontal, from which the time of a particle's 
descent down an inclined plane to the right angle is least. 

100. A wheel of a carriage is 4 feet in diameter, and makes 34 revolu- 
tions per second. If the carriage be moving at the rate of 30 miles an 
hour, find the velocity in fixed space (i) of the point of the wheel in 
contact with the ground; (2) of either of the points in its circumference 

one yard above the ground. t'jr= — \. 

loi. A particle is let fall from a height A at the same instant that 
another particle is projected downwards from a point 2A above it with 
the velocity which the first would acquire in falling to the ground. 
Show that they will reach the ground at the same instant, and compare 
their final velocities. 

X02. A particle is thrown vertically up ; the time {n seconds) between 
its leaving a point whose height (A feet) is known and returning to it 
again is observed ; find the velocity of projection. 

103. A point has moved from rest with a uniform acceleration, and at 
the end of /j, /g seconds its velocities are Vi and V2 respectively ; find 
the space described in / seconds. 
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104. If two particles be thrown up from the same point with an 
initial velocity », one n seconds after the other, show that they will 

meet at a height of — _ ^. 

Z05. ABCD is a square, and E is the middle point of BC ; find the 
resultant velocity of velocities fully represented by AB, A£, and AC, 

106. A particle at the centre of a regular pentagon has impressed on 
it velocities of 4, 3, 2, 2, in the directions of four of the angular points 
in order ; find the resultant velocity. 

107. AB is a quadrant of a circle whose centre is O, the radius OB 
being horizontal ; C is a point on the arc of the quadrant, and the 
angle BOC=0, Show that the time of falling fro m A to C is to the 
time of falling from C to ^ in the ratio Vcos ^0 : Vsin i$, 

108. A velocity v, at an inclination to the horizon, changes into a 
velocity v cos horizontal in time / with a constant acceleration ; prove 
that the acceleration was vertical, and determine its magnitude. 

109. PQ is the perpendicular from a point P in the circumference of 
a circle to a fixed diameter. If P describe the circumference with 
uniform velocity in 2t seconds, prove that the velocity of Q at any 
instant is measured by PQ, 

1 10. Three particles are thrown vertically downwards with initial 
velocities «i, U2, u^ from heights ^i, J2» h respectively, and they reach 

the ground simultaneously ; prove that '^^""'^^ = ^^zilL — JLZh , 

«l-«2 «2-«8 «'S-«1 

111. The distances through which a particle is observed to move 
from rest in successive seconds are in tlie proportion of the numbers 
i> 3> 5> 7> • • • ; prove that the particle is moving with uniform 
acceleration. 

112. A particle falls through x feet at two different places on the 
earth's surface, and it is observed that at one place the time of falling 
is n seconds less, and the velocity acquired is m feet per second greater 
than at the other ; show that if the acceleration caus ed b y gravity at 
the two places be^i and g^ respectively, then m/n^y/gig^ 

113. A smooth wire is bent into the form of a right-angled triangle 
ABC, and is placed with the hypothenuse AB vertical. A ring is pro- 
jected from C towards B with the velocity which it would acquire by 
sliding down ^Cfrom rest, and another ring begins to move down AB 
from rest at A ; show that the two rings will reach B with the same 
velocity, and that their times of motion will be as tan ^A : i. 

1x4. A Pullman car, 45 feet long, is running at the rate of 60 miles 
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an hour along a straight railway. A bird flying at the rate of 6i miles 
an hour is seen to pass in through the middle point of one window and 
to pass out through the middle point of exactly the opposite window. 
If the bird's path through space is parallel to a diagonal of the floor of 
the car, what is the width of the car ? 

1x5. A man 5 ft. 8 in. high runs from a lamp raised 12 feet at the 
rate of 6^ miles an hour ; And how fast the tip of his shadow moves. 

116. If St be the distance passed over in the /'^ sec. by a particle 
moving from rest with an acceleration a, prove that 2Sf/a is always an 
odd integer. 

1x7. A man seated in a railway carriage which is moving at the rate 
of 30 miles an hour observes a distant object through the opposite 
window, and notes that it remains in view for fifty seconds. If the 
breadth of the window be 21 inches, and the distance of the observer's 
eye from the sides of the window be 8 feet and 7J feet, find the 
distance of the object at the moments of its appearance and disappear- 
ance from view. 

zx8. Two candles 12 inches and 6 inches long respectively are placed 
on two stands l foot high and i foot apart on a table. If the candles 
burn steadily at the rate of A inch per minute, find, in feet per second, 
the velocity of the extremity of the shadow of the shorter candle cast 
on the table. 

1x9. In a vertical circle two chords are drawn from the extremity 
of a horizontal radius subtending arcs $ and 2d ; if the time down 
the chord of 2$ is n times that down the chord of 0, show that 
sec $=n^-i, 

zao. A is the highest and B the lowest point of a vertical circle, C 
a point in the circumference. Two particles are projected with equal 
velocities, one along CA, the other along CB, The velocity of pro- 
jection is such that the first particle only just reaches A, and in a time 
double of that taken by the other to reach B ; find the angle ABC. 

121. A and B are the highest and lowest points respectively of a 
vertical circle. From any point P in the circumference a tangent PT 
is drawn to meet a horizontal line through ^ in 7"; show that a particle 
will run down FT in a time which varies inversely as AP, 

122, Two ships A and B, whose rates are 14 and 12 knots re- 
spectively, are 6080 feet apart, and they are steaming in opposite 
directions. A shot is fired from A, and, moving with a mean velocity 
of 1000 f.-s., strikes B ; how far astern of the spot aimed at will the 
shot strike ? ( i nautical mile = 6080 feet. ) 
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123. If vt be the velocity after / sees, possessed by a particle starting 
with an initial velocity and moving with uniform acceleration, and at 
be the space described in the same time, show tbat 

Z24. One particle describes the diameter of a circle with a uniform 
velocity, and another the semicircle with uniform acceleration in the 
direction of the tangent ; if they start from one extremity of the diameter 
at the same instant and arrive at the other at the same moment, show 
that the velocities at the end are in the ratio i : t. 

125. Three heavy particles are moving at a given instant with 
velocities v^, v^, v^ respectively up lines inclined at angles a, /3, y 
to the vertical, and are at that instant in the same horizontal plane. 
Prove that if at any subsequent time in their motion they are again in 
a horizontal plane 

Vi cos tt—Pa cos /3 _ Pa cos ^-Vs ^^ 7 _ ^3 cos 7-^1 cos a ^ 
cos' a— cos* /S "" cos' /S— cos' 7 "" cos' 7— cos' a 

126. Two candlesticks, one six inches and the other a foot high, 
stand on a table two feet apart, and hold candles each a foot long at 
the moment when lighted. The candles burn at the rate of ^ inch 
per minute. Find (i) the velocity of the shadow of the top of one 
candle thrown on the table by the other, and (2) the average velocity 
of the shadow of the top of the lower candlestick during the whole 
time which the candles take in burning away. 
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CHAPTER III. 

THE FIRST LAW OF MOTION : 
MOMENTUM. 

80. In the previous Chapters we have dealt with the 
motion of a point or particle without considering either the 
quantity of matter moved or what caused the motion. 

81. The relations between the quantity of matter moved, 
the motion produced, and the cause of motion are contained 
in * Three Laws of Motion.' These were first enunciated 
in their present form by Sir Isaac Newton in 1687. The 
first two were, however, known to Galileo — perhaps were 
discovered by him — and the Third Law, in some of its many 
forms, was known to several mathematicians before New- 
ton's time. 

82. These laws must be considered as due to actual 
experience in the shape either of observation or experi- 
ment. Their truth is best established indirectly : viz., on the 
assumption of their truth long and complicated computa- 
tions are made, and the results thus obtained are verified in 
all cases by observation. The prediction of the time of an 
eclipse is a good example. 

83. Matter is something the existence of which we know 
intuitively, just as we know what time is and what space is j 
but for our present purpose it may be defined to be anything 
which can have its motion changed by some cause. {See 
Introduction.) 
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The quantity of matter contained in a body is technically 
called its Mass. 

The mass of a body is invariable, />. it remains the same 
wherever the body may be. 

84. Newton established by experiment the extremely 
important fact that a practical measure of the Mass of any 
body is its Weight (see Arts. 95, no, and 126), and therefore 
that in a balance equal masses will always counterpoise each 
other. 

85. Since Mass is a thing which may be measured, it is 
necessary to decide on a unit by which it can be measured. 
Most nations have their own Units of Mass, known in 
popular language as Standard Weights 

86. The term Weight denotes a force^ as we shall see 
presently (see Arts. 95 and no); viz., the force of the 
earth's attraction on a mass ; and some confusion may, and 
in fact does, arise from this double use of a word. The 
student ought to bear in mind that a national ' Standard 
Weight ' is intended to be a test of mass. It is exclusively 
used in commerce to measure out a definite quantity of 
some commodity — i.e. of matter, and is not designed to deter- 
mine the quantity of matter which shall be attracted by the 
earth with a given force. 

These national standards ought evidently to be of some 
material not liable to waste in careful handling, or through 
the corroding action of the atmosphere. Platinum, or a 
mixture of platinum and iridium, is found to be most suit- 
able for this purpose. 

87. The British Unit of Mass is the quantity of 
matter contained in a definite piece platinum, preserved in 
the Exchequer Office, authorised copies of which are kept 
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in the Mint and other places (Introduction). This is known 
as a Pound Avoirdupois^ or an Imperial Pound, 

The French Unit of Mass is called a Kilogramme, and is 
equal to 2.204 pounds. 

88. Matter has an innate incapacity to alter its state of 
rest or of uniform motion in a straight line, and therefore 
every portion of matter, so far as it is isolated from all 
external influences, remains at rest or moves uniformly in 
a straight line. When we speak of the * Inertia of matter,' 
we mean that matter is perfectly passive, and at once 
responds to any the slightest force which acts upon it. 

89. If, therefore, a body previously at rest be found to be 
moving, or, if previously moving in a straight line, be found 
to have its velocity changed in any way, then we infer that 
some cause has produced that change. And this cause is 
termed Force, 

We are now in a position to state the First Law of Motion. 

90. First Law. — ^ Every body continues in its state of 
rest or of uniform motion in a straight line except in so far 
as it may be compelled by force to change that state' 

This law expresses the fact that matter is indifferent to 
rest or motion ; or, that a state of uniform rectilinear motion 
is as much a proof as a state of rest that a body is not acted 
on by force. 

The law affords a definition of Force. 

91. Def. — Force is any cause which alters or tends to alter 
a bodfs state of rest or of uniform motion in a straight line, 

92. Of course we can never completely test this law by 
experiment, because we can never isolate a body from the 
influence of external force. But, by reducing the action of 
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external force as much as possible, we can approximate 
to the conditions required by the law. The following 
illustrations will make this clear : — 

1. When a body previously at rest is found to have changed its 
position, the motion can always be traced to the action of some force. 

2. A curling-stone will go further on ice than on a road, and the 
smoother the ice the further it will travel ; and also the more nearly 
will the velocity of the stone be uniform and in a straight line. 

3. A pendulum will swing longer in an exhausted receiver than in 
the open air, and the greater the degree of exhaustion the longer it will 
continue to swing. 

4. When a train is approaching a station, if the speed be consider- 
able and the rails very smooth, it is found difficult to apply the brake 
with effect. 

5. When a carriage turns round a sharp curve there is a tendency 
for any occupant to shoot on in the straight line previously pursued. 

6. When a person stamps to get rid of mud or snow, the inertia of 
matter tends to detach it from the boot. 

7. When a train pulls up suddenly, a passenger, as a rule, sustains a 
jerk, from the muscular effort made to check the onward motion of his 
body. 

8. A person sitting at the back of a dog-cai-t at rest is apt to be left 
behind if the horse make a sudden start forward. 

9. The following is a good illustration, and will be better understood 
on reading the subject a second time. 

When a train is moving on a horizontal railroad, a constant expendi- 
ture of coals or steam is required to maintain a constant velocity. The 
opposing resistance caused by the air and friction is balanced by a 
constant force, and the train is in the same condition as if it were 
acted on by no force at all, and hence, as the law asserts, it will move 
uniformly. 

93. There are three elements specifying a Force, viz. : — 
(i) its Point of Application; (2) its Direction; and (3) its 
Magnitude. These must be known before a clear notion of 
the force in question can be formed. It is evident that as 
a finite straight line is also determined by the same three 
elements, any given force may also be fully represented by 
a straight line. {See Article 156.) 
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94. Forces are known by different names, such as 
Pressure, Tension, Friction, Electrical, Chymical. Some 
of these will require detailed explanation later on. 

95. The Law oj Gravitation asserts that every particle 
of matter in the universe attracts and is attracted by every 
other particle. In consequence of this law the earth tends 
to draw all masses towards itself The force which the 
earth exerts on the mass of a body is called the Weight of 
that body. The student will therefore bear in mind that 
weight means z. force, {See Article 84.) 

96. Now let us suppose that there are three bodies of 
equal mass, and that all three are moving with the same 
velocity ; then we say that they possess equal * quantities of 
motion.' If we conceive two of these bodies to be joined 
and to become one body, the velocity remaining as before, 
we are plainly justified in saying that the 'quantity of 
motion ' possessed by this larger body is double the amount 
possessed by the other. 

Again, if there are two bodies of equal mass, and one of 
these has a velocity twice as great as that of the other, then 
it is evident that the * quantity of motion ' possessed by the 
first is double the quantity possessed by the other. 

97. The 'quantity of motion' must be distinguished 
from 'velocity.' These have the same relation to one 
another as ' quantity of heat ' and * temperature.' And as 
we would say that 100 gallons of water at a temperature of 
160° F. have more heat but a less temperature than a cup 
of boiling water, so we can say in like manner that a loco- 
motive moving at the rate of 40 miles an hour has more 
Motion but less Velocity than a bullet shot with a velocity 
of 900 feet per second. 

F 
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98. The * quantity of motion ' of any body depending, 
therefore, on its mass and its velocity, it is easy to see that, 
if certain units of mass and velocity be selected, the 
numerical measure of the 'quantity of motion' will be 
found by multiplying together the measures of the mass 
and the velocity. 

99. The term Momentum is applied to the product of 
the mass of a body and its velocity, 

100. It is necessary to select a Unit of Momentum. As 
the British unit of mass is a pound (Art. 87), and our unit 
of velocity is a velocity of a foot per second (Art. 6), so our 
British Unit of Momentum will be the * Quantity of 
Motion possessed by a pound of matter moving at the rate of 
a foot per second,^ 

If a body contain m pounds of matter and be moving 
with a velocity v feet per second, it will possess mv units of 
Momentum, and therefore its Momentum =wz^. 

And; generally, if in any system of units a body contain 
m units of mass, and be moving with v units of velocity, 
then we shall have its Momentum =W2;. 

Example L — A mass of 10 lbs. is moving with a velocity of 18 f.-s. ; 
what momentum does it possess ? 

Momentum = fvz/. 

„ =10x18=180. 

Example ii.— A mass of 20 lbs. is falling freely at a place where 
the acceleration caused by gravity is 32*2 ; find the momentum after 
3 and after 10 seconds respectively. 

(i) After 3 seconds^ 2;=« + a/=32«2 x 3=96-6 ; 

.*. Momentum = wz'=2ox96'6=i932. 
(2) After 10 seconds, «;=;/ + a/= 32'2 x i o = 322 ; 

. *. Momentum = 20 x 322 = 6440. 
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Examples — ^XX. 
z. What is the momentum of a mass of 6 lbs. moving with a velocity 
of25f.-s.? 

2. A mass of i8 lbs. has moved from rest with an acceleration of i6 
f.-s.-s. What is its momentum (i) afler 8 seconds, (2) after it has 
described 576 feet ? 

3. An anchor whose mass is 4^ tons falls 16 feet; with what 
momentum does it reach the water ? 

4. The masses of two trains are 40 and 50 tons respectively, and 
they are travelling with speeds of 40 and 50 miles an hour respectively ; 
compare their momenta. 

5. The mass of a boat and its contents is si tons, and it is moving 
with a velocity of Ji miles an hour ; find the momentum. 

6. A body whose mass is 5 cwt. is moving with a velocity of 22^ 
miles an hour ; through what height must the body fall to acquire an 
equal momentum ? 

7. Find the momentum of a mass of 25 lbs. when it has fallen for 
6 seconds. 

8. Find the 'increase of momentum acquired by a mass of 100 lbs., 
falling freely, between the 4th and 9th seconds. 

9. A mass of 30 lbs. is travelling with an acceleration of 10 f.-s.-s. 
In one position its velocity is 40 ; find its momentum after describing 
another 200 feet. 

ZO. A body having a momentum of lOO describes 45 feet in 3 seconds 
with uniform velocity ; find its mass. 

ZZ. Through what space must a mass of 60 lbs. fall that its momentum 
may be 1000? 

12, A mass of 100 lbs. is thrown vertically upwards with a velocity 
of 256 f.-s. ; find its momentum after i, 4, 8, 10 seconds respec- 
tively. 

Z3. Compare the momenta of a mass of 100 lbs. moving with a 
velocity of 1000 f.-s., and a mass of i lb. moving with a velocity of 
30 feet per minute. 

Z4. If the units of length, time, mass, be 176 yards, I minute, and 
a hundredweight of matter respectively, what is the measure of the 
momentum of a train of 100 tons, moving with a velocity of 40 miles 
an hour ? 

Z5. A mass of 20 lbs. moves from rest through a space of 200 feet 
with acceleration 16 f.-s.-s. ; compare its final momentum with that 
acquired by a mass of 30 lbs. falling from a height of 1024 feet. 
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CHAPTER IV. 

THE SECOND LAW OF MOTION. 

loi. Since the effect of a Force is to produce motion, it 
will appear reasonable that the Magnitude of the force 
should be estimated by the * quantity of motion ' it is capable 
of producing ; and the Second Law of Motion asserts that 
this is the case. 

102. Second Law. — ^ Change of motion is proportional 
to the force applied^ and takes place in the direction of the 
straight line in which the force acts^ 

Note.— * Motion,* in this statement, means 'quantity of motion,' 
i.e. Momentum. (5^^ Art. 99.) 

103. Let us first notice the very important facts implied 
in the statement of this Law. 

(a) It speaks only of the change of momentum, i,e, it 
takes no notice whatever of any motion already possessed 
by the body when a force begins to act on it. We infer 
therefore, by this Law, that a force will produce exactly the 
same change of momentum whether the body is at rest or 
in motion at the instant the force begins to act on it. 

(h) It says nothing which restricts it to one force. We 
infer therefore, by this Law, that if any number of forces act 
on a body, each will produce exactly the same change of 
momentum which it would produce if it acted alone on the 
body. 
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104* The student will remember that we do not prove the Laws of 
Motion by experiment. We assume that they are a correct interpreta- 
tion of facts in nature. On this assumption- extremely complicated 
work is undertaken, and remote consequences are arrived at, and, as 
has been said (Art. 82), every such computation, when verified, will 
afford a fresh proof, though an indirect one, of the truth of the laws 
which form the basis of our reasoning. 

105. The following illustrations of the statement that 
a force will always produce its full effect in its own direction 
may be given : — 

1. A ball thrown along the deck of a steamer will go the same 
distance on the deck whether the ship be at anchor or in motion. 

2. A stone dropped from a mast-head will strike the deck at the 
foot of the mast, whether the ship be at rest or in motion. 

Thus, in the latter case, the vertical motion caused by gravity has not 
been changed by, nor has it changed, the horizontal motion given to 
the stone by the ship. 

3. If any number of balls be projected instantaneously from the 
summit of a cliff with different velocities in a horizontal direction, they 
will reach the water simultaneously. Thus the horizontal motion does 
not interfere with the action of gravity producing its full effect. 

4. If a traveller, in a railway carriage having rapid motion, throws 
a body upward, it will fall into his hand as if the train were at rest. 

5. A circus-rider intending to jump through a hoop will spring 
vertically ; his previous horizontal motion, being the same as that of the 
horse, will not be altered, and thus he will alight on the horse again. 

106. The Second Law of Motion asserts, and we there- 
fore assume as a fact, that a force is proportional to the 
change of momentutn which it can produce. 

We infer from the statement (d) in Article 103, that as 
long as a force continues to act on a body it is producing 
momentum in addition to the momentum already pro- 
duced — in other words, the force will be proportional to 
the rate of change of momentum which it is capable of pro- 
ducing. 
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107. Now if a force act on a single body, since the 
mass of that body is constant, the rate of change of 
momentum will evidently depend on the rate of change of 
velocity^ that is on the acceleration, produced. {See Art. 43.) 

108. We may exhibit this extremely important fact as 
follows : — Let i?" denote the magnitude of a force acting on 
a body, the mass of which is m, and let a be the accelera- 
tion. 

Then the Second Law asserts that — 

i^oc rate of change of momentum ; 
.'. Foz rate of change of mv ; 
.', Fee rate of change of v, if m be constant, 

but a is the rate of change of v ; 
. \ jF oc a, if w be constant ; 
And also Foe w, if a be constant 

.-. Fee ma^ when m and a both vary.^ 
Now uniform acceleration in any direction is measured 
by the velocity generated in a second. (Art. 51.) 

We may therefore say that a Force is proportional to the 
Momentum which it produces in a second, 

109. First, i^oc a, if »i be constant. 

We infer, therefore, that if different forces act on the 
same mass the forces will be proportional to the accelera- 
tion produced, and therefore to the velocities produced in 
a second. 

Thus the velocities acquired in a second by the same 
mass falling freely at different places, enable us to compare 
\h!t force of gravity at those places. 

We may define Equal Forces as those which can produce 
in the same mass the same acceleration.^ 

^ This Theorem in Variation is proved in any work on Algebra. 

3 We shall see presently (Art. 124) that whatever be the mass of the body 
acted on, a given force will produce in it the same change of momentum 
in a second. 
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no. Next, FfK m, if a be constant. 

We infer, therefore, that if dififerent masses acquire t^ 
same acceleration, the forces acting on them are proportional 
to the masses on which they act. 

Now this is the case when bodies fall freely in a vacuum 
at any place. All bodies, whatever they are composed of, 
acquire the same acceleration, viz. the value of g at the 
place. Vft must therefore conclude that the Weight of any 
body at any place is proportional to the mass of the body. 

This most important result was verified by the careful 
experiments of Newton, and it is so well established that 
no other method of comparing masses, than that of com- 
paring their weights at the same place, is ever made use of 
either in commerce or science. (See Art. 125.) 

111. We conclude, then, that by the Second Law of Motion, 

F<A ma, 
and .*. F=^k.ma, 
Now by a suitable arrangement of units we can make 
^=1, and then the above equation of variation may be 
written as an equation, thus, 

F=ma, 

112. What is the most suitable arrangement of units to 
make in order that k may have this convenient value ? 

We have already selected a foot and a second as our 
units of space and time, and have decided that the unit of 
acceleration shall be the * velocity of a foot per second 
added every second.' {See Art. 50.) 

Now the equation F^ma restricts us in the units of 
force and mass to this extent, that if either unit be chosen, 
the equation determines the other unit ; the unit of accelera- 
tion having been already decided on. To show that the 
equation does so, let us select the Units of Force and Mass 
in turn. 
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113. Let us first select the Unit of Force, 

Let this force act on a mass so chosen that the accelera- 
tion produced is the unit acceleration. 

Then the above equation gives us — 
i=mx I ; .*. »i=i. 

Therefore the Unit of Mass must be that amount of matter 
in which the unit of force will produce the unit acceleration. 

114. I-et us next select the Unit of Mass, 

Let a sufficient amount of force act on this quantity of 
matter to produce the unit acceleration. 

Then the above equation gives us — 
F—\ X I ; .-. F^\, 

Therefore the Unit Force must be that amount of force 
which, acting on the unit mass, will produce the unit accel- 
eration. 

115. We have now to consider the two alternatives thus 
offered to us. 

Suppose we select our Unit of Force, and let a Pound 
Weight be the unit chosen. 

A Pound Weight is the force of the earth's pull 

on the mass of a pound. 
If a pound of matter be allowed to fall freely, 
then a Pound W^eight is the force acting on it, 
and the acceleration produced is g, 
.*. A Pound Weight will producein i lb.,^units of acceleration. 
.'. to produce only the unit of acceleration, 
it must act on mass of ^ lbs. 
Hence if Unit of Force = a Pound Weight, we must take 
g lbs, of matter as the Unit of Mass. 
Or, using the equation F=may 

Let F=i I, and let the acceleration =^. 
Then i = mg^ 
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That is, the Quantity of matter acted on when an acceleration of ^ is 
produced by the action of a Pound Weight is ith of the Unit of Mass ; 

but we require only an acceleration = i ; 
. •. Unit of Mass=^ lbs. of matter. 

116. All bodies having weight, it has been usual to com- 
pare forces with the Weight of a body, and to speak of a 
force as so many Pounds Weight. When forces are thus 
expressed in terms of iveight^ we are said to use Gravitation 
Measure. 

117. There is, however, a double objection to making a 
Pound Weight the unit of force. 

1. We have a Unit of Force which is not constant 

A Pound Weight is greater as we advance from the 
Equator towards either Pole. A * Pound Weight ' is never 
definite, and therefore of no scientific value, unless the 
locality be specified where the measurement was made. 

2. And the Unit of Mass is not constant, depending as it 
does on the local value of g, 

118. Now Gravitation Measure will answer perfectly so 
long as we are called on to compare forces at the same 
place only. It will also serve practically where strict 
accuracy is not important In Statics this method of 
measuring force may be used with advantage — and is, in 
fact, nearly always used ; but for strictly scientific pur- 
poses, such as comparing the earth's horizontal magnetic 
force in different places, recourse must be had to another 
method. 

Professors Thomson and Tait directed attention, in the 
first edition of their Treatise on Natural Philosophy^ to 
Newton's method of measuring force ; and to this method 
the student's attention will now be drawn. 
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119. Let the Unit of Mass be first chosen, and let this 
unit be an imperial pound of matter. 

Then we have seen that the {British) Unit of Force will 
be that amount of force which will produce in a pound of 
matter the unit acceleration. (Art. 114.) 

The amount of force required to produce a stated quantity 
of momentum in a given time is perfectly definite (Art. 106), 
and is quite independent of locality. Hence the British 
Unit of Force is invariable. 

On a similar principle, the unit of force in the C. G. S. 
system of units being the amount of force which, acting on 
a gramme, will produce each second a change of velocity of 
a centimetre per second, is also invariable. 

These units are known as Absolute or Kinetic units of 
force. 

120. There is a twofold advantage in first selecting the 
unit of mass : — (i) We secure an invariable unit of mass; 
(2) we deduce a constant unit of force. 

The British Kinetic unit of force is called a Poundal.^ 
The C. G. S. Kinetic unit of force is known as a Dyne. 

Note. — A foot contains 30 4797 centimetres, and a pound is equal 
to 453*59 grammes. A Poundal is equal to 13825-28 Dynes. 

121. To find the value of a Poundal in terms of weight?' 

I Pound Weight will produce in i lb. mass an acceleration^; 
I Poundal „ i lb. „ „ i ; 

.-. I Pound Weight =^Poun dais; 

.*. --Pound Weight = I Poundal. 

1 By Professor James Thomson. 

2 Weight has been aptly called the coinage of force. 
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fiy very careful experiments, the average acceleration due to the 
force of gravity for the whole of the British Islands b found to be 
nearly 32*2. 

Hence 32-2. may be taken as the number of Poundals equivalent to 
the Weight of a Pound in Great Britain. 

A Pound Weight =32 09 Poundals at the Equator. 
„ =32*18 ,, Greenwich. 

» =3225 »» the Pole. 

If g be taken as 32, we can take the force of a poundal 
as equal to the weight of ^ oz. 

122. Since i Pound Weight =^ Poundals, it is evident 
that we can express the Kinetic measure of a force in terms 
of Gravitation measure at any place, by dividing the num- 
ber of Poundals by the local value of ^; and we can always 
change the Gravitation measure of a force at any place into 
Kinetic measure, by multiplying the number of Pounds 
Weight at that place by the local value of ^. 

Example i. — Express in poundals the value of 3 pounds weight at 
the Equator, 

I pound weight =32 09 poundals ; 
. •. 3 pounds weight =96-27 poundals. 
Example ii.— How many pounds weight at Greenwich will represent 
a force of 640 poundals ? 

32-18 poundals = I lb. weight at Greenwich. 

•*• ' " "^ " 

.•.640 „ =103 „ „ 

= 19-88 lbs. weight nearly. 

123. This Absolute method of measuring force was first 
indicated by Newton, and was first practically introduced 
by Gauss. Newton never spoke of a force as being equal 
to so many pounds weight or tons weight ; in other words, 
the Gravitation Measure of force receives no countenance 
from him. 
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124. The equation ma=Fis the Fundamental Equa- 
tion of Dynamics, and the student must bear in mind 
that it expresses the important relation — * Number of Units 
of Mass X Number of Units of Acceleration^^ Number of Units 
of Force acting,^ 

Thus we see that the proper measure of a force is * the 
rate at which it can produce momentum.' 

And, practically, a finite Force is measured by the change 
of momentum which it can produce in a second. 

125. Special Case of the equation ma^F, 

If m be allowed to fall freely the acceleration is g, and 
the force acting is the Weight of m. Calling this force W^ 
we have ntg^=. W, 

If two bodies, whose masses are m^ and Wj, be allowed 
to fall freely at the same place, they will move with the 
same acceleration (£) under the action of their weights 7Vx 
and w^ respectively. 

Hence m-^ g=^Wi^ and m^ g^w^ ; 
mi__Wi 

and therefore the masses are proportional to their weights 
at the same place. (See Art. no.) 

126. It is a fact discovered by observation, and verified by the 
carefully conducted experiments of Newton, that bodies of equal mass 
(whatever be the matter they are composed of— gold, silver, lead, glass, 
sand, salt, wood, water, wheat) — placed in the same position relative to 
the earth, are attracted with an equal force towards the centre. The 
student will notice that a merchant using a balance and a set of standard 
weights (= Masses, see Art. 86) would give his customers the same 
quantity of a commodity however the earth's attraction might vary, his 
instrument depending on the weights of constant masses ; but it is other- 
wise with a merchant using a spring balance correctly adjusted for a 
certain place (London, for example). With this instrument, which 
depends on constant forces, he would defraud his customers in high 
latitudes and himself in low latiUules. 
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127. By Article 125 we have — 

W 
mg^ W] and .'. »i= — • 

o 

That is, the number of Units in the Mass of a body is 
equal to the Weight of the body at any place divided by the 
local value of ^. 

128. If, in any example, a mass and a force be expressed 
in the same .terms — e,g, a force of P pounds weight and a 
mass of Q pounds — the student may apply the equation 
ma=F to either the Gravitation or the Kinetic method of 
measuring force. 

(i.) If he decide to work by Gravitation measure of 
force, the force acting ^P pounds weight, and his mass 

=— units of mass. (Arts. 115 and 127.) 

(2.) If he prefer to use the Kinetic measure of force, then 
his mass= Q lbs., and his force ^Pg poundals. (Art. 121.) 

Several examples fully worked will, it is expected, remove 
any ambiguity. Take ^= 3 2. 

Example L — A force of 5 pounds weight acts on a mass of 48 lbs. ; 
find the acceleration. 

We have wa=/^. 

(i) Vsxaggravtyatton measure, then J^=S* ^^^ »»=— ; 

(2) Using kinetic measure, then ^=48, and F=$g; 

. •. 480 = Sf ; . *. a = ^^ = 12 f. -s. -s. as before. 
40 3 
Example ii. — A mass of 30 lbs. is acted on by a force which produces 
in a second a velocity of 14 f. -s. ; find the magnitude of the force. 
Wehavewtts/l 
30 
(i) Using ^awVfl//(Wi measure, w=^; 0=14. 

Then ^2 x 14=/?'; . •. /-= 3oxh^ ^ ^^^ ^ . ^^ 
g 32 
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(2) Using ^{W//ir measure, m=^o, 0=14. 
Then 30x14=/^; 
.•. /'=420poundals. 
Example iiL — A mass of 24 lbs. having a velocity of 100 f.-s. is 
resisted by a force of i lb. weight ; how long will it continue to move ? 
ma=F. 
Using kinetic measure, fw= 24 ; /*= i.^; 
.-. 24a=l.^-; 
.-. «=3?=4. 

Then v=u + cU; 

0= 100 - 4-^ ; 
3 

/= 75 seconds. 

Example iv. — ^An engine moving at the rate of 30 miles cm hour has 
the steam shut off, and a brake power =^^7 weight of the engine is 
applied ; in what time will the engine be brought to rest ? 

Using gravitation measure, let fr= weight of the engine. 

Then — = mass ,, ,, 

— = force acting. 
320 ^ 

We have wo = A 

Then — .0=— - ; 
^ 320 

. . tt = — — - I. -s. -s. 
320 10 

A velocity of 30 miles an hour = a velocity of 44 f.-s. 

Thenv=u+at; 

.'. 0=44 ./; 

.'. /= 440 seconds. 
Using kinetic measure, let m=mass of the engine. 
Then »i^= weight „. „ 

. •. — ^ = force acting. 
320 ^ 

Then ma=F; 

320' 

or 0=-^—= — f.-s.-s. as before. 
320 10 
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Examples — XXI. 

X. A force produces in a mass of 40 lbs. an acceleration of iof.-s.-s.; 
find the gravitation measure of the force. 

2. A force produces in a mass of 6 lbs. an acceleration of 12 f.-s.-s. ; 
find the kinetic measure of the force. 

3. A railway carriage whose mass is a ton is pushed by a force equal 
to the weight of 1 12 lbs. along smooth rails ; find the acceleration. 

4. A force equal to 3 lbs. weight acts on a mass of 16 lbs., and a 
force of 4 lbs. weight acts on a mass of 20 lbs. ; which body will 
acquire the greater velocity in a given time ? 

5. A force of 15 lbs. weight acts on a mass of 300 lbs. ; find the 
space described from rest in 20 seconds. 

6. A mass of 5 tons is acted on by a constant force of 200 lbs. 
weight ; find the space described from rest in 7 seconds. 

7. Find the force which in i mile would stop a train whose mass is 
50 tons moving at the rate of 24 miles an hour. 

8. A mass of i ton under the action of a constant force describes 
180 ft. from rest in 15 seconds; find the force in gravitation measure. 

9. In what time will a force of 5 lbs. weight move a mass of 10 lbs. 
a distance of 50 feet on a smooth plane ? What will be the velocity of 
the body at the end of 12 seconds ? 

la If a force of 32 poundals act on a body for i minute, and pro- 
duce a velocity of 400 f.-s., find the mass of the body. 

11. Through what distance must a force of 3 lbs. weight act on a 
mass of 50 lbs. to increase its velocity from 30 f.-s. to 45 f.-s. ? 

12. A mass of 20 lbs. thrown along ice with a velocity of 40 f.-s. 
comes to rest in 6 seconds ; find the magnitude of the resistance. 

13. A mass of 8 lbs. is moved through 2} feet in the first second of 
its motion ; express the measure of the force in poundals. 

14. How long must a force of 3 oz. weight act on a mass of 12 oz. 
to produce in it a velocity of 40 f. -s. ? 

15. If a mass of 25 oz. under the action of a constant force describe a 
distance of 320 feet in 10 sees., find the value of the force in poundals. 

16. A mass of 8 lbs. describes 5 feet in the first second of its motion ; 
find the value of the force acting on the body in gravitation units. 

17. What force (in poundals) must act on a mass of 48 lbs. to 
increase its velocity from 60 f.-s. to 90 f.-s. while the body passes 
over 120 feet? 
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18. A ball whose mass is 12 lbs. is thrown along ice with a velocity 
of 96 f.-s., and is brought to rest in 10 sees. ; find the resistance in 
terms of pounds weight. 

19. Find the resistance (in poundals) when a body whose mass is 
20 oz., projected along a rough table with a velocity of 48 f.-s., is 
brought to rest after 5 sees. 

20. A body whose mass is 50 lbs. is acted on by a force for 5 sees, 
only, the body then describes a distance of 60 feet in 2 seconds ; find 
the force and express its measure in poundals and pounds weight. 

21. A train quickens its speed uniformly from starting, and in 3 
minutes describes a mile; compare the force exerted by the engine 
with the weight of the train. 

22. What constant force will lift a mass of 50 lbs. vertically upwards 
through 200 feet in 10 seconds ? and find the velocity of the body at 
the end of that time. 

23. What pressure, acting for 10 seconds, will produce in a mass 
of 36 lbs. a velocity of 120 f.-s. ? 

24. A mass originally at rest is acted on by a force which in i/368th 
part of a second gives it a velocity of Si inches per second ; find the 
ratio between the force and the weight of the mass. 

25. An engine produces in a train, whose mass (including that of the 
engine) is 60 tons, a velocity of 5 miles an hour in 5 minutes. If the 
same engine produce in another train a velocity of 7 miles an hour in 
10 minutes, find the mass of the latter. 

26. Two masses, ^m and 5m, are acted on by forces which produce in 
their motions accelerations of 7 and 9 respectively. Compare forces, and 
also amounts of force expended on the two bodies in any the same time. 

27. Two forces whose magnitudes are in the ratio 3 : 5 act on two 
bodies and communicate velocities 5 and 1 1 in 3 seconds ; compare the 
masses of the bodies. 

28. Two bodies are acted on by equal forces, and starting from rest 
describe the same space, the one in half the time that the other does. 
Compare their final velocities and momenta. 

129. We have already seen that when any number of 
forces act simultaneously on a body, each produces the 
same rate of change of momentum as if it acted alone 
(Art. 103 d), and also that a force is measured by the change 
of momentum which it can produce in a second (Art. 1 24). 
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Now if the mass moved be constant, the force acting will be 
proportional to the velocity produced in a second; we can 
therefore assert that if several forces act on the same body, 
each force will be proportional to the velocity produced by 
it in a second, and will be represented in direction by that 
velocity. 

PARALLELOGRAM OF FORCES. 

130. Statement. — If two Forces acting on a body be repre- 
sented in magnitude and direction by two adjacent sides of a 
parallelogram^ their Resultant is represented in magnitude and 
direction by the diagonal which passes through their intersection. 

If a body be acted on by 
two forces represented in mag- 
nitude and direction by OA 
and OB^ then each force will 
produce in a second a velocity 
proportional to itself in magni- 
tude and direction (Art. 129). 

Therefore OA and OB will represent the velocities pro- 
duced in a second by the two forces. 

The resultant of these velocities ^OC. 

The Resultant Force must be proportional to the resultant 
velocity. 

.-. OCmW represent both in magnitude and direction the 
Resultant of the two forces which are represented in magni- 
tude and direction by OA and OB, (q.e.d.) 

131. From this Proposition we may deduce the 'Triangle 
of Forces ' and the * Polygon of Forces,' as the corre- 
sponding propositions were established in Articles 20, 21; 
and by the methods explained in Articles 14-27, we can 
compound and resolve Forces in exactly the same way as we 
compound and resolve Velocities, and hence the proposi- 

G 
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tions in Articles 17-30 hold good when Forces are sub- 
stituted for Velocities. {See Arts. 59, 60.) 

132. The case of the equilibrium of a number of forces 
acting at a point is also deducible at once from this way of 
treating the subject. If we introduce a Force equal and 
opposite to the Resultant, it will cause a momentum equal 
and opposite to the momentum produced by the Resultant, 
and will, therefore, produce a condition of things where 
the body experiences no momentum, which is, evidently, 
the condition of equilibrium. 

Thus the Second Law of Motion, as Newton perceived, 
* contains the most philosophical foundation for the Static 
as well as for the Kinetic branch of the Dynamic Science.' * 

* It is manifest that when a system of forces is exactly 
balanced, and is equivalent to no force at all, the forces 
will also be balanced if they act in the same way on any 
other material system, whatever be the mass of that system. 
This is the reason why the consideration of mass does not 
enter into statical investigation.' ^ 

133. We are now in a position to find the Acceleration 
when a body slides down a smooth inclined plane under the 
action of gravity. 

Let m denote the mass of the body, 
and a the acceleration in the direction 
of the plane. 

The forces acting on m are its Weight 
and the Pressure of the plane on w, and 
this we denote by R, 

Resolve the forces acting on m along the plane, and at 
right angles to it. 

1 Thomson and Tait, Natural Philosophy, vol. i. p. 245. 

2 Clerk Maxwell, Matter and Motion, ,^. 46. 
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Consider^ firsts the latter set of components : — 

I^t ^= acceleration at right angles to the plane ; 

.-. mk^ioxct, acting in this direction; 

r, mk^R^mg cos i. 

But the motion at right angles to plane =0. 

.\ o=R—mgcos t (i.) 

Consider^ next, the componetits along the plane : — 

Let a = acceleration along the plane; 

.-. wa= force acting along the plane; 

.-. ma=mgsm i; 

a=:^sin I (2.) 

This result (2) was assumed in Article 65. 

134. We have seen (Art. 124) that if a force act on a 
body free to move under the action of that force, the 
equation wa= 7?* connects the mass of the body, the magni- 
tude of the force, and the acceleration produced 

Now we know v=u±aty by Articles 61 and 64, Note 2. 
Eliminate a from this equation, and from the equation ma=F. 
F 
.-. t;=«±— ./; .'. ± (mv-'mu)=Ft, 

Now mu will measure the momentum possessed by the, 
body at the instant F begins to act on it, and mv its 
momentum after / seconds. 

If the force act in the direction in which the body is 
moving, we must take the positive sign in this equation ; if 
in the opposite direction, then we take the negative sign. 

(i.) If i^be acting in the direction of the previous motion, 
then — mv ^mu—Ft\ 

i,e, the Momentum gained measures the amount of force 
expended in the time. 

(2.) If F be acting in the direction opposite to that of the 
previous motion, then — 

'{-mU'~mv=Ft\ 
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ue. the Momentum lost measures the amount of force ex- 
pended in the time. 

(3.) If the body start from rest under the action of a 
force, then «=o, and mv-^o^zFt, 

i.e. the Momentum produced measures the amount of force 
expended in the time. 

(4.) If the velocity of a body be destroyed by the action 
of a force resisting motion, then — 

z/=o, and o+mu=M, 
.'. the amount of force expended in the time is measured 
by the Momentum destroyed. 

Example i. — A mass of 100 lbs. moving with a velocity of 96 f.-s. 
is retarded by a force of 8 lbs. weight ; how long will the body move ? 
Momentum = /V; 
.'. 100x96=8^./; 
• 9600 , 
•'8x32 ' 
. '. Time = yj\ seconds. 
Example ii. — How long must a force of 10 lbs. weight act on a mass 
of 128 lbs. to increase its velocity from 50 f.-s. to no f.-s. ? 
mv—mu^Ft\ 
.-. 128 (no -50) = 10^./; 
.*. /=24 seconds. 

Examples — XXII. 

X. By how much is the momentum of a mass of 40 lbs. falling freely 
increased between the 3rd and 6th seconds ? 

2. A mass of 14 lbs. is moving on ice with a velocity of 80 f.-s., and 
comes to rest in 30 seconds ; what is the force of friction ? 

3. A mass of 100 lbs. moving with a velocity of 136 f.-s. is retarded 
by a force of 17 lbs. weight ; how long will it move ? 

4. If a friction of tV of the weight retard a mass of 20 lbs. moving 
with a velocity of 60 f.-s., in what time will it bring the mass to rest? 

5. If a mass of 20 lbs. moving with a velocity of V f'"S. be 
subjected to a force of friction which in 3^ seconds brings it to rest, 
find the magnitude of the force. 

6. A mass becomes subject to a resistance of 15 pounds weight per 
ton ; in what time will its speed decrease from 40 to 30 miles an hour ? 
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7. How long will a mass of 150 lbs. moving with a velocity of 
30 f.-s. move against a resistance of 10 pounds weight ? 

8. A train of 100 tons mass, moving at the rate of 30 miles an hour, 
is brought to rest in 4^ minutes ; find the retarding force. 

9. A mass of 25 lbs. having fallen through 400 feet, what amount 
of force will stop it in 5 seconds ? 

10. An engine exerts a steady pull of io,oSo poundals on a mass of 
81 tons. In what time will the body pass over 17^ miles firom rest 
on a smooth horizontal plane ? 

ZZ. An engine can exert a steady pull equal to the weight of 2^ tons. 
In what time will it get up in a train of 160 tons a velocity of 45 miles 
an hour from rest, the resistances being equivalent to the weight of 
12 lbs. per ton? 

12. A mass of 112 lbs. is acted on by a horizontal force equal to the 
weight of 16 lbs. ; if a force equal to the weight of 10 lbs. just balances 
the resistance due to friction, after what time will the body have a 
speed of 80 f.-s. ? 

13. A projectile striking with a velocity of 1260 f.-s. just pierces 
an armour plate 14 inches thick. If it pass through a plate 7 inches 
thick, with what velocity does it emerge, the resistance being uniform ? 

Z4. A train of 150 tons acquires in a furlong a velocity of 15 miles 
an hour ; if the resistance due to friction be equal to the weight of 
10 lbs. per ton, find the pull exerted by the engine. 

Z5. A projectile whose mass is 700 lbs. has a muzzle velocity of 
1600 f.-s. Find the force (supposed to be uniform) which will 
produce this velocity, if the projectile traverses the bore in ^ second. 

z6. A mass of 3 lbs. is falling with a velocity of 100 f.-s.; what 
force will stop it (i) in two seconds, (2) in 2 feet? 



IMPULSIVE FORCES. 

135. In Art. 134 (i) we saw that the equation mv—mu 
=jRf made it clear that the momentum gained measures the 
amount of force expended in any time /, and hence the 
change of momentum will in general be very small when the 
lime is very small. 
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If, however, F be very large, an appreciable change of 
momentum may be produced in a very short time. 

A force acting under such conditions is usually called an 
Impulsive Force. 

Def. — An Impulsive Force is a force which produces 
a definite change of Momentum in a time too short to be 
measured. 

136. If a large force act for a time so short that it is 
impossible to estimate it, we cannot measure the force in 
the ordinary way, and such a force must therefore be 
measured, not by the rate oj change of momentum (Art. 124), 
but by the total change of momentum. 

The following are examples of Impulsive Forces : — A billiard ball 
struck with a cue ; a cricket ball struck with a bat ; a projectile 
fired from a gun ; a nail driven with a hammer ; an arrow shot from 
a bow. 

An Impulsive Force (or Impulse) being measured by the 
Momentum produced by it, if the measure of an Impulse 
be denoted by /, then 

mv-=L 

It is evident that the effect qf an Impulse is the same 
as if a much smaller force acted on the body for a definite 
time. 

Note. — By some writers the whole momentum produced by a force^ 
is called the impulse of the force. 

Example i. — If a ball whose mass is 3 lbs. be started with a velocity 
of 40 f.s., find the measure of the blow. 

. *. 3 X 40= 120 poundals. 

Note. — 120 poundals take a second to produce in 3 lbs. the same 
momentum that the blow produced at once. A force of 2 poundals 
would require a minute to produce that momentum. 
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Example ii — If a mass of 50 lbs. be fired vertically from a gun with 
a certain charge, and rise for 20 seconds, through what height will a 
40 lb. mass ascend if fired with a double charge? 
We have v=u + at ; 
.'. o=«— 32x20; 
. *. initial vel. =640 f^-s. 

.*. 50x640=/. 
AIS040 v=2/; 

2 X 50 X 640 ^ 

. •. 2/= — ^ 5_ - 1600 ; 

40 
and t^=«*+2aj; 
.•.o=(i6oo)2-64j; 

(1600)' 
.'. J =^—2—^ =40,000 feet. 

Examples — XXIII. 

Z. A mass starts with a velocity of 100 f. -s. ; with what velocity will 
a mass half as great start under the action of an impulse twice as great ? 

2. If a ball be thrown up and attain a height of 200 feet, how high 
will it ascend if started with three times the impulse ? 

5. Two masses, 3 lbs. and 5 lbs., rise to heights of 300 feet and 
200 feet ; compare the impulses. 

4. If two masses, m and ^m^ are projected vertically upwards with 
impulses 3/^ and 7-F, compare the heights attained. 

5. If two impulses 15 and 35 impart to two masses velocities of 40 
and 90 respectively, compare the masses. 

6. If a mass under a given impulse rise to a height of 300 feet, and 
another projected vertically with eight times the impulse be 12 seconds 
in the air, compare the masses. 

7. Two bolts, masses 5 02. and 8 oz. , are fired from a cross-bow ; 
compare the velocities with which they start. 

8. A shell lying on the ground is separated by explosion into two frag- 
ments whose masses are 100 lbs. and 50 tbs. respectively. If the larger 
fragment have an initial velocity of 200 f.-s., find the other's velocity. 

9. A ball of mass jt moving with a velocity of 50 is struck, as it 
moves, a blow in a direction at right angles to that of its motion, and 
is by it made to proceed in a direction making an angle of 45* with its 
original path ; find the momentum applied by the blow. 
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ZO. A particle of unit mass moving with no acceleration is made by 
impulses acting instantaneously upon it, when at the several vertices, 
to describe the perimeter of a regular hexagon, always with the unit 
velocity ; find the momentum applied by each impulse. 

Zl. A billiard ball, struck with a force Fy describes the length of the 
table (lo feet) with uniform velocity in 2 seconds; what impulse will 
cause it to describe the breadth (6 feet) in \\ seconds? 

Z2. A ball whose mass is 6 lbs. strikes a target with a velocity of 
64 f.-s. and stops dead ; find the measure of the blow. 

ZJ. A ball whose mass is 10 lbs. strikes a wall with a velocity of 80 
f.-s., and rebounds along the same line with a velocity of 16 f.-s. ; find 
the measure of the impulse. 

14. If a mass of 10 lbs. fall from a height of 36 feet on a fixed 
horizontal plane and leave it with a velocity of 30 f.-s., find the 
measure of the blow. If the bodies were in contact for -^ of a 
second, find the mean pressure between them. 

Z5. A projectile whose mass is m lbs. leaves a gun with a muzzle 
velocity of 1600 f.-s., and, striking a target with a velocity of 1400 f.-s., 
is brought to a standstill in \ second; find the average resistance 
offered by the target. 

z6. A projectile whose mass is 1800 lbs. strikes a target with a velocity 
of 1400 f.-s., and rebounds with a velocity of 120 f.-s. ; find the measure 
of blow delivered. 

CHANGE OF UNITS. 

137. The Units of Mass, Force, Space, and Time are so 
connected that if any three of these be given the fourth 
may be found. The young student is advised to work all 
questions of this nature as in the following examples, as he 
can thus, perhaps, best trace and realise what happens 
when any Unit is changed. 

Example i. — If the weight of a pound be selected as the unit of 
force, one pound of matter as the unit of mass, one second as the unit 
of time, what is the unit of length ? Let x feets Unit of length. 
By definition of Unit Force (Art. 114), 
I lb. weight produces in i lb. an accel. of jr feet per i sec. per i sec. 
But I lb. weight „ i lb. „ g „ „ 

. •. x^g ; . '. Unit of length ^g feet. 



Digitized by VjOOQIC 



The Second Law of Motion. 



105 



Example u. — If 4 lbs. be selected as unit of mass, a yard as unit of 
length, 10 sees, as unit of time, what is the unit of force ? 
Let X poundals= Unit of force ; 
By definition of Unit Force, 
X pdls. produce in 4 lbs. an accel. of I yd. per 10 sec. per 10 sec. 



X 


I lb. 


X 
* ' 12 ** 


I lb. 


. lojr 
* ' 12 " 


I lb. 


. lOOir 
* ' 12 ** 


I lb. 


But I „ 


I lb. 




lOOjt 




12 



I ft. n » 

I ft. per I sec. „ 

I ft. per I sec. per i sec. 
I ft. per I sec. per i sec. 



• x=l.' 

Unit of force = -5. poundal. 
25 



Example iii.— The unit of force is the weight of 7 lbs., the unit of 
mass is 21 lbs., the unit of space is 6 feet ; what is the unit of time ? 

Let X seconds = Unit of time. 
By definition of Unit Force, 
7 lbs. weight produces in 21 lbs. an accel. of 6 ft. per x sec. per x sec. 
lib. 



But 



3 " 


j» * iw. 




n 9i >> 


I 
18 " 


I lb. 




I ft. 


X 

I8 " 


I lb. 




I ft. per I sec. „ 




I lb. 




I ft. per I sec. per i sec 


't4-.. 


I lb. 




I ft. per I sec. per i sec. 



18*32' ••'^'"la' 

. •. Unit of time =-3- second. 
4 



=-1. 
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Examples— XXIII. (2.) 

1. If the weight of 2 lbs. be taken as unit force, 4 lbs. as unit mass, 

3 yards as unit of length, find unit of time. 

2. If a cwt. of matter be the unit of mass, 8 feet the unit of length, 

4 seconds the unit of time, find the unit of force. 

3. The unit of force is the weight of 10 lbs., the unit of mass is 
6400 lbs. ; find the unit of length when the unit of time is 10 seconds. 

4. If the unit of mass be 10 lbs. , the unit of time a minute, the unit 
of length a &thom, find the unit of force. 

5. If unit of force be the weight of a pound at a place where ^= 32'2, 
the unit of mass 16^ lbs. , find the unit of time, the unit of length 
being 8 feet. 

d If the unit of acceleration be 10 f.-s.-s., find unit of mass, the 
unit of force being the weight of 50 lbs. 

7. If the unit of force be the weight of 16 lbs., the unit of mass 
1 1 20 lbs., the unit of velocity 9 J f.-s., find the units of length and 
time, the value of ^ being 32. 

8. If a mile be the unit of length, and a minute the unit of time, 
compare the measures of the weight and the mass of a body. 

9. If in the equation J*'=kma {Axt, III), we select the following 
units. Unit Force = weight of 3 lbs., Unit Mass =8 lbs.. Unit 
Time =2 seconds. Unit Length =7 feet, what will be the value of >t? 

10. Using the units of Ex. 9, find the space passed over in 8 
seconds, if 1 1 lbs. weight act on a mass of 20 lbs. Verify your result 
by using British Units. 

XX. Using the units of Ex. 9, find the velocity after 21 seconds if 
10 lbs. weight act on a mass of 12 lbs. Verify your result by using 
British Units. 

Z2. If in the equation F=kfna, the Unit Force = 2j lbs. weight. 
Unit Mass=ii2 lbs., Unit Length =| foot, and >&=xifT> ^^^^ Unit 
of Time has been chosen ? 
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CHAPTER V. 
THE THIRD LAW OF MOTION. 

138. The First Law of Motion affords a definition of 
force ; the Second Law tells us how to measure force ; the 
Third Law, which will now be given, points out the nature 
of the force acting. 

Third Law. — ' To every action there is always an 
equal and contrary reaction; or, the mutual actions of any 
two bodies are always equal and oppositely directed,^ 

139. Action is the name given to the force exerted by 
one body on another, and Reaction is then the force exerted 
by the latter upon the former. 

We may illustrate the force called in one aspect action^ and in an- 
other reaction^ by any commercial transaction. From one point of view 
we have selling, from the opposite point of view we have buyingy and 
when both sides are considered we call the transaction trade. To 
pursue the simile,— as an auditor, in examining books, must bear in 
mind in whose interest the respective sides are made up, so we must 
always remember which of the two bodies we are concerned with, in 
order that we may write down the forces in the interest of that body, 
and. not set down any force on the wrong side of the accoimt. 

140. The term Stress is often used to denote the whole 
of the mutual action between two bodies. The stress is 
measured numerically by the force exerted on either body. 

The scientific use of this word is due to Professor Rankine. 
Pressure is the stress when two bodies are in contact, and 
the force exerted on either is directed away from the other. 

107 
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Thus, when a mass rests on a horizontal table, the force 
exerted on the table is downwards, the equal force exerted 
on the body is upwards. If we denote this latter force by 
R, then R^mg. 

Tension is the stress when two bodies are connected by 
a string, and the force exerted on either is directed towards 
the other. 

Thus, when a mass is suspended by a string from a fixed 
support, the force which keeps the body in its place is 
directed upwards, the force exerted on the point of support 
is directed downwards. If we denote the former force by 
7; then T=-mg, 

Attraction is the stress when bodies act on each other 
at a distance without our perceiving how the force is exerted, 
and the mutual action tends to bring the bodies together. 

Repulsion is the stress under similar circumstances, and 
the mutual action tends to separate the bodies. 

141* The following Illustrations of the Third Law may be given : — 

1. If any body press against another, it is pressed by this other 
I an equal force in the opposite direction ; e.g.y a mass resting on a 

table ; a finger pressed against a stone. 

2. If any body draw another, it is drawn by this other with an equal 
force in the opposite direction ; e.g, when a horse tows a boat on a 
canal, the horse is drawn backwards by a force equal to that which he 
impresses on the towing-rope forwards. 

3. By whatever amount, and in whatever direction, one body has its 
momentum changed by impact with another, this other body has its 
momentum changed by the same amount in the opposite direction ; 
e,g, when one billiard ball strikes another, at each instant during im- 
pact the force between them is equal and opposite on the two bodies, 
and will therefore produce the same change of momentum in each. 
{See Pax., 103.) 

4. When one body attracts or repels another, this other attracts it 
with an equal and opposite force ; e,g, when a stone falls from a height, 
the earth ascends to meet it, and the force acting on the stone is equal 
and opposite to the force acting on the earth. 
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This, of course, cannot be made the subject of direct experiment, 
but we know that the Third Law is found to be true wherever it can be 
tested, and the statement is a legitimate deduction from this Law. 

142. When two unequal masses are connected by a siring 
passing aver a smooth pulley ; to determine (i) the Accelera- 
tion; (2) tlie Tension of the string. 

Let m and m^ be the masses of the two bodies (m > m^), 
and T be the tension of the string, which is 
the same throughout. 

Consider m. Then using the Kinetic measure 
of force, the forces acting on m are its Weight 
(mg) downwards^ and the Tension {T) upwards. 
And since m is descending, the resultant force 
acting on m is therefore mg— T downwards. 

If a be the acceleration produced by this force, then 

mazzzmg—T (i.) 

Similarly, the force acting on Wi is 7"— Wi^ upwards. 

.-. w,a=7'— Wi^ ....... (2.) 

To find a, we add these equations ; 

.-. (m+m,)a=z(m—m,)g; 

m+m, ^ 
To find T, divide equation (i) by (2). 
m _ mg— T . 
mi^T-^m^' 
', mT—mmig=mmig—miT; 
.-. {m+mi)T=2mmig; 

.•. T=: ^^^ . o^ 
m+mi 

The student is advised not to use these formulae in working examples, 
but to deduce the required results each time by applying the Dynamical 
Equation of Article 124. 

Having found the measure of the acceleration, he can then apply the 
formulse of Article 64, to find the velocity acquired, the space described, 
and allied questions. 
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Example L — Two masses, of 9 lbs. and 7 lbs., are connected by a 
string passing over a pulley ; find the acceleration and the tension. 

For the 9 lbs, , 9a = 9^- T, 

For the 7 lbs., 7a= T^^g, 

To find a, i6a=2g; .*. a=4f.-s.-s. 

To find r, ^r.%zl. 

From which 7"= 252 poundals ; or, 7'=7| lbs. weight. 

Example ii. — Two weights, 17 and 15 pounds respectively, are 
connected by a string passing over a pulley ; how long will -the heavier 
take to descend 144 feet? (We use the Gravitation measure of force). 

The "masses are -L and -5 respectively. 
g g 

For the IT lbs, y iZ. a=i7-7: 
g 

For the 1$ lbs., l^.a=T-lS' 
g 
Tofinda, 55. a =2; .*. a=2 f.-s.-s. 
g 
Now j=w/+Ja/2; 

.-. i44=o+Jx2x/*; 
.'. t=i2 seconds. 
See Examples xxiv. Nos. 1-8. 

143. IVAen a mass hanging freely draws another mass 

along a smooth horizontal table by means of a string passing 

over a pulley at its edge; to find {1) the Acceleration ; (2) the 

Tension. 

The weight of Wj acting vertically is balanced by the reac- 

tion of the table, and therefore will not 

^D affect the horizontal motion of the body, 

which is caused by the Tension alone. 

Consider fw, ma=zmg^T , . . (i.) 

Consider Wj, m^a^T (2.) 

To find a, (m+mi) a=:mg; 

m+m^ ^' 
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To find T, 



Example. — If a mass of 3 lbs. hanging freely draw a mass of 13 lbs. 
along a smooth table, find the space described in 5 seconds firom rest. 

For the 3 lbs, , 3a= Zg- T. 

For the 13 lbs, , 130= T, 

To find a, i6a = 3^; 

o = 6f.-s.-s. 

described, ) 

j=o + }x6x25 
= 75 feet. 
See Examples xxiv. Nos. 9-16. 

144. When a mass hanging freely draws another mass 
up a plane by a string passing over a pulley at the vertex ; to 
determine {i) the Acceleration ; (2) the Tension of the string. 

Form, ma^mg-^T .... (i.) 

Form^j mia=T—migsini , (2.) 

(See Art. 133.) 

To find a, (m + m^a= (m — mi sin i)g, 

m—m. sin 1 

.-. a= ji g, 

m+m^ 

To find r, HL^^'^S-^, , 

m^ T—m^g sin / 

From which equation T^^^^Mitsin/) 

* MM I MM* O 

m-\-mi 

Example. — A mass of 9 lbs. hanging freely draws a mass of 7 lbs. up 
a plane whose inclination is 30°. Motion continues for 4 seconds, and 
then the string breaks ; how far will the 7 lbs. move up the plane after 
that? 
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For the 9 lbs, , 90 = 9^^ - 7: 

For the 7 lbs, , ya=T- 7^ sin 30°. 

... ,6a = (9-?.)32; 

a=ll f.-s.-s. 
To find velocity acquired during the motion — 
v=u-\rcJ 
=0+11 X4 
=44f..s. 
When the string breaks, this velocity at once becomes subject to a 
retardation oig sin 30°= 16 f.-s.-s. 

.'. 0=44^— 2 X 16 X J. 
From which equation we get j=6oJ feet. 

*SJ?^ Examples XXIV. Nos. 17-27. 

145. In a similar way, if two masses m and nti are connected 
by a string passing over the common vertex of two inclined 
planes whosd' inclinations are i and i^ respectively^ it may be 
shown that 

m sin /— Wi sin /'i 



m-\-mx 



•^• 



and, y^^^^^i(sin/'+sin/,)^^^ 
m+mi 

The student may compare these results with those in Article 142, 
and he will notice that either of these problems may be regarded as a 
special case of the other, it being understood that when a body hangs 
freely it may be conceived as resting on a plane whose inclination is 90*". 

See Examples xxiv. Nos. 28-30. 

ATWOOD'S MACHINE. 
146. An accurate knowledge of the numerical value of 
g at any place is of great importance. The most trust- 
worthy results are obtained by the number of oscillations 
made by a pendulum in a given time, but fairly satisfactory 
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results can be obtained by means of the apparatus now to 
be described. Tiiese results may be depended on, within 
reasonable limits, in the machines furnished with modern 
refinements of construction and means of measuring ex- 
tremely small intervals of time. 

The essential object secured by Atwood's machine is, that 
by its use we can so modify the force of gravity that its 
effect can be accurately measured. 

147. Two bodies A and B of equal mass 
(m) are connected by a very fine silk string 
which passes over a small pulley C. The axis 
of this pulley rests on wheels which greatly 
diminish friction, and known 2& friction wheels. 

The machine is furnished with (i) a pen- 
dulum beating seconds ; (2) a vertical scale 
DE^ at any point of which a ring R (through 
which A can pass) and a platform S may be 
clamped at pleasure. 

The masses of A and B being equal, no 
motion takes place ; but if a small bar B< \ 
(mass=^) be placed on A^ the weight of the 
bar will cause A to descend, and, of course, 
B to ascend with a certain acceleration. 

Let A^ with the bar resting on it, be raised to the level Z>, 
and, by an automatic action as the pendulum begins to 
oscillate, let A begin to move. If now R be clamped to the 
scale 60 that A may reach it in one second, it follows that 
the weight of the bar has acted on the mass 2m-\-x for a 
second. A passes through the ring, but the bar is caught. 
The masses in motion now being equal, and therefore equal 
forces acting on A and By each will move uniformly with the 
velocity which it had at the instant the bar was detached. (By 
the First Law.) If therefore S be fixed to the scale at such a 

H 
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point that A reaches it in one second after passing -ff, the 
space -^5 will measure this velocity, and therefore fh^ velocity 
at the end of the first second^ and this measures the accelera- 
tion produced by the weight of the bar in the mass 2m-\-x. 
(Art. SI.) 

It is found that if x be small and 2m be considerable, 
we can make this velocity so small as to be easily measured. 

. 148. By this machine some of the results already arrived 
at can be put to the test of experiment. 

Experiment i. — Let A and B be composed of equal 
discs, made so that they can be removed, or added to, at 
pleasure, and be arranged so that any number can be stopped 
at will on passing through R. 

If the number composing A and B be equal, there will 
be no motion. Let the total mass be 2;;/. 

If we transfer one or more discs from B to A, we do not 
change the mass moved, but we do change the force which 
causes the motion. If the space ES be measured after each 
transfer has been made, as the result of such experiments 
it is found that — 

UTien the mass moved is the same, the acceleration is always 
proportional to the force acting. {See hx\„ 109.) 

Experiment ii. — If a certain number of discs, n suppose, 
be placed on A, and RS be measured, we have a certain 
acceleration produced by the weight of n discs : if now we 
add the same number of discs to A and B, or take the same 
number from A and B, we have still the same force 
(= weight of n discs) producing motion, but we have 
changed the mass moved ; and if ES be measured in each 
case, it is found as the result of such experiments that — 

When the force remains the same, the acceleration is in- 
versely proportional to the mass moved. {See Art. 1 1 1.) 
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149. It has been shown in Article 142, that when any two 

masses (m+x) and m are arranged as in this machine, 

., X 2m+x 

then, a= — .g; .-. g= J— .a, 

2m+x X 

Now the value of a is obtained from the scale, being the 
value of J^Sf and the values of 2m and x being also known, 
the numerical value of ^ at the place may be computed from 
this equation. See Examples xxiv. Nos. 67-69. 

Examples— XXIV. 

1. A mass of 7 lbs. is connected by a string passing over a smooth 
pulley with a mass of 4 lbs. ; find the space described in 5 seconds. 

2. A mass of 7 is connected with a mass of 5, as in the last example; 
find the space described in 10 seconds. 

3. Masses of 9 and 7 are connected by a string over a pulley; 
find the space described in 8 seconds, and in the 8th second. 

4. Masses of 8 and 5 are connected by a string over a pulley ; find 
the space in 5 seconds, and the velocity after 10 seconds. 

5. The masses are 5 and 4 ; after the greater has descended 4 feet, 
the string breaks ; how far will each move in the next second ? 

6. The masses are 3 and 5 lbs. ; after i second the string breaks ; 
for how long, and how far, will the 3 lbs. mass ascend ? 

7. The masses are 5 and 7 lbs. ; after 2 seconds the string breaks ; find 
the velocity of the 5 lbs. mass when it passes through its starting-point. 

8. A mass of 17J lbs. draws one of 144 lbs. over a fixed pulley ; find 
the velocity of each after describing 2 feet from rest. 

9. A mass of 10 lbs. hanging freely draws a mass of 55 lbs. along a 
smooth table ; find the acceleration, the space described in 5 seconds ; 
the space in 8th second, and the velocity acquired between the 7th 
and 1 2th second. 

10. Find the acceleration when a mass of i lb. hanging freely draws 
a mass of I cwt. along a smooth horizontal table. 

11. In what time will a mass of I lb. hanging freely draw a mass of 
10 lbs. along a smooth horizontal table, the length of which is 20 feet? 

12. A mass of 13 lbs. lying on a table is connected by a string over 
the edge with a mass of 3 lbs. hanging freely ; find the space described 
by each body in -3 seconds. 

13. If the mass hanging freely, in the last question, be 5 lbs., find 
the space described in 2 seconds. 
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14. A mass of 5 lbs. hanging freely draws 15 lbs. along a smooth 
horizontal table. When motion begins the 15 lbs. mass is 12 feet from 
the edge ; when will it reach the edge ? 

15. A mass of 25 lbs. hanging vertically draws a mass of 100 lbs. 
along a smooth table ; find the tension in the string. 

16. A mass of 12 oz. is drawn along a table by a mass of 4 oz. 
hanging vertically ; find the velocity after 4 seconds ; and if the string 
then breaks, find the space described by each body in 6 seconds more. 

17. A mass of 20 lbs. hanging freely draws a mass of 16 lbs. up a 
plane whose inclination is 30° ; find the acceleration, and the tension 
in the string. 

18. A mass of 5 lbs. hanging freely draws a mass of 6 lbs. up the 
plane in the last example ; find the space described in 1 1 seconds. 

19. A mass of 25 lbs. hanging freely draws a mass of 45 lbs. up a 
plane 450 feet long, whose inclination is 30". Where should the 
string be cut so that the 45 lbs. may just reach the top ? 

20. If a mass of 29 lbs. draws a mass of 28 up a plane whose 
inclination is 30**, find the space described in loth second from rest. 

21. A waggon, whose mass is J ton and loaded with a mass of i ton, 
moves down a plane whose inclination is 30" and length 576 feet, 
dragging a mass of J ton by a string over a pulley at the vertex ; with 
what velocity does the waggon reach the bottom of the plane ? 

22. A mass of 5 lbs. hanging freely draws a mass of 3 lbs. up a 
plane whose inclination is 30**. After I second the string breaks ; how 
far will the 3 lbs. mass ascend after that ? 

23. A mass of i lb. hanging freely is connected with a mass of 7 lbs. 
resting on a plane whose inclination is 30% and length 92 feet. The 
7 lbs. mass is placed close to the pulley. After i second the string 
parts ; in what time after that will the 7 lbs. mass reach the bottom ? 

24. A mass of 13 lbs. hanging freely draws a mass of 8 lbs. up a 
smooth inclined plane rising 3 in 4 ; find the acceleration. 

25. A mass of m lbs. hanging freely draws a mass of 10 lbs. up a 
smooth inclined plane whose inclination is 45° ; find m if the accelera- 
tion be i^-. 

26. A mass of 15 lbs. hanging freely draws a mass of 9 lbs. up an 
inclined plane. If 81 feet be described in 3 seconds from rest, find 
the inclination of the plane. 

27/ A mass xv on a smooth inclined plane is connected by a string 
over a pulley with a mass ^m hanging freely; find the inclination 
when m moves up a distance \g in the first second. 
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28. Masses of 3 and 4 rest on two planes whose inclinations are 45° 
and 60°, and are connected by a string over the common vertex ; find 
the acceleration. 

29. If the masses in the last example are 12 and 4 lbs., find the 
acceleration, the velocity acquired in 4 seconds, and the space described 
in 6 seconds. 

30. If masses of 8 and 10 rest on two planes whose inclinations are 
60** and 30", find the tension in the string, and the space described in 
the 7th second. 

31. Two masses of 10 lbs. each are connected by a string over 
a pulley ; what mass must be added to one of them to cause it to 
descend 100 feet in 4 seconds? 

32. If the masses m and m^ are connected by a string over a smooth 
peg, find the ratio of m to m^ if the acceleration is \g. 

33. In the last example find the ratio of tn to w, if m descends 
32 feet in 2 seconds. 

34. If m and 181 are connected by a string over a pulley, find m if 
181 descend 18 feet in 3 seconds. 

35. If two masses (each =93 lbs.) be connected by a string over a 
pulley, what mass must be added to one of them that it may descend 
100 feet in 8 seconds ? 

36. If the masses be 50 lbs. each, what mass must be added to OAe 
of them to cause that mass to descend 32 feet in 4 seconds ? 

37. Masses of 3 lbs. and 6 lbs. are connected with a mass of 7 lbs. 
by a string over a pulley. After 4 seconds the 3 lbs. mass is detached ; 
how long, and how far, will the 6 lbs. mass descend ? 

38. Masses of 7 and 5 are connected with a mass of 9. After 14 
seconds the 7 is detached ; through what space will the 9 ascend ? 

39. Two masses of 9 lbs. each are connected by a string over a 
pulley ; what mass must be added to one of them that it may descend 
100 feet in 5 seconds? 

40. A mass m is drawn up a plane whose inclination is 30" by a mass 
m^ hanging freely ; if the acceleration is J^, find the ratio oim to m^, 

41. If in last question the acceleration is J^, find ratio of m to w,. 

42. A string is just strong enough to support a tension equal to \ the 
sum of the weights of the masses at the extremities when the string is 
placed over a pulley ; find the least possible acceleration that the string 
may not break. 

43. Prove that when two masses are suspended by a string over a 
smooth pulley, the tension is less than half the sum of the weights. 



Digitized by VjOOQIC 



1 1 8 Elements of Dynamics. 

44. If in Atwood*s machine the total pressure on the points of 
support be 6 lbs. weight, and the sum of the weights oim and m^ be 
16 lbs. weight, find m and m^, 

45. Two equal masses are connected by a string over a pulley ; one 
of them is started with a velocity v ; show that both will retain this 
velocity, and find the tension of the string during motion. 

46. A mass of I lb. is raised by a mass of 2 lbs. connected with it by 
a string over a pulley. If the string break when the I lb. has been 
raised through \ height of the pulley above the ground, show that it 
will just reach the pulley before it begins to descend. 

47. If in Atwood's machine one of the masses be 10 lbs., and the 
string can only bear a tension of 12 lbs. weight, find the mass at the 
other end of the string. 

48. Two masses m and tn^ hang over a pulley ; tn descends 18 feet 
in 3 seconds. If 4 oz. had been added to m^^ then m^ would have 
descended 16 feet in ^\ seconds ; find m and m^. 

49. Two masses of 10 lbs. and 2 lbs. are connected by a string over 
a pulley at the top of an inclined plane whose length is 112 feet 
and inclination is 30°. The greater rests on the plane close to the 
pulley, the less hangs freely. The string breaks 2 seconds after 
motion has commenced. In what time will the 10 lbs. mass reach the 
bottom ? 

50. If m, the greater of two masses connected by a string over a 
pulley, descend with an acceleration = a, show that the mass which 
must be taken from it in order that it may ascend with the same 

acceleration = , ^**,k • fn, 
te + a)' 

51. Two masses m and w^ are connected as in Atwood's machine ; 
if the pulley can bear a strain of half the sum of the weights of the 
masses, find the least possible ratio of m to m-^, 

,52. If two equal masses hang over a pulley, and one be projected up 
with a velocity of 4^, in what time will the string become taut ? 

53. A number of equal masses are fastened to different parts of a 
string, which is then placed over a smooth pulley ; show that at any 
time the tensions of the successive parts of the string are, on each 
side, in A. P. 

54. A uniform string hangs at rest over a peg. From one end one- 
fourth of the whole length of the string is cut off; show that the 
pressure on the peg is at once reduced by one-third of the weight of the 
whole string. 
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55. Two equal masses are connected by a taut string / feet long, one 
hanging over the edge of a table and the string at right angles to the 
edge ; with what velocity does the other mass leave the table, suppos- 
ing the height of the table to be jc feet ? 

56. A mass of twelve pounds is so distributed at the extremities of 
a string passing over a pulley that the greater descends through 7 feet 
in as many seconds ; find the mass at each end of the string 

57. Describe Atwood's machine, and explain how it may be em- 
ployed to discover the numerical value of the acceleration due to 
gravity at any place. 

58. One of two equal particles connected by a string rests on a 
perfectly smooth horizontal table, the other hanging over the edge ; 
show that the motion is the same as if either particle moved freely 
down a plane inclined to the horizon at an angle of 30°. 

59. A mass of 10 lbs. is attached to one end of a string passing over 
a smooth pulley ; find the mass which must be attached to the other in 
order that the acceleration may be half that of gravity. 

60. If in an Atwood's machine the string can bear a tension equal to 
only I of the sum of the weights, show that the least acceleration 
possible is ^ g, 

61. Two masses of 9 oz. and 7 oz. , connected by a thread 36 feet 
long, are hung over a small fixed pulley so that the string is stretched 
and the mass of 7 oz. at first touches the ground. After motion has 
lasted for 2 seconds, the thread is cut, and it is found that both bodies 
reach the ground at the same time ; what is the height of the pulley 
from the ground ? 

62. In Atwood's machine equal masses of 10 oz. are suspended by a 
string which passes over the pulley, and a bar of i oz. is placed across 
one of them. This, after passing through the space of i foot, passes 
through a ring which removes the i oz. ; how far will the body descend 
in the next minute ? 

63. A string passes over a smooth pulley, and has attached at one 
end a mass of 8 lbs., and at the other two masses of 6 and 4 lbs. 
After running down for 2 seconds, the mass of 6 lbs. is gently 
removed ; how much further will the 8 lbs. ascend ? 

64. A mass of 5 lbs. is placed on a smooth inclined plane of slope i 
in 2. A mass of I lb. is attached to this by means of a cord, which 
passes over a pulley at the top of the plane and hangs freely ; investi- 
gate the motion. 
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65. Two masses of 6 lbs. and 8 lbs., 2f feet apart, tc^ether pull a 
mass of 10 lbs. over a smooth pulley by means of a string. After falling - 
4 feet the 8 lbs. mass reaches ground ; show that the 6 lbs. mass will 
just reach the ground. 

66. Two bodies of weight fV and 3 fV respectively are connected 
by a string which passes over a smooth fixed pulley ; show that the 
acceleration of the C. G. is one-fourth of the acceleration of a body 
falling freely. 

67. The masses in Atwood's machine are 4 oz. each, and a bar 
whose mass is f oz. is placed on one of them. After motion has con- 
tinued for a second the bar is gently removed. The space traversed in 
the next second by the descending body is 2*76 feet ; find the local 
value of ^. 

68. Tlie masses at the ends of the string are 8J oz. each, the mass 
of the bar is % oz. ; after motion has taken place for a second the bar 
is removed, and the space passed over in the following second is I«2I4 
feet ; find from this experiment the local value of g correct to two 
places of decimals. 

69. The masses at the ends of the string are I5f oz. each and the 
bar is } oz. ; find the value of g-j when, after the bar has rested for a 
second only on one of the bodies, that body descends i foot in the next 
2 seconds. 

PRESSURE ON A PLANE IN MOTION. 

150. We may now consider the Pressure exerted by a 
mass resting on a horizontal plane which has vertical 
motion. 

first suppose that the plane AB is 
descending with uniform acceleration = a. 
Let a body, whose mass=w, rest on 
AB. Then, by the Third Law, the 
Pressure on .^^5= Pressure on body. 
^"»S Let this Pressure=^. 

Since m is moving with an acceleration a, 
.-. ma = the force causing m to move. 
This force is the resultant of all the forces acting on w. 
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ue, of the Weight of m downwards^ and the Pressure of the 
plane against the body upwards. 

Since the body is descending, the Weight exceeds the Pressure, 
.*. mg—R is the force causing m to descend; 

.'. ma.=zmg—Ry 

.*. R^mg^ma (i.) 

152. Next, let us suppose that the plane AB is ascending 
with uniform acceleration = a. 

Then, by similar reasoning, the pressure upwards ex- 
ceeds the Weight downwards. 

.-. mazsiR-^mgy 

.*. R^mg+ma (2.) 

153. Special Case, — If the platform is ascending or 
descending with uniform velocity^ then a=o, and from 
each of the equations (i) and (2), we have — 

R=mg 
We infer, therefore, that the Pressure exerted is the 
Weight of m, and therefore the same as if the plane were 
at rest 

Example i. — A ball whose mass is 12 lbs. is held on the hand, and 
made to descend with an acceleration of 16 f.-s.-s. ; find the pressure 
exerted on the band. 

Let ^= pressure exerted on ball by the hand. 
.'. ma = mg—R 
.'. R=mg—m<i 
= m{g-a) 
= 12(32-16) 
= 12 X 16 pound als 
= 6 lbs. weight. 

Example ii. — A balloon is ascending vertically, and a pound mass 
presses with a force equal to the weight of 17 oz. on the aeronaut's 
hand ; find the height attained by the balloon in the first 20 seconds. 
Let a = acceleration of the balloon. 
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ma^R—mg 

a = — ,r=2 f.-s.-s. 
i6 

Then j=«/ + -a/2 

2 

j=o+ — X 2 X 400=400 feet. 

Example iii.— If a man jump off a height with a mass of 56 lbs. 
resting on his head, what pressure is exerted on his head while in 
the air ? 

Let ^= pressure on his head. 
Then the whole system is moving downwards with an acceleration =^; 
. • . wa = weight down - pressure up ; 
.-. 56.^=56.^-/^; 
.-. -^=0; 
i.e, the mass is just in contact with his head, but exerts no pressure 
on it. 

Examples — XXV. 

1. A balloon carries a mass of 100 lbs. suspended by a rope from 
the car ; find in kinetic measure the tension in the rope : — 

{a) When the balloon ascends with uniform velocity of 16 f.-s. 

{b) „ ,, ,, acceleration of 16 f.-s. -s. 

(c) „ descends ,, ,, 16 f.-s. -s. 

{d) „ ascends ,, ,, 24f.-s.-s. 

\e) „ descends „ „ g, 

2. A mass of 140 lbs. rests on a platform ; find the pressure on the 
platform in gravitation measure : — 

(a) When the platform is stationary. 

{b) When it is ascending or descending uniformly. 

(c) When it is ascending with uniform acceleration — g. 

(d) „ descending „ „ ^g, 

{e) ,, descending with a velocity which increases every 

second at the rate of ^ feet per second. 
(/) When it is descending with a velocity which diminishes every 

second at the rate of (i ) ^feet per sec. ; (2) 8 feet per second. 
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3. If I jump off a platform with a mass of 40 lbs. in my hand, find 
the pressure on my hand while in the air. 

4. If a mass of 1000 lbs. exert a pressure on a lift of 750 lbs. weight, 
what is the acceleration of the lift ? 

5. A platform supporting a mass of 12 oz. sustains a pressure of 
8J oz. weight ; find the acceleration. 

6. A ball whose mass is 4 lbs. , held in the hand, is {a) lowered with 
a uniform velocity v; {d) lowered with uniform acceleration ig; 
{c) lifted with uniform acceleration 2g; {d) lifted with uniform accelera- 
tion^; find the pressure exerted on the hand in each case. 

7. Two scale- pans, each of i lb. mass, contain masses of 5 lbs. and 
3 lbs. They are cpnnected by a string passing over a pulley ; find the 
pressure between the larger mass and the pan. 

8. A I lb. mass exerts a pressure on the hand of an aeronaut equal 
to the weight of 22 oz. ; find the acceleration of the balloon. 

9. In an ascending balloon a mass of i lb. produces a downward 
pressure on the hand of the aeronaut equal to the weight of 18 oz. ; 
find the height to which the balloon has ascended in a minute from the 
moment of starting. 

ZO. A mass of 15 lbs. hangs by a string from the roof of a railway 
carriage in rapid motion ; find the direction and magnitude of the 
tension in the string. 

11. If the train in the last example went over a precipipe, what 
would be the direction of the string and the tension in it ? 

12. If the two weights, /'and Q, in an Atwood's machine rest in 
scale-pans of weight JV attached to the ends of the string, find the 
pressures on the two pans. 

13. A spring balance is graduated at Greenwich, where ^=32*19 ; 
at Ascension, where g-= 32*095, a body is weighed by the instrument 
and its mass is apparently 64*19 oz. What is its real mass? 

14. A body placed on a spring balance in the car of a balloon at 
rest appears to weigh ICX) ; what will it appear to weigh if the balloon 
(i) be rising with an acceleration of 8 f.-s.-s., (2) be descending with 
an acceleration of 8 f.-s.-s. ? 



RECOIL. 

154. When a cannon is fired, the projectile and the gun 
move in opposite directions with velocities which depend 
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on the relative masses of the gun, projectile, and the charge 
of powder. 

The motion is due to the force exerted by the powder 
gas in one direction oin the projectile, in the opposite direc- 
tion on the gun. If the inertia of the gas be not neglected, 
the impulse on the gun is somewhat greatef than on the 
shot. We shall suppose the impulses to be exactly equal. 

The recoil is checked by an apparatus called the 
* Compressor.' This produces a gradually increasing resist- 
ance to the motion of the gun, and destroys the velocity of 
the recoil in a few feet as a rule. 

155. To find the Velocity of the recoil of a gun when a 
projectile is fired from it. 

Let w=mass of the gun; ;;/i=mass of the projectile. 

«>= velocity j, z/i= velocity „ 

Now by the Third Law, Momentum of the gun = Momen- 
tum of the projectile, because the force of the explosion 
produces the same momentum in each. 
.'. mv=m^Vx. 

Example i. — If a projectile whose mass is 700 lbs. leave a gun 
whose mass is 35 tons with a muzzle velocity of 1600 f.-s., find the 
velocity of the recoil. 

Momentum of gun = Momentum of projectile. 
Let !/= velocity of recoil ; 
.'. 35 X 2240 xz; = 7(X)x 1600 ; 

.*. z/=i4— f.-s. 
7 

Example ii. — If the action of the compressor be a steady resultant 
pressure of 10 tons weight, how far will the gun in the last example 
recoil ? 

.'. 35x22400=10x2240^} 

.-. a=^f..s.-s. 
7 
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Then«;2=«2 + 2aj; 



V 7 / 

= ii9.fe 
56 
i.e. the gun will recoil ii^ feet. 



J = 1 1 ^- feet ; 
56 



Examples— XXVI. 

1. If a shot whose mass is 20 lbs. leave a gun whose mass is 3 tons 
with a velocity of 1200 f.-s., find the velocity of recoil. 

2. If a shot whose mass is 40 lbs. leave a gun whose mass is 4 tons 
with a velocity of 1000 f.-s., find the velocity of recoil. 

3. A projectile whose mass is H2 lbs. leaves a gun whose mass is 
4 tons with a velocity of 900 f.-s. ; find the velocity of recoil. 

4. A projectile whose mass is J ton is discharged from a gun whose 
mass is 81 tons, with a velocity of 1600 f. -s. ; find the velocity of recoil. 

5. How far does the gun recoil in the last question, if the compressor 
exert a steady pressure of 4J tons weight ? 

6. If a 64-lb. shot leave a gun whose mass is 95 cwt. with a 
velocity of 11 60 f.-s., how far will the gun recoil if the friction between 
the gun and the ground be equal to the weight of a ton ? 

7. If a 600-lb. shot leave a 35-ton gun with a velocity of 1600 f.-s., 
how far will the gun recoil up a smooth inclined plane, rising I in 14 ? 

8. If a projectile of 700 lbs. leave a gun whose mass is 50 tons, and 
the gun recoil against a steady pressure of 3 tons weight a distance of 
4 feet, find the velocity of the projection. 

9. A projectile whose mass is 1800 lbs. is fired from a gun whose 
mass is no tons with a velocity of 2140 feet; find the velocity of 
recoil. 

10. What force will bring the gun in Ex. 9 to a standstill in 
15 feet? 

Zl. If the projectile (mass 322 lbs.) leave a i2i-ton gun with a 
velocity of 1400 f.-s., how far will the gun recoil up a smooth inclined 
plane rising i in 4? (Take ^=32*2.) 

12. A projectile whose mass is 800 lbs. is fired from a 43-ton 
gun ; if the muzzle velocity be 1720 feet, how far will the gun recoil 
up a slope rising i in 280, the friction amounting to 20 lbs. weight 
per ton ? 
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CHAPTER VI. 

FUNDAMENTAL PROPOSITIONS IN 
STATICS. 

156. In Articles 131, 132, it was stated that by means of 
the Second Law of Motion, and certain important Proposi- 
tions relating to velocities and accelerations, analogous 
propositions could be established for forces. 

These Propositions relating to forces may be here 
given. As a force is measured by the rate of change of 
momentum which it can produce, and, when acting on a 
single body, this rate of change of momentum is measured 
by the rate of change of velocity — />. by the acceleration — 
and acceleration is measured by the velocity produced in a 
second ; so we infer that the straight line which represents 
the magnitude and direction of a velocity will also represent 
the magnitude and direction of the force which can produce 
that velocity in a second. 

Thus since a force possesses the three elements of magni- 
tude, direction, and a point of application, and a straight 
line possesses the same three elements, we infer that a force 
may be completely represented by a straight line. (Compare 
Art 93.) 

157. If a straight line drawn from any point O to an- 
other point A represent the line in which the force is acting, 
then if the force tends to cause motion from O to A^ we 
say that OA is the direction of the force, and either OA or 
A0'\% the line of action of the force. 
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158. Def.— A Resultant Force is the single force 
which produces the same effect as two or more forces acting 
on a particle or body. And these several forces which can 
be thus replaced by the Resultant are known as Component 
Forces, or simply Components. 

159. The Composition of Forces means the process of 
finding the resultant when the components are given. The 
Resolution of Forces means the process of finding two or 
more components when the resultant is given. (Compare 
Art 16.) 

160. If two forces act on a particle, and their lines of 
action be not in the same straight line, their resultant may be 
found by the theorem known as the Parallelogram of Forces, 

THE PARALLELOGRAM OF FORCES. 
-Statement. — Jf two forces, acting on a particle^ be 
represented in magnitude and direction by two adjacent sides 
of a parallelogram^ their resultant is represented in magni- 
tude and direction by the diagonal which passes through their 
intersection. 

This important theorem has been proved in Article 130. 
If P and Q be the two forces, B the angle between their 
directions, and R the resultant, then — 

i?2=i>2+Q2+2/>(2cOS^. 

This may be proved by Trigonometry, as in Article 19. 

161. Special Cases, — (i) When the directions of the 
forces P and Q are at right angles to each other, then 
^=90*, and the last formula becomes F^^P^-\'Q^, 

(2) When their directions are the same, then ^=0**, and 
the formula becomes 

R^=zP^+Q^+2PQ; and .-. R=P+Q, 

(3) When their directions are opposite, then ^=180°, 
and the formula becomes 

R^=:P2+Q2^2PQ', and .-. R=P^Q. 
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If jP=Q in the third case, then R=o, Le, two equal 
forces acting on a particle in opposite directions balance, 
and therefore keep the particle in equilibrium. 

Hence, when two forces act on a particle, their greatest 
resultant is the sum of the forces, and their /^^j/ resultant 
is the difference of the forces. 

Note.— If the angle between the directions of the two forces 
increases, the magnitude of the Resultant is diminished. 

This may be proved by the methods of Article 19. 

162. The following is an Experimental Proof oi the Parallelogram 
of Forces : — 

Three fine silk strings are knotted at a point Oy and three masses, 
whose weights are -P, Q, and H, are tied to their extremities. Two 
y of the strings are placed over smooth 
pulleys, X and K, fixed to a vertical 
board, and the system is then allowed 
to take up its own position of rest, as 
in the figure. The point O is evidently 
acted on by three forces, P and Q acting 
along the lines OX and K, and P acting 
vertically downwards. 

If OA and OB be measured along OX 
and (7 K respectively, proportional to the 
weights P and Q^ and the parallelogram 
OACB be completed, it will be found that — 

(i) The point C is vertically above 0, 
(2) The line OC is proportional to the weight P. 
Therefore OC, the diagonal of the parallelogram OACB^ will re- 
present, in direction and in magnitude, the resultant of the forces 
represented by OA and OB, 




TRIANGLE OF FORCES. 



163. Statement. — If a particle be acted on by three forces 
which are represented in magnitude and direction by the sides 
of any triangle taken in order ^ the forces will be in equilibrium. 

This may be proved by the method of Article 20. 
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Conversely. — If three forces acting on a particle be in 
equilibrium^ and if any triangle be drawn, having its sides 
parallel to the directions of these forces, the sides of the triangle 
will also represent the forces in magnitude. 

This may be proved by the method of Article 21. 

164. If three forces acting on a particle be in equilibrium, 
the forces are severally proportional to the sines of the angles 
included between the directions of the other two forces. 

Let P, Q, R, acting on O, be in equilibrium. 

Let OA, OB, (92? s these forces in magnitude and 
direction. Complete the 
parallelogram OACB, 

By Article 130, OC re- 
presents the resultant of 
OA, OB. Now the particle 
is at rest, therefore (9 C must 
be equal and opposite to 
OD, (Art. 160.) 

Andtheref6reZ>(9 and OCmw%i be in thesame straight line. 
By Trigonometry: 

OA :AC: CO^sinACO : sin COA : sin OAC, 

Now sinACO^sin COB=sm(iSo''—BOD)=smBO£>, 

sin COA=zsm{iSo'''-DOA)=sm£>OA, 

sin (9^C=sin(i8o"-^(9^)=sin^(9^; 

.\ P: Q:J^=zsinBOI?: smI?OA: sinAOB, 

P Q R 

or 7r-'=- — = 

sin QR sin RP sin PQ 

where the symbol QR denotes the angle between thie 

directions of Q and R, etc. 

The theorem established in this Article is known as 

LamVs Theorem, 

I 
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THE POLYGON OF FORCES. 

165. Statement. — If any number of forces acting on a 
particle be represented in magnitude and direction by the sides 
of any closed figure taken in order, they will be in equili- 
brium. 

This may be proved by the method of Article 22. 
The converse of this theorem is not necessarily true, for 
the reason given in Article 24. 

THE PARALLELOPIPED OF FORCES. 

166. Statement. — If three forces^ acting on a particle, 
be represented in magnitude and direction by the three ad- 
jacent edges of a parallelopiped, their resultant will be re- 
presented in magnitude and direction by the diagonal drawn 
through the particle. 

This may be proved by the method of Article 25. 
If the forces P, Q, S act each at right angles to the 
plane of the other two, and if R be their resultant, then — 

RESOLUTION OF FORCES. 

167. If F be any force, we may break it up into any 
number of pairs of components, because the straight line 
which represents F may be made the diagonal of any 
number of parallelograms. It is most convenient, how- 
ever, to have the directions of the components at right 
angles to each other. And when this is the case, each is 
called the Component, or the * Resolved part,' of the given 
force in that direction. {See Art 28.) 

If F denote any force acting at O in the direction OC 
{see Fig. of Art. 29), then — 

Component along OX=sF cos 0, 

Component along O Y=F cos {^o** —6)= F sin $. . 
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168. To find the resultant of any number of forces acting 
on a particle in the same plane. 

This may be found — 

(i) By repeated applications of the Parallelogram of 
Forces. {See Art 30.) 

(2) By the Polygon of Forces. {See Art. 30.) 

(3) By resolving the forces in two directions at right 

angles to each other, and compounding the 
results by means of the Parallelogram of Forces. 

169. Thus let F^y F^^ /^„ . . . . act on a particle O^ and 
let their directions make angles ai, a,, a„ . . . . with the line 
Ox. {See the Fig. in Art. 30, iii.) 

Then Fi^Fi cos a^ along Ox, and Fi sin a^ along Oy. 

And Ft s Ft cos a, along Ox, and Ft sin a, along Oy. 

If -Y be the Algebraical sum of the components along Ox^ 
and Y „ „ „ „ „ Oy, 

Then X=Fi cos a^+Ft cos at+ .... 
And Y=Fi sin a^ + Ft sin aj+ .... 

Thus the system has been reduced to two forces, X and 
V, acting at O at right angles to each other. 

Let the resultant of -Y and Kbe denoted by F, then 

I^=X^+ Y\ 

If 6 be the angle which the direction of R makes with Ox, 

then , ^ Y 

tan ^=-Y* 

The signs of Y and X will determine the quadrant in 
which R will act. {See Art. 30, Note i.) 
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170. In order that there may be equilibrium, we must 
have ^=0. 

Thus, if in the equation I^=X^+ Y^ we have J?=o, 

we must have X^+ Y^=o, 
and .-. -AT must =0, and Fmust=o, simultaneously. 

(Compare Article 30, Note 3.) 
Hence, in order that any number of forces acting on a 
particle may be in equilibrium, the two following conditions 
must be fulfilled : — 

(i) T^e Algebraical Sum of the component in any direc- 
tion must^=zo, 

(2) The Algebraical Sum of the components in a direc- 
tion at right angles to the former must^=^o. 

See Examples xxvii. No. 39. 



Examples— XXVII. 

X. What is meant by the Triangle of Forces ? 

2. Can three forces, 7, 10, 20, acting on a particle, keep it at rest? 

3. If three forces keep a particle at rest, show that each is pro- 
portional to the sine of the angle included between the other two 
forces. 

4. If any number of forces act on a particle in one plane, explain 
how it may be ascertained by a geometrical construction whether the 
particle is at rest. 

5. Two forces, each equal to P, act on a particle, and their resultant 
is iP, Find the angle between the forces. 

6. State the conditions of equilibrium of three forces acting on a 
particle in the same plane. 

7. What is meant by the Polygon of Forces? 

Four forces, 3, 6, 9, 12, mutually at right angles in the same plane, 
act on a particle. Find by a geometrical construction the force which 
will keep it at rest. 
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8. If four equal forces act on a particle in a plane in directions which 
are severally inclined to each other at 45**, find by a geometrical con- 
struction the magnitude and direction of the force which will keep 
them at rest. 

9. Why may a force be represented by a straight line ? State and 
prove the proposition known as the Parallelogram of Forces. 

10. The three forces which, acting in a plane, keep a particle at 
rest being known, write down the equations by which their inclina- 
tions to each other may be found. 

iz. If three forces, 5, 3, 10, act on a particle, find the least force 
which will produce rest. 

12. If three forces acting on a particle be completely represented 
by the adjacent edges of a parallelopiped, find the line which com- 
pletely represents their resultant. 

13. Two forces, each equal to P, act on a particle at an angle of 
120° ; show that their resultant is also equal to P» 

14. O is the middle point of a square, and forces i, 2, 3, 4 re- 
spectively act at O in the direction of the four angles; find the 
magnitude of their resultant. 

25. If forces of 10 and 17 act on a particle, find the greatest and 
least resultants respectively. 

16. Two equal forces act on a particle, (i) at an inclination of 45*; 
(2) at an angle of 135**. Compare the resultants. 

17. Show that forces 3, 5, 9, cannot keep a particle at rest. 

18. Explain the terms Resultant and Component, 

I9._A force of 60 acts on a particle between two forces of 30 and 
yisJZi making an angle of 60° with the former, and 30® with the latter ; 
find the magnitude and direction of the force which will keep the 
particle at rest. 

20. Two forces are in the ratio 3:2; find the angle between them, 
when their resultant is a mean proportional between them. 

2Z. Given the resultant of two forces, their sum, and the angle 
l»etween them, show how to determine the forces. 

Resolve a force of 50 into two forces, whose sum shall be 75, and 
which shall include an angle of 120°. 

22. Three forces, 47, 65, 70, act on a particle, the angle between 
each pair being 120* ; find the m^^gnitude and direction of their 
resultant. 
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23. Two forces, P and g, have a resultant R^ which makes an 
angle a with P\ if /> be increased by R^ whilst Q is unchanged, show 
that the new resultant makes an angle Ja with P» 

24. Perpendiculars are drawn from any point within a rectangle 
upon its four sides. Find the magnitude and direction of the resultant 
of the forces which are completely represented by these lines. 

25. ABCDEF is a regular hexagon ; find the resultant of the forces 
which are fully represented by ABy AD, AE, 

26. Upon the sides AB, ACofa triangle ABC (A = 90**), the squares 
ABDE, A CFG are described. Prove that the resultant of the two 
forces completely represented by BF, CD, is perpendicular to BC, and 
proportional to it in magnitude. 

27. Three forces, 2, 3, 4, act at a point. The largest of the forces 
lies in direction between the other two, making with the larger an 
angle of 90% and with the smaller an angle of 30"* ; find the resultant. 

28. Forces P- Q, P, /*+ Q, act at a point in directions parallel 
to the sides of an equilateral triangle taken in order; find their 
resultant. 

29. ABC is a triangle, in which A is 90®, and B is 60®. AD is drawn 
perpendicular to BC, Find the magnitude and direction of the re- 
sultant of forces fully represented by AB, AC, AD, \i AD represent a 
weight of 3 lbs. 

30. ABC, DBC 2Jt two triangles of the same altitude on the same 
base BC. Forces are fully represented by BA, AC, CD, BD, BC; 
find their resultant. 

3Z. If eight forces acting on a particle be fully represented by lines 
drawn from the angles of any quadrilateral to the middle points of the 
opposite sides, show that they will form a system in equilibrium. 

32. ABCD is a square. A force of 5 acts from AtoB,4 from B to C, 
7 from C to D. Find the single force which will maintain equilibrium. 

33. Four forces are completely represented by AB, AD, CB, CD, 
and act on a quadrilateral ABCD. Show that their resultant is com- 
pletely represented by four times the line joining the middle points 
of the diagonals. 

34. ABC is a triangle, D a point in BC such that BD : DC= 1:3. 
Prove that the resultant of ^C and 3 times AB is 4 times AD. 
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35. Three forces acting on a particle are represented in magnitude 
and direction by the sides of a triangle ABC. Find the magnitude and 
direction of the resultant (i) when the directions are AB^ BC^ CA ; 
(2) when the directions are BA^ BC, AC. 

36. The circumference of a circle is divided into a number of equal 
parts, and from one of the points of division straight lines are drawn to 
the rest. Show that the line of action of the resultant of the forces 
which these lines represent will coincide with the diameter through that 
point. 

37. If there be eight points taken as in Ex. 36, show that the resultant 
is represented by 4 times the diameter. 

38. If A BCD be a parallelogram, and four forces acting at A towards 
the middle points of the four sides be represented by the lines joining A 
with those middle points, find the magnitude and direction of their 
resultant. 

39. In Art. 170, show that, for equilibrium, the algebraical sums of 
the resolved parts of the forces in any two directions must separately 
vanish. 

40. ABCD is a quadrilateral, the angles A and C l^eing right angles. 
Forces AB, AD act at A^ forces CB, CD act at C. Show that their 
resultant bisects the angle AEC^ E being the middle point oi BD, 
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CHAPTER VII. 

TWO PARALLEL FORCES. 

171. Before proceeding further, it is necessary to explain 
certain terms, and to make certain assumptions. 

172. If any force be applied to a rigid body we assume, 
as an axiom that its effect is not changed if made to act at 
any other point of the body in the line of action of the force. 

This is known as the principle of the Transmissibility 
of Force. It can be verified sufficiently by many direct 
experiments. 

173. We assume as an axiom that if two equal 2Ji^ opposite 
forces be introduced into a system of forces acting on a body, 
or removed from such a system, the system of forces will 
not be disturbed. {See Art. 161.) 

174. If a force act on a body by means of a strings we 
assume that if the string be placed over a smooth peg or 
pulley, the effect of the force is transmitted without change 
of magnitude. The object sought in such a case is merely 
to change the direction of the force. 

175. A force acting along a rod tending to compress it is 
called a Thrust; if tending to stretch it the force is called 
a Tension. 

A force acting along a string is always known as a Tetision. 

176. Parallel forces are said to be * like * if they have the 
same direction ; and to be * unlike ' if they have opposite 
directions. 
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177. To find the Magnitude and Direction of the Resultant 
of two like parallel forces acting on a body. 

Let A and B be the points where the forces jPand Q act. 
At A and B apply two equal and opposite forces F acting 




in the line AB, These will balance, and will not disturb 
the system. (Art. 173.) 

Complete the parallelograms FP and FQ. 

• Then jP and /^at ^ = ^1 at A, (Art. 130.) 
And Qzxi^ FzX. B^R^2X B, 
Let the lines of action of ^1 and R^ meet in O. (Art. 172.) 
At O resolve ^1 into components F and P parallel to 

their former directions ; 
and at O resolve Rt into components 7?* and Q parallel to 

their former directions. 
The equal and opposite forces F 2X O balance, and may 
be removed. The Resultant is jP+Q, and OCy the line of 
action of P and Q acting at O^ is parallel to the lines of 
action of P and Q acting at A and B respectively. 
If R be the resultant of P and Q, 

R^P^Q\ (I.) 

and R may be supposed to act at C (Art. 172.) 
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To determine the position of C. 

The triangles OCAy APRx being equiangular, are similar; 

. P_0£ (Euc vi. 4.) 

• • F'^ CA 
And the triangles OCB^ ^Q^t being equiangular are similar; 

"F^CB. 
Dividing the first of these results by the second, we have 

Q CA ^ ^ 

We therefore conclude that when two like parallel forces 
act on a body : — 

1. The Resultant acts in the same direction as the forces, 

2. It is equal to the sum of the forces. 

3. // acts at a point which divides the line joining their 

points of application inversely as the forces. 

The Student will notice that the position of C depends on the 
magnitudes only of P and Q, 

178. To find the Magnitude and Direction of the Resultant 
of two unlike parallel forces acting on a body. 

Let A and B be the points at which P and Q act ; Q 
being the greater force. 

At A and B apply two equal and opposite forces Fy 
acting in the line AB. These will balance, and their 
introduction does not disturb the system. 

Complete the parallelograms PP and FQ, 

Then P and F^X. A = R^2XA\ 
and C and i^'at ^ = R^ at B. 

Let the lines of action ^1 and -^a meet in O. 
At O resolve ^1 into components F and P parallel to 
their former directions. 
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And at O resolve J?, into components jF and Q parallel to 
their former directions. 




The equal and opposite forces F 2X O balance, and may 
be removed. 

The Resultant of P and Q acting in opposite directions is 
Q—Py and OC^^ the line of action of jP and Q acting at O^ is 
parallel to the lines of action of P acting at A and Q acting 
at B, Hence if R be the resultant of P and Q^ we have 

R^Q-P. (i) 

and R may be supposed to act at C in AB produced. 
To determine the position of C, 
The triangles OCAy APR^ being equiangular, are similar; 

' • P" CA 
The triangles OCB,RtPB being equiangular, are similar; 

'F~CB 
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Dividing the first of these results by the second, we have 

l^^Ji (2.) 

orcA 

We therefore conclude that when two unlike parallel 
forces act on a body : — 

1. Uie Resultant acts in the direction of the greater force, 

2. // is equal to the difference of the forces, 

3. // acts at a point which divides the line joining their 

points of application produced inversely as the forces. 

Note. — The point (C) at which the resultant acts is always in AB 
produced through the point of application of the greater force, 

179. From the result (2) of the preceding Article we 
have— 

P, CA=Q, CB; 
.',IXAB+BC)=^Q.BC; 
,'. BC{Q-P)=P,AB; 
. P.AB 

Now when Q is nearly equal io P^BC becomes very great 
when compared with AB, 

As a Special Case let Q^P. 

Then BC^ ^'^^ 
o 

,\ BC=zoo 

and also from (i) ^=0. 

The student will see that in this case PiA and BR^ (Fig. 
Art. 178) are parallel Hnes, and therefore the point O is not 
situated at a finite distance. 

If two equal unlike parallel forces act on a body, the 
system is called a Couple, and the two results -^=0, and 
^C=oo^ indicate that when a Couple acts on a body it 
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cannot be replaced by any single force acting at any finite 
distance. 

Note. — The relation established in Articles 177 and 178 between 
the Forces and their distances from the point at which their Resultant 
acts is most conveniently written, 

P,AC=Q.BC, 

180. The following simple method of obtaining the 
results of Art 178 from those of Art. 177 deserves the 
student's notice. If in the fig. of Art. 177 we introduce at 
C a force -^1 equal and opposite to J^(=P+Q), we shall 
have three parallel forces in equihbrium, viz. jP, -^1, Q. 
And it is evident that each of these forces is e^ual and 
opposite to the resultant of the other two forces. 

Now if we regard P and ^1 as the given unlike parallel 
forces we may conclude at once : — 

(i) Their resultant is equal to Q, and therefore is equal 

(2) Their resultant acts at B opposite to Q, and therefore 
acts in the direction of -^1, the greater force. 

P CB 

(3) By Art. 177, th^t^^— ^=^ ; 

.-./>. CA^R^, CB^P, CB] 
.\P(CA + CB)=P^ . CB; 
P^_CB, 
''RrAB' 
and these are the results of Art. 178. 

Thus the fig. and the method of Art. 178 can be 
dispensed with. 

Example i.— Two like parallel forces, 10 and 15, act at points 
21 inches apart; find the magnitude and point of application of their 
resultant. By equation (i) Art. 177, -^s/'^-^, 
.-. i^=25. 
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Let 4r= distance from lo at which R acts {=AC\n Fig. Art. 177), 
,'. 10*= 15(21 -x). 
From which equation, x= I2'6 inches. 

Example ii. — Two unlike parallel forces, 3 and 12, act at points 
12 inches apart'; find the magnitude and point of application of their 
resultant. By equation (i ) Art. 178,^=^—/'; 

. *. ^ = 12 - 3 = 9 in the direction of the 1 2. 
Let BC (Fig. Art. I78)=;r. 
Then ii P^i^ and ^=12, we have 

3(I2 + X)=I2JC, 

From which equation, XS4 inches. 

Example iii. — Break up a force of 8 into two like parallel forces 
acting at points 4 feet apart, so that one of them may act at a distance 
of I foot from the given force. 
Let the latter forces/*; then the other=8-/>. 
In the Fig. of Article 177, let AC=i ft. ; then BC=z ft. 
Therefore /* x i = (8 - />) x 3. 
From which equation, P=^6 ; 
. •. the other force = 2. 

Example iv. — The resultant of two unlike parallel forces which act 
at points 12 inches apart is 10, and it acts at a point 4 inches from the 
greater force ; find the magnitude of the forces. 
We may use the Fig. of Article 178. 
Let Pht the smaller force ; then P+ 10= the greater ; 
Therefore /> ( 12 + 4) = (P-\- 10) x 4. 
From which equation, P=^ 3^ ; 
. •. the other Force = 13^. 



Examples— XXVIIL 

z. Find the magnitude and point of application of the resultant of 
two like parallel forces of 7 and 5 acting at points 24 inches apart. 

2. Find the magnitude and point of application of the resultant of 
two unlike parallel forces of 10 and 6 acting at points 8 inches apart. 

3. Two unlike parallel forces, 52 and 78, act at points 16 feet apart ; 
find the magnitude and position of their resultant. 

4. Find the resultant of two like forces whose lines of action are 
parallel. 
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5. Two parallel forces, 3 and 7, act in opposite directions ; the 
distance between their points of application is 16 inches ; find the 
magnitude and point of application of their resultant. 

6. Explain the result when two equal and unlike parallel forces act 
on a rigid body. 

7. Deduce from the results of Example 4 the magnitude and direction 
of the resultant in the case of unlike parallel forces. 

8. Two like parallel forces, 16 and 24, act at distances of 12 and 25 
respectively to the right of a fixed point ; at what distance does their 
resultant act? 

9. Two unlike parallel forces, 82 and 15, act at distances 12 and 30 
to the right of a certain point in their plane ; find the distance of the 
resultant from the same point. 

za If the resultant of two unlike parallel forces be 12, and act at 
distances of 6 in. and 9 in. respectively from the lines of action of the 
forces, find the forces. 

zz. Break up a force of 40 into two like parallel forces 3 feet apart, 
one of them being 16 inches from the given force. 

12. Break up a force P into two like parallel forces in the ratio m\n\ 
if one act at a distance a from /', find the distance at which the other 
force acts from P, 
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CHAPTER VIII. 

MOMENTS. 

181. If a rod OA be capable of rotation about a fixed point 
O in it, and a force J^ act on the rod at the 
point A, then it is evident that the rod will 
turn round O under the action of F, unless 
the direction of the force pass through the 
fixed point O. In this case the reaction of 

^F the point will keep the force in equilibrium. 

182. The measure of the power of a force to produce 
rotation will evidently depend on (i) the magnitude of F, 
and (2) the distance of its line of action from the point O, 
We may therefore say that the Measure of the Power of a 
force to produce rotation about any point is the product 
of the Force by its perpendicular distance from the pointy 
certain units of force and length having been selected. 

This product is called the Moment of the Force with 
respect to the point. 

Hence, if the Measiire of a Force be F^ and/ be the dis- 
tance of the point from its line of action, the Measure of the 
Moment will be F,p, 

183. The physical idea involvedin a moment is a Twist, If we con- 
sider rotation in one direction positive, then rotation in the opposite 
direction will be negative. It is usual to regard rotation in the direction 
of the hands of a watch as negative. 

In the Figure (Art. 181) the moment is considered to be positive. If 
a body be at rest under the turning tendency of two forces, these tend- 
encies must be equal, and therefore the algebraical sum of the moments 
will be zero. 

144 
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184. To represent the Moment of a Force with respect to a 
point Geometrically, 

If C^ be a fixed point in a rigid body, and a force F act 
in the direction of the line AX, ^^O 

Make AB^F-, draw OC 
perpendicular to AX. 

Then, Moment of F about 

0=F0C^AB.0C=^2ls,A0BA F B C~X 

Hence the Numerical Measure of the Moment of a force 
about a poiiit will be represented by twice the area of the 
triangle whose base is the line which represents the force in 
magnitude and direction and whose vertex is at the point, 

185. If O be in the line of action of the force Fy the 
triangle vanishes, and then the Moment is zero. Therefore 
we infer that the Moment of a force about any point in its own 
line of action vanishes ; and, conversely, if the Moment of a 
force about any point vanishes^ the point is in the line of action 
of the force, 

186. Theorem. — If two forces cut on a body^ the Alge- 
braical Sum of their Moments about any point in their plane 
is equal to the Moment of their Resultant about that point. 

Case i. — When the Forces act at a point. 
Let AP and AQbe the directions of two forces acting at A^ 
and AR the direction of their 

Resultant. 

Let (7be any point in their plane. 

Through O draw OD parallel 

to APy meeting AQ and 

AR in C and D 

respectively. 

Through D draw DB 

parallel to ^C; A B 

Then AB^ AC, AD will completely represent Py Q, R re- 
spectively. K 
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Join O A and OB. 

Then the Moment of -P about 0=2 ^AOB (Art. 184) 

= CJ ABJDC^^vci. A^)=i2 ^ACI)=2 diAOD - 2 ^AOC 

= Moment of ^ about ^—Moment of Q about O ; 

.-. Moment of -P about (7+ Moment of Q about O 

= Moment of R about O. (q.e.d.) 

The student ought to prove this Theorem when the point is between 
AB2iXidiAC. 

187* The Proposition may also be established in the following way. 
We must first show that the resolved part in any direction of the 
Q Resultant of two forces acting at a point 

is equal to the sum of the resolved parts 
of the Components in the same direc- 
tion. 
To show that the component of AD 

along AX=com^, of AB along AX+ 

X component oi AC along AX, 
Draw BE and DF perpendicular to AX, and draw BG parallel to AX, 
Component oi AD along AX^AF; (Art. 29) 
tt -^B ,, AX^AE \ 

ACorBD „ AX=^EF(=BG) 




Now AF= AE+ EF, (q. k. d. ) 




A X 

To prove the Proposition : Let AD be the Resultant of the forces AB 

and AC, Join AO, and draw AXzX right angles to AO, 

AD cos XAD=AB cos XAB+AC. cos XAC, 

Multiply each term hyAO, and change to the complements of the angles ; 

.-. AD , AO sin DAO=AB , AO sin BAO+ AC . AO sin CAO; 

.-. iy Trigonometry^ ^t^AOD^ZLAOB-VZLAOC, 

or, Mom. of AD about 0= Mom. of AB about + Mom. of y^ C about 0, 

(Q.E.D.) 
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188. Case ii. — When the Forces are parallel. 

Draw OB perpendicular to the lines of action of the 

forces -P, Q and their resultant R. 

ThQTiRAC=^ Q.BC{Art. iSoNote). 

r.P{OC'-OA)=iQ{OB--'OC}. 

.'.P.OC-P.OA^Q.OB-'Q.OC. 

.-. {P+Q),OC=ROA+Q.OB, 

but P+Q=R {Art 178). 

,\R.OC:=F.OA + Q.OB. (Q.E.D.) 

As an exercise the student may establish the Proposition (i) when 
O is between P and Q ; (2) when F and Q are unlike. 

189. This Proposition, being true for all positions of the 
point, must be true when it is in the line of action of the 
resultant. The Moment of the resultant in this case 
vanishes. (Art. 185.) 

Therefore * The Moments of two Forces about any point 
in the line of action of their Resultant are equal and opposite,* 

190. The converse is also true, viz. : — * If the Moments of 
two Forces about any point in their plane be equal and opposite^ 
that point must be in the line of action of their Resultant' 

Let AP and AQ represent the directions of the 
forces -Pand Q, and let O 
be a point in the plane such 

Then shall O be in the 
line of action of the re- 
sultant 

Through O draw OB 
parallel to AQ, and OC 
parallel to AP, Then, by ^ 
Data, POD^Q.OE. 

P_ 0E_ OC AB 
' Q on OB" AC' 
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Therefore AB and ^C represent the magnitude of P and 
Q respectively, and AO represents their resultant in magni- 
tude and direction. 

Therefore O is in the line of action of the resultant of 
i'and Q, (q.e.d.) 

Examples — XXIX. 

1. What is meant by the moment of a force with respect to a point ? 

2. The line of action of a force of 10 lbs. weight passes at a distance 
of 8 inches from a fixed point. What is the measure of the moment 
about that point, a pound weight being the unit of force, and an inch 
the unit of distance ? 

3. A force of 12 acts along a median of an equilateral triangle whose 
side is 18 ; find the measure of its moment about each angle of the 
triangle. 

4. A force of 6 acts along one side of an equilateral triangle whose 
side is 10 ; find the measure of its moment about the opposite angle. 

5. A force of 20 acts along a diagonal of a square whose side is 
8 V2~; find the measure of its moment about each of the four angles. 

6. The lines of action of two like parallel forces of 10 and 8 respec- 
tively are distant 4 and 12 from a fixed point ; compare their moments 
about the point. 

7. Where must the point in Ex. 6 be situated in order that the 
moments may be equal and opposite ? 

8. If two forces meet in a point, prove that their moments are 
equal about any point in the line of action of the resultant. 

9. Show that the moment of a force about a point is represented 
geometrically by twice the area of the triangle whose base is the line 
representing the force in magnitude and direction, and whose vertex 
is at the point. 

ZO. The algebraical sum of the moments of two forces meeting in a 
point about any point in their plane is equal to the moment of their 
resultant about the same point. 

Zl. Prove the last example when the puint is within the lines of action 
of the forces. 
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Z2. If three forces acting in the same plane at a point be in equi- 
librium, the moment of any one of them about a point in their plane is 
equal and opposite to the sum of the moments of the other two about 
that point. 

13. A man can exert a force equal to the weight of 224 lbs., and 
pulls on a rope fastened to the top of a post, the rope being twice the 
length of the post. What horizontal force applied at the middle of the 
post will keep it from falling ? 

14. At what point of a tree must one end of a rope of given length a 
be fixed, so that a man pulling at the other end may exert the greatest 
force to pull it over ? 

15. The connecting-rod of an engine is inclined to the crank-arm 
at an angle of 30^ Compare the moment of the force to turn the shaft 
when in this position with the greatest moment when in the most 
favourable position. 

191. It is very important to extend the Theorem of 
Article 186 to any number of forces acting in a plane. 

Statement of Varignon's Theorem of Moments. 

If any number of farces act in a plane on a body, the 
Algebraical Sum of their Moments about any point in the plane 
is equal to the Moment of their Resultant about that point. 

In Articles 186 and 188, the Theorem was proved for 
two forces. If we consider their resultant and a third force 
in the system as constituting another pair, the Theorem 
will hold for them, and therefore it holds for three of the 
forces, and so on for any number of forces, (q.e.d.) 

192. Symbolical Statement of Varignon's Theorem 
of Moments. 

Let the distances of the selected point from the lines of 

action of the forces Fy Qy S, T and their resultant 

RhePf ^y s, t, and r respectively ; then we shall 

have — 

Rr=:Fp+Qq+Ss+Tt+ 
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If any of the forces act in the negative direction, we 
must write its moment with a negative sign, and R will then 
be the Algebraical Sum of the forces. 

193. The student will notice that, if the point be situated 
in the line of action of the resultant^ then the Algebraical Sum 
of the Moments will vanish; and, conversely, if the Algebraical 
Sum of the Moments of any number of forces acting on a body 
vanishes about a pointy the line of action of the resultant 
passes through that point, (See Articles 189 and 190.) 

Example i. — Five vertical forces, 9, 12, iS, 6, 5, act at points 
3 feet apart on a straight horizontal rod ; where does their resultant 
act? 

Let ;i:= distance from the line of action of the first force. 
-^=50. 
Taking Moments about the point at which 9 acts (Art. 192) — 
Then 5aA?=9 X 0+ 12 X 3 -f 18x6 + 6x9 + 5 X 12; 
.•. 50^=258; .'. a:=5-i6feet. 

Example ii. — Two parallel forces, 8 and 5, act in opposite direc- 
tions at distances 3 and 11 to the right of a fixed point. Find at what 
distance their resultant acts. 

Let ;«;= distance from the fixed point measured to the right. 
R=l in the direction of the 8 (Art. 178). 
Taking Moments about the fixed point — 
Then 3x^^=8x3-5x11. 
From which x= - 10^ to the right, 

or = ia| to the left of the fixed point. 

Example iii.— Parallel forces 3, 5, 6, 4 act at equal distances of 8 
inches along a rod ; where must a prop be placed in order that the rod 
may rest in a horizontal position ? 

It is evident that the prop must be placed at the point where the 
resultant acts. 

Let ;c= distance from 3. 

Taking Moments about the point at which 3 acts (Art. 192)— 
Then i8jc=3xo+5x8 + 6x 16+4x24=232; 
. \ ^=128 inches from the force 3. 
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Examples— XXX. 

1. Four parallel forces, lo, 14, 6, 25, act at distances 2, 4, 9, 3 from 
the end of a horizontal rod ; where does their resultant act ? 

2. Four parallel forces, 3, 6, 9, 12, are placed at equal distances along 
a straight horizontal rod ; show that the resultant will act at the same 
point when the 9 is removed. 

3. Five parallel forces, i, 6, 3, 4, 8, act i foot apart on a straight 
horizontal rod ; what force must be added to the I, in order that if the 
rod be supported where the 3 acts, it may remain horizontal ? 

4. A rod is 6 feet long; parallel forces, 6, 12, 18, act at the ends and 
middle respectively, and at right angles to the rod ; find the magnitude 
and point of application of the force which will produce equilibrium. 

5. Prove that the algebraical sum of the moments of any number of 
parallel forces, acting in the same plane on a body about a point in 
the plane, is equal to the moment of their resultant about that point. 

6. Three parallel forces, 10, — 15, 40, act at points 3 feet, 4 feet, 
5 feet respectively from one end of a rod and at right angles to the rod ; 
where does their resultant act ? 

7. Four parallel forces, i, 6, -9, 8, act at points 3 inches apart along 
a straight rod and at right angles to the rod ; where must the rod be 
supported in order that it remain in equilibrium ? 

8. A uniform straight rod, made up of two lengths a and b^ has 
vertical forces Wa and Wb acting from the middle points of a and b 
respectively; where must the rod be supported to remain in a horizontal 
position ? 

9. A uniform rod has a vertical force W acting at its middle point, 
and when suspended at a certain point rests in a horizontal position 
with vertical forces W^ and W^ at its extremities, or W^ and ff^oatthe 
same ends. What vertical force at one end will keep it horizontal ? 

XO. A uniform rod A BCD, 2 feet long, has a vertical force of 15 
acting at its middle point. It rests on two props, B and C, 10 inches 
apart, and the pressure on C is 4 times that on B ; find the greatest 
vertical force that can act at D without overturning the rod. 

ZZ. A uniform rod 20 inches long rests in a horizontal position on a 
smooth peg, and has vertical forces of 5 and 3 at distances of 4 inches 
and 5 inches from one end ; how far is the peg from that end, if an 
additional vertical force of 2 act at the middle of the rod ? 
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12. Four parallel forces, 3, 2, 5, 7, act at distances 6 inches apart 
along a straight rod and at right angles to the rod ', where must a force 
of 17 act in order to maintain equilibrium ? 

13. Vertical forces of 6 and 3 at the ends of a horizontal rod (length 
/), and IV at A. certain point in it, have their resultant acting at the 
middle of the rod ; find the point at which ^acts. 

14. If, in Ex. 13, IV act sX Si distance of one-fourth of the rod from 
the smaller force, find fV, 

15. A uniform rod, 13 feet long, has a force of 2^ acting at its 
middle point. The rod can turn about one end. If the other end be 
kept up by a vertical force of 9, where must a vertical force of 60 lbs. 
act if the rod is to remain horizontal ? 
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CHAPTER IX. 
CENTRE OF GRAVITY. 

194, In Article 177 it was proved that if two parallel 
forces P and Q be supposed to act at the points A and B^ 
the line of action of their resultant will divide AB at C 
inversely as the forces. 

Tht position of C will evidently not be altered if the lines 
of action of the forces be changed through any angle at 
their points of application, provided only that they are 
%\:\\\ parallel, {See Art. 187 at end.) 

This point is known as the Centre of the two parallel forces. 

The position of the point at which the resultant of any 
number of parallel forces having fixed points of application 
acts, is not affected by all the forces, while still remaining 
parallel, being deflected at their points of application through 
any angle. We therefore arrive at the following definition : — 

Def. — TAe Centre of any number of parallel forces having 
fixed points of application is the point through which the 
direction of their resultant passes ^ whatever be the directions 
of the parallel forces. 

This is very important. 

195. To find the Centre of any number of Parallel Forces, 
Let parallel forces, P, Q, S, Tact at A, B, C, D 

respectively. 

Join AB, and divide it at E, 

so that A£ : EB= Q : P. 

168 
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Then Z'+Q acts at E (Art. 177), and 5 acts at C. 
Divide EC at F, so that EF\ FC^S: F+ Q. 




Then F+Q+S ^.cts at F, and Tacts at I>, 
Divide FD at G^, so that 

Then 7^+ Q+ S+ T acts at G. 
Now the position of G is not affected by the direction of 
the Parallel Forces. 

.-. by Def. G is centre of the Farallel Forces. 

In this way we have shown that these four Parallel Forces 

have a centre, and we have also found its position ; 

and similarly for any number. 

Note. — In this may also be found the centre of gravity of a number 
of heavy particles. (Art. 203.) 

196. To find the distance of the Centre of a system of 
Parallel Forces from any line in the plane containing the 
points of application of the forces , having given the magnitude 
of the forces and the distances of their points of application 
from the line. 

Let OX be any straight line in the plane of the forces. 
Let jP, Qy Sy ... act at A,B, C, ... at distances/, g, x, ... 
from OX. 
Divide AB at E so that AE ; EB=: Q : F. 
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Through H draw J!/^ parallel to OX, 
meeting Aa, Bb in J/ and N. 




Then^=|?=^ 
Q EA AM 



Ma—Aa'~'Ee-p* 



.-. P, Ee'-Pp=^ Qq^ Q.Ee ; 
.-. {F+Q)Ee=Pp-^Qq^ 
In the same manner, when we have P+Q+S acting at 
F{AxX, 19s), then 

(/>+ Q+S)Ff:=^ {P+ Q)EeJ^Ss, 
or, {P+Q+S)Ff=Pp+Qq+Ss. 
And similarly for any number of Parallel Forces. 
If y be the distance from OX of the Centre of any 
number of Parallel Forces, 

Then v- -P/+gy+-^^+^+ 

Similarly the distance {x) of the * Centre ' from a line Oy 
at right angles to OX can be found, and thus the position 
of the * Centre ' in the plane can be determined 

Note. — If some of these forces act in the opposite direction, we 
must remember that we are dealing with Algebraical Sums in both the 
numerator and denominator of this result. 

Example i.— If four like parallel forces, 2, 3» 5* 7» act at points 
distant 3, 4, 6, 12 inches from a straight line in the plane, find the 
distance of their centre from that line* 
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We use the result of Article 196. Let r be the distance required. 
.-. (2 + 3 + 5 + 7) r=2X3 + 3X4 + 5x6 + 7xi2; 
.-. 17^=6+12 + 30+84. 
From which r=*j\^ inches. 

Example ii.— If five parallel forces 7, -3,-10, 2, 8 act at points 
distant 5, 10, 3, 4, 6 inches from a straight line in the plane, find Ihe 
distance of their centre from that line. 
See Note to Article 196. 

(7-3-10+2 + 8) /'=7x 5-3x10- 10x3 + 2x4 + 8x6; 
••• 4''=35-- 30- 30+8 + 48. 

•.4^=31. 
Therefore r=7| inches. 

197, The weight of a body is the force of the earth's pull 
on its mass, and is therefore the resultant of the weights of 
its various particles. 

These weights form a system of like parallel forces, and by 
the method of Article 195 we can determine their Centre. 
The centre in this case is called the Centre of Gravity.* 

Def. — The Centre of Gravity of a body is that point 
through which the resultant of the weights of all its particles 
acts in whatever position the body is placed. 

From this it follows — (i) that the whole weight of a 
body may be supposed to act at its C. G. ; and (2) that if 
the C. G. be supported the body will rest in any position. 

198. If a body be suspended at any pointy its C C will be 
in the vertical line through the point of suspension when the 
body is at rest. 

Let G be the C. G. of a body capable of turning round 

a fixed point O. 

Let 6^6*= its weight acting vertically through G, 
Resolve GC into GB in the direction OG^ and GA at 

right angles to it. 

1 Strictly this point is the Centre of Mass;. 
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The component GB is kept in equilibrium by the 
reaction of the fixed point O, 

There remains the component GA^ which / 
will cause the body to move towards the* 
vertical line 0V\ and it is evident that 
such a movement will always take place 
when G is not in the vertical line OV. 




199. From this we can determine experi- 
mentally the position of the C. G. of a plane 
surface of irregular shape. Suspend the 
lamina successively from two points of its 
edge; if, in each case, a vertical line be 
drawn on its surface passing through the 
point of suspension, the intersection of these lines will be 
the C. G. required. 

The points of suspension must of course be so chosen that the lines 
drawn on the surface do not coincide. 

STABLE, UNSTABLE, AND NEUTRAL EQUILIBRIUM. 

I ii B iv 

c*o 




w w 

200. Let a body be capable of rotating about a fixed 
point (?, and suppose G to be its C. G. 

In Fig. i., because G is in the vertical line through O 
and below O^ the body is at rest. 

In Fig. ii., where the body has been slightly displaced, it 
will tend to return to the position in Fig. i. {See Art. 198.) 
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In Fig. iii., where G is in the vertical line through O and 
above O, the body is at rest ; but if the body be slightly 
displaced it will tend to turn round O, and will take up the 
position in Fig. i. 

In Fig. iv., where O and G coincide, the C. G. is sup- 
ported, and therefore the body will be at rest in any position 
whatever. {See Art. 197.) 

201. Keeping these considerations in view when a body 
in a position of equilibrium is slightly displaced — (i) If the 
effect of the forces in this new position be to restore the 
body to its old position, the equilibrium is said to be 
Stable; (2) If the effect be to make it move farther 
from its old position, the equilibrium is said to be 
Unstable ; (3) If there be no effect one way or the other, 
the equilibrium is said to be Neutral. 

Examples of Stable Equilibrium. — A swing, a cradle, a rocking- 
horse, a pendulum, a ship well ballasted, a cone standing on its base 
on a horizontal plane. 

Examples of Unstable Equilibrium, — A narrow boat when the 
occupants stand up, a high chair in which a child is seated, a cart 
heavily loaded atop, deck-loaded ships, a cone placed on its vertex, a 
lead pencU stood on end, and in fact all bodies which we call * top- 
heavy.* 

Examples of Neutral Equilibrium. ^K cricket ball placed on a 
table, a sphere floating in a fluid, a cone or cylinder resting on its side 
on a horizontal plane. 

202. When a body is placed on a horizontal plane it 
will stand or fail according as the vertical line through its 
C. G. falls within or without the base. 

Let a body ABC . . . Z> be placed on a horizontal 
plane OX, 

Since its weight acts vertically through its C. G., then— 
(i) If GE be the vertical through G, the weight may be 
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resolved into two components, one along GA and the other 

at right angles to it. The tend- c 

ency of the latter component 

to produce rotation about A 

is met by the reaction of the 

rigid plane, and therefore the 

body will have no rotation 

about A. Similarly it may be 





T-Fx 



shown that it will have no rotation about B, and therefore 
the body will stand. 

(2.) If GFhQ the vertical through G^ the component of 
the weight at right angles to GA will as in (i) produce no 
rotations about A, but its component at right angles to GB^ 
meeting no reaction^ will cause the body to topple over 
round the point B. 

(3.) If GB be the vertical through G, the body will just 
stand, but it will be on the point of toppling over. 

If the body be placed on an inclined plane, it follows 
that if the vertical through the C. G. fall— (i) within the 
base, the body will slide before toppling over; (2) without 
the base, the body will topple over before sliding ; (3) on 
the edge of the base, the body will be in a neutral position. 

203. We now proceed to find the C. G. of various bodies. 

The process of finding the C. G. of a number of heavy 
particles is the same as finding the Centre of a system of 
like parallel forces. {See Art. 195.) We shall deal only 
with homogeneous bodies. 

A homogeneous body is one in which matter is dis- 
tributed uniformly, and therefore one in which equal 
volumes have equal weights. And in the case of plane 
figures, the weights are proportional to the areas. 
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204. To find the C G,ofa Material Straight Line. 

We may suppose the line to be made up of equal particles 
equidistant from its middle point. The C. G. of each 
pair of particles will be at the middle point of the line 
joining them (compare Art. 177); therefore the C. G. of 
the line will be at its middle point. 

205. To find the C. G, of a Parallelogram, n 

The figure may be supposed to be made up of an 
indefinitely great number of 
material straight lines each par- 
allel to AB, 
/c 7" By Article 204, the C. G. of 

/ / each is at its middle point. 

A E B The line EF, joining the 

middle points of AB and DCy will bisect every line 
parallel to AB. 

.'. The C. G. of the figure is in jEF. 
Similarly it is in H/Cy which joins the middle 

points of BC and AD. 
.\ G, the point where EFdind ZTA' intersect, 
is the C. G. of the parallelogram. 

206. To find the C. G.ofa Triangular Lamina. 

We may suppose the triangle to be made up of an indefi- 
nitely great number of material lines parallel to the side BC. 
A Since the C. G. of each is at 

its middle point, and since 
any line from A to D, the 
middle point of BCy bisects 
every parallel to BC^ 
.'. the C. G. of the figure 

is in AD, 

S D C the median^ to the side BC. 

* A median is the straight line drawn from any angle of a triangle to 
the middle point of the opposite side. 
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Similarly, the C. G. of the figure is in BE, 

the median to the side CA ; 

.'. Gj the point where the medians intersect, 

is the C. G. of the figure. 

To determine the position of G \n the line AD, 
Join DE, Then DE is parallel to BA, by Euc. vi. 2. 
.'.the triangles CDE, CBA may be shown to be 
equiangular by applying Euc. i. 29. 

r, CD: DE=: CB : BA (Euc. vi. 4) 
.-. Alt. CD : CB=DE : BA ; 
but CD=\CB\ 
.-. DE^BA. 
Again, the triangles DGE, AGB are equiangular ; 
r.DGiDE^GA :AB; 
.-. Alt. DG : GA^DE : AB\ 
but DE=^^B A] 
.'.DG=iGA; 
and therefore DG must be ^AD, 

To find the C G, of any Triangle, it is sufficient either 
(i) to draw two medians, and their intersection will be the 
C. G. ; or, (2) to draw a line from any angle to the middle 
point of the opposite side, and the C. G. will be in this 
line at one-third of its length from the side. 

207. To show that the C G. of a triangle coincides with 
the C G. of three equal heavy bodies at its angular points. 
Let three equal bodies be placed at A, B, C, and let the 

weight at each= W, 
Then the C. G. of W2X B and ^at C will be at D, the 

middle point of BC 
We have now 2 WzX D and ^at A, 
Their C. G. is at a point O (suppose) in AD, such that 
AOiOD^2W: W; .\A0^20D', .\DO=iDA; 
and therefore O coincides with G, 
L 
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Conversely, if the weight of the triangle be W acting at 

G, we can replace this force by three vertical forces, each of 

W 
which is equal to — , acting at A^ B, and C respectively. 

o 

Note. — This device of supposing ^ of its weight to act at each angle 
of a triangle often simplifies a Statical problem. 

208. To find the C. G, of the Perimeter of a Triangle— 
A uniform wire bent into the form 
of a triangle will represent the 
perimeter. The weight of each 
side is proportional to its length, 
and the C G. of each side is at 
its middle point. 

We have therefore Weights = 
a, ^, r, situated at D, JSj F^ 
respectively. 
Join FEy and divide it at H, so that FH : HE-b : c, 
.\ the C. G. of ^ and c is at If (Art 177); 
.-. C. G. ofa,d, cisin DIf, 
Now by Euc. vi. 2, 4, it maybe shown that Z>F=:^AC=i^b, 
2iV\dDE=^BA=z^c; 
.-. DF\DE^h\c\ 
h}i\.FH:HE^b:c; 
,\FH\HE^DF\DE\ 
.-. Z>Zr bisects the angle FDE (Euc. vi. 3) 
.-. C. G. of fl, by c lies in the line bisecting the angle FDE. 
Similarly it may be shown that the C. G. lies in EK^ 

which bisects the angle DEF, 

.*. the C. G. is at the intersection of the lines which 

bisect the angles of the triangle DEF, 

,'. the C. G. of the Perimeter of the triangle ABC coincides 

with the centte of the circle inscribed in DEF. {See Euc. iv. 4. ) 
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209. To find the C, G.ofa Pyramid on a triangular base. 




C 

Let BCD be the base, and A the vertex. 

Bisect CD in £; join AE, BE\ in EB take EF^^EB. 
Then i^'is the C. G. of the base BCD. Join AE 
The Pyramid may be considered as made up of an 
indefinitely great number of planes parallel to the base BCD, 
Suppose hd to be one of these planes. 

Join AEy cutting cd in e, and join be. 
By similar triangles (Euc. vi. 4) it may be shown that ce^ed. 

Also, by similar triangles, -^jT J~g^ j^' 

.-. Alternately ^-jj^ 

Now BF=:2FE ; .*. ^/= 2fe ; 

and therefore /is the C. G. of the triangle bed. 

Hence the C. G. of the pyramid must be in AF, the line 

which joins the vertex with the C. G. of the face BCD, 

Again, if ZTis the C. G. of the face ACD^ 

the C. G. of the pyramid is in BH-, 

.\ Gj the point of intersection of A F and B/f, 

is the C. G. of the pyramid. 
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To determine the position of G. 

Join FH, Then, by Euc. vi. 2, FZTis parallel to BA. 

Then ^=^; but EF^\EB', 

.-. FH^\BA. 
The triangles FGH^ AGB are similar; 

.••51=1^; but 7^^= J^^; 

.-. FG^\GA ; and /. FG=\FA. 
Hence the C. G. of the pyramid is in the line joining the 
vertex with the C. G. of the base, at a distance of one-fourth 
of its length from the base. 

210. To find the C. G, of a Cone, 

If the base of a pyramid be a polygon, it may be shown, 
by the method of the last Article, that the C. G. of such a 
pyramid is in the line joining the vertex with the C. G. of 
the base, and at a distance from the base equal to one- 
fourth of this line. 

A cone may be considered as a pyramid having as base 
a polygon with an infinite number of sides. 

. •. the C. G. of a Cone is in the line joining the vertex 
with the centre of the base at a distance from the base equal 
to one fourth of this line. 

Note. — The C. G. of the Surface of a cone is in the line joining the 
vertex with the centre of the base at a distance from the base equal 
to one-third of this line. Consider the surface as made up of an infinite 
number of plane triangles, the sum of whose bases forms the circumfer- 
ence of the base of the cone and having their vertices at the vertex of 
the cone. The student will apply the result of Art. 206. 

211. In Article 207 it was shown that the C. G. of a tri- 
angular lamina coincides with the C. G. of three equal weights 
at its angular points. This is a particular case of a wider 
Proposition, viz. : The C. G. of any regular figure, plane 
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or solid, coincides (i) with the C. G. of its perimeter; and 
(2) with the C. G. of equal weights acting at its angular points. 

Example i. — ^The C. G. of a body being given, and also the C. G. 
of a portion of it, find the C. G. of the remainder. 

Let G be the C. G. of the body, and G^ that of the part. 

Suppose W^ to be the weight of the body, and W^ the weight of the 
part. Then weight of the remainders W^ W^* 

Produce the line G-fi^ and in G-fi produced take G^ such that 

GyGlGG^^W^W^X Wy 

Then G2 is the C. G. of the remainder. 
The value of GG2 can be found by Article 177. 

Example ii. — Two uniform cylinders of the same material are joined 
end to end, their axes being in the same line. Their lengths are 8 in. 
and 6 in., and their radii 2 in. and 3 in. respectively. Find their 
common C. G. 



^i=t(3)2x6=54t; 

^a=T(2)ax8=32T. 

GiO=S + s=ll in. ; 
• G^O^ 4 in. 
Take moments about O — 

.-. (54^+32t) 



oF 






GO^PV^^GiO+lV^.G^O; 
(70=54T. ii + 32ir.4; 



/^xi 594+128 722 o .1. 
<;0=*-^^g—=^g^=8..4 inches. 

Example iii. — A BCD is a square whose side= 
10 feet. On CD as base an isosceles triangle 
CED is described externally of height 16 feet. 
Find the distance of their common C. G. from 
AB, 
By the symmetry of the figure, the C. G. must be q 
in the line EO, drawn perpendicular to AB, 
A CED =So sq. ft. ; the square =100 sq. ft. 
The weights may be supposed to be at right angles 

to^a 

Take moments about O — 

.*. .(80+ 100) GO=So (10+-^/) + 100 X 5. 

From which equation, (?d=9*6 ft. 
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Example iT.^-From the corner of a square the side of which is 
6 inches, a square whose side is 2 inches is 
cut out. Find the distance of the C. G. of the 
remainder from the centre of the square. 
Area of ^^CZ)= 36; 

. • . Area of remainder = 32. 
The weights are supposed to act at right angles 
to AC. 

Take moments about the centre O— • 
Z2.G0=4.X0; 



K — e B 



r,n-XO _ AO-AX _ \■»^(>^J^-\ 
8 ~ 8 ~ 8 



iii^ = J^ inches; 



C. G.= 



•Ji 



inches from the centre of the original square. 



Example ▼. — Bodies weighing 10, 8, 6 are placed at the angles of a 
triangle whose sides are 25, 20, 15, the greatest weight at the greatest 
angle, and the least at the least. Find the distance of their C. G. 
from the 10. 
Q The A is plainly right-angled. (Euc. i. 48.) 

Let BAC=^'' ; BA = iS, AC=20, €£=2$. 
The 10 is at A, 8 at B, 6 at C. 
r -— ^G "V^^ To find the distance of the C. G. from the line A C, 



By Art. 196, 
24 GD=Sxis; .'. GD=s 
To find its distance from the line AB — 
.-. 24 G£=6i^20; .-. G£=$, 

Then, AG*=GD^ + £>A^=2S-\-2S = S^'y 
,\ AG= *J'^ = 707. 



Example vu — If a and d denote the parallel sides of a trapezium, 
and A the perpendicular distance between them, prove that if X and 
Y denote the distance of the C. G. of the figure from a and 6 
respectively. 



thenAr=lx?*±f; 
3 «+* 



3 a+i 
AACD=^. 

2 
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Then using the result of Art. 196 we get— 
D C 




^l.G^K^^J^ 



ah 

2 



h bh 2k (ah , bh\ ^ 
— Ar—^^{aArb)X^ 



'.X=^^{a + 2b). 



Then, y=A-X, from which y= ~ x 



2 _h^ 2b + a 
Ha + b)~ 3 ^ a + b ' 



2a + b 
a + b' 



Note.— Another method is to bisect AB in /^, and join DF, C/^ 
Then, knowing the areas of the triangles ADF, DFC^ and FCB^ we 
can apply the result of Art. 196. 



Examples — XXXI. 

1. Show that the point of intersection of the medians is the C G. of 
a plane triangle. 

2. Find the C. G. of a parallelogram. 

3. The equal sides of an isosceles triangle are 16 feet, and the base 
is 9 feet ; find the distance of its C. G. from the sides. 

4. Show how to determine the C. G. of a quadrilateral. 

5. If a parallelogram be divided into four triangles by its diagonals, 
and the C. G.'s of these triangles be joined, show that these joining 
lines will form a parallelogram. 

6. Show how, when the C. G. of the whole and also of a part of a 
body is known, the C. G. of the remainder may be found. 
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7. If a body is placed on a horizontal plane surface, how may we 
decide whether the body will stand or fall ? Apply similar reasoning 
to the case of a body placed on an inclined plane. 

8. A cubical block of wood is placed on a plane whose inclination is 
60°; if prevented from sliding, will it have a tendency to roll? 

9. Given the base and height of a triangle, construct it so that it 
will stand on a horizontal plane. 

10. ABCD is a parallelogram having ABC 60**, and BC is 9 in. 
long ; find the greatest possible length of AB that the figure may 
stand with BC placed on a horizontal plane. 

11. If vertical triangles are placed on the same horizontal base A By 
show that they will stand so long as their vertices are between two 
vertical lines distant '^AB from each other. 

Z2. How many coins, in each of which the thickness is one-twentieth 
of the diameter, can stand in a cylindrical pile on an inclined plane of 
which the height is one-sixth of the base ? 

13. Show that the C. G. of a number of particles P^ Q^ R, , . » 
lying in a straight line ^-^ at distances a, ^, r, . . . respectively from 

0, IS at a distance from C?= p. q . ^> . 

14. By the last example, find the C. G. of four uniform straight rods, 
one of which is the diameter of a circle, and the others chords parallel 
to and on the same side of the diameter, subtending angles of .120% 
90°, 60" respectively at the centre. 

Particles at the Angles of a Square, 

15. Masses of 49, 73, 86 are placed at three angles A, B, C of a 
square whose side is a ; find the distance of their C. G. from B. 

x6. Find the distance from 30 of C. G. of 1$, 30, 45, placed at the 
angles of a square, if the side be 10 feet. 

17. Masses of 17, 23, 28 are placed at -«4, iff, C, the angles of a square 
ABCD ; find the distance of their C. G. from Z>, if a side of the 
square =8 ft. 

18. Masses 3, 4, 5, 6 are placed at the corners of a square ; find the 
distance of their C. G. from the 3, if a side =2 feet. 

19. Masses 3, 5, 7, 9 are placed at the angles of a square, whose 
side =5 feet; find the distance of their C. G. from the 3. 

ao. Masses 5, 7, 10 are placed at three angles of a square whose 
side =4 ft.; find the distance of their C. G. from the 5. 
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Pat tides at the Angles of a Triangle, 

21. Three masses 3, 4, 5 are placed at the angles of an equilateral 
triangle whose side is 12 in. ; find the distance of their C. G. from the 
least weight. 

22. If masses 3, 4, 6 be placed at the angles of an equilateral 
triangle whose side is 10 in., find the distance of their C. G. from the 
least weight. 

23. Find the distance from the 17 of the C. G. of three masses 10, 
14, 17, placed at the angles of an equilateral tiiangle, each of whose 
sides is 3 ft. long. 

24. Prove that the C. G. of a triangle coincides with that of three 
equal masses placed at its angular points. 

25. E^ual masses of 10 lbs. are placed at two of the angles of an 
equilateral triangle, the side of which is 5 ft., and a mass of 5 lbs. at 
the remaining angle ; find the distance of the C. G. from the 5. 

26. Masses 2, 3; 5 are placed at the angles of an equilateral 
triangle whose side is 6 ft. ; find the distance of their C. G. from the 
greatest weight. 

27. If the masses be 3, 4, 5, and the side =6 ft., find the distance 
of their C. G. from the 4. 

28. Three masses i, 2, 3 are placed at the angles of an equilateral 
triangle whose side=a; determine the distance of their C. G. from 
each of the angles in terms of a, 

29. A triangle whose sides are 20, 16, 12 inches respectively has 
particles of equal mass at its angular points. Show that their C. G. 
is 6| in. from the greatest angle. 

30. Three masses 33, 41, 56 are placed at the angles A^ B, C of a 
right-angled isosceles triangle. Prove that the distance of their C. G. 
from the right angle B is equal to one-half of one of the equal sides. 

When portions of a figure are removed, 

31. A BCD is a square whose middle point is E and whose side = a ; 
if the triangle ECD be removed, find the C. G. of the remainder. 

32. E and F are the middle points of the sides AB, AC of zn 
equilateral triangle ABC; the portion AEF is removed; find the 
C. G. of the remainder. 

33. The squares in Euclid ii. 4 about the diagonal are as 9 : 4 ; find 
th& C. G. of the greater gnomon. 
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34. A quarter of a triangle is cut off towards the vertex by a line 
drawn parallel to one side ; find the C. G. of the remainder. 

35. The ninth part of a triangle is cut off towards the vertex by a 
line parallel to the base. Find the C. G. of the remainder. 

36. A portion of a triangle equal to — th of its area is cut off near 

n 

one angle by a line parallel to the opposite side. Find the C. G. of 
the remainder. 

37. From an isosceles triangle ABC^ it is required to cut off a part 
CBD such that D may be the C. G. of the remainder. 

38. The equilateral triangle ABC has each side = 4 inches. From the 
corner A an equilateral triangle is cut off, having a side= i inch ; find 
the distance from A of the C. G. of the remainder. 

. 39. If three equal triangles are cut off from a given triangle by lines 
drawn parallel to the sides, the C. G. of the remaining hexagon will 
coincide with that of the original triangle. 

40. The vertex of a triangle is cut off by a line drawn parallel to the 
base, and the height of the figure is thus diminished by one-third; 
find the C. G. of the remainder. 

41. Through the C. G. of a triangle ABC, a line DE is drawn 
parallel to the base BC ; find the C. G. of the figure DBCE, 

42. From a given square cut off a triangle having as base one side<of 
the square, so that the C. G. of the remainder may be at the vertex of 
the triangle. 

43. Out of an oblong figure is cut an isosceles triangle whose base 
coincides with one of the shorter sides ; find where the vertex must 
be in order that the C. G. of the remaining figure may coincide with it. 

44. The middle points of two adjacent sides of a square, each 5 feet 
in length, are joined, and the triangle so formed is cut off; find the 
C. G. of the remainder. 



Figures made up of two or more figures, 

45. An equilateral triangle is described upon one side of a square 
whose side =16 inches; find the distance of the C. G. of the figure 
so formed from the vertex of the triangle. 

46. ABCD is a square whose side = 2a. On CD^ as base, an 
isosceles triangle CED is described externally, whose altitudes^. 
Find the distance of the C. G. of the whole figure from AB. 
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47* A quadrilateral is formed by two isosceles triangles, whose 
heights are 12 inches and 9 inches respectively ; find the distance of 
the C. G. of the figure from the common base of the triangles, the 
vertices being on different sides of it. 

48. An isosceles triangle stands on a side of a square. If the C. G. 
of the figure be in the base of the triangle, compare the height of the 
triangle with the side of the square. 

49. Squares are described externally, on the sides and hypothenuse 
of a right-angled isosceles triangle ; find the distance of the C. G. of 
the whole figure from the hypothenuse. 

Perimeters, 

50. Find the C. G. of the perimeter of a triangle, the sides of which 
are uniform material lines. 

51. Three wires of equal weight, but unequal length, form the sides 
of a triangle ; find their C. G. 

52. Two circular rings, whose radii are r and r^, are formed out of 
a rod of uniform thickness ; find the distance of their C. G. from the 
point of external contact. 

53. Two rings are formed of the same material, and placed in 
external contact, their diameters being 14 inches and 20 inches 
respectively; find the distance of their C. G. from the point of contact. 

54. A uniform bar 8 feet long is bent so as to form four of the sides 
of a regular hexagon ; find the distance of the C. G. from the centre 
of the circumscribing circle. 

Solids. 

55. Find the C. G. of a pyramid standing on a triangular base. 

56. Show how the C. G. of a cone may be found. 

57. How may the C. G. of a solid cylinder be found ? 

58. If two spherical bodies, whose radii are 6 inches and 9 inches, 
touch externally, find the distance of the common C. G. from the point 
of contact. 

When bodies are suspended. 

59. If a body be suspended from any point, what condition must be 
fulfilled for equilibrium ? 
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6a If a heavy uniform lamina, in the shape of an equilateral tri- 
angle, be suspended from any of its angles, show that the opposite 
side is always horizontal. 

61. A piece of wire is bent to form three sides of a rectangle, and is 
then hung up by one of its angles. If the sides containing that angle 
be equally inclined to the horizon, show that the ratio of the arms will 

^« vT- 1 • I- 

62. If a right-angled triangle be suspended from either of the points of 
trisection of the hypothenuse, show it will rest with one side horizontal. 

63. A triangular lamina, when suspended from a point P in the side 
AB^ rests with the side BC vertical ; show that AP—2BP, 

Miscellaneous. 

64. Give examples of bodies in stable, unstable, and neutral equili- 
brium, and show how in each case the C. G. is affected by a slight 
displacement of the body. 

65. If the C. G. of a triangle coincide with the C. G. of the 
inscribed circle, show that the triangle is equilateral. 

(56. Show that a body has one, and only one. Centre of Gravity. 

67. Show that the locus of the C. G.*s of all right-angled triangles 
which can be described upon the same hypothenuse is a circle, and 
find the radius of that circle. 

68. If a point be kept in equilibrium by forces represented in magni- 
tude and direction by OP, OQ, OR, show that is the C. G. of the 
triangle PQR. 

69. Four 8-inch shells, each touching the other three, form a pyramid 
on a horizontal floor ; find distance of their common C. G. from the floor. 

70. Each of the sides AD, DG^ GA, of an isosceles right-angled 
triangle (A = 90**) is divided into three equal parts. At the successive 
points of division -<4,^,C, . . . /, are placed particles whose weights 
are proportional to i, 2, 3, ... 9 respectively. Find the distance 
of their C. G. from the sides AD and AG, 

yi, K G be the C. G. of a triangle ABC, and from G and A two 
parallel lines be drawn to meet BC in E and D respectively, then 
DE=^\{BD^DC). 

72. Weights, P, Q, P, are placed at the vertices A, B, C respec- 
tively of a triangle, and their C. G. is at the centre of the circle 
described about the triangle. Prove that 

P ^ Q ^ R , 
sin 2 A sin 2B sin 2C 
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73. If 6? be the C. G. of a triangle ABC (^=90"), and HAD, GE 
be drawn perpendicular to BC to meet it in D and E respectively, 
then shall iBC.DE^AB^ ^AO. 

74. If G be the C. G. of a triangle ABC^ whose sides are 3, 4, 5, 
prove that 3( GA^ + GEP^ + GC^) = 50. 

75. A uniform square table (side = a and weight =^) has masses 
If 3> 5> 7 lbs. suspended at its four comers in order, and is then found 
to balance on a point of support on its under surface. Show that the 
distances of this point from the sides connecting the masses (i) 7) and 

(7i 5) respectively are/*- and— • ,^^ "^ ^ ' 
2 2 W-\- 10 

76. From a square ABCD a square Abed is cut out, Ah forming 
part of AB, If the gnomon DcB can just stand on a horizontal table 

with Bh as base, prove that Ab^^ ^"' .^jff. 

2 

77. ^^CZ> is a trapezium, AB is parallel to CD, and AB=iCD. 
Show that the distance of the C. G. of the figure from AB is I J times 
that from CD, 

78. The sides of a 5-sided board ABCDE are each = a, and the 
angles A and E are right angles. Prove that the distance of its C. G. 

from the side AE=^-^^^.a. 
26 

79. A book is placed on another similar book ; show that three- 
fourths of the upper book will project beyond the table if, while the 
ends of the books are parallel to the edges of the table upon which they 
rest, they are so arranged that the upper projects as far as possible 
beyond the table. 

80. A piece of wire is bent into the form of a rectangle, 3 feet by i foot. 
This rectangle can turn about the middle of one of its longer sides, and 
is placed in a position of unstable equilibrium. Two straight pieces of 
similar wire are then soldered to the ends of the vertical sides so as to 
be in a line with them and to render the equilibrium stable. What is 
the least length which these pieces must have ? 

8z. If and b denote the parallel sides of a trapezium, show that the 
C. G. of the figure lies on the line joining the points of bisection of 
a and b, and divides it in the ratio 2a+^ : 2^ + a. 

82. In the fig. of Art. 208, if the triangle DEF be removed, show 
that the C. G. of the remainder coincides with the C. G. of the original 
triangle ABC, 
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CHAPTER X. 
CONDITIONS OF EQUILIBRIUM. 

212. We shall treat only of forces whose lines of action 
are in the same plane. 

When three forces which are not parallel act on a body 
and keep it in equilibrium^ their lines of action must pass 
through the same point 

This may be proved as follows. The student is advised 
to draw figures to illustrate the reasoning. 

Produce the lines of action of two of the forces to meet. 
These may be compounded into a single force. (Art. i6o.) 
Because the forces are in equilibrium, therefore the third 
force must be equal and opposite to this new force, and 
must therefore act through the same point. 

Note. — This fact alone is often sufficient to determine 
the position of equilibrium of a body. 

In Statics it is usual to adopt the weight of a pound as the Unit of 
Force. (See Art. ii8.) 

Example i. — A body whose weight is 78 lbs. hangs vertically; what 
horizontal force applied at a point in the string will draw the upper part 
of the string aside through an angle of 30'' ? 

The point A is at rest under the three forces, 
T' along the string, F horizontal, 

and 78 lbs. hanging vertically. 
By Lami*s Theorem (Art. 164)— 



B — Y > P 



4t» 



F sin 150' sin 30" . ^ ^ « 

-ii=— =^= ^^=tan 30 ; 

78 sm 120* cos 30 ^ 

. F=7Sx-~ = 26 V3 lbs. weight. 
174 
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Example ii. — A sphere 24 in. in diameter and weighing 30 lbs. has 
a string 12 in. long fastened to a point in its sarface, the other end being 
fastened to a point in a smooth vertical wall ; find the pressure against 
the wall, and the tension of the string. 

The point O (the centre of the sphere) is at 
rest under the three forces ; T^ the tension along 
the string, the line of action of which passes 
through Oi because the lines of action of R^ 
the reaction of the wall, and of IV^ the weight 
of the sphere, pass through 0, 

The angle /4(9C=cos-H4)=6o'. 

By Lami's Theorem — 
R cos 60" ^ ^o I 
30 sin 60 ^ 

,\ R= los/j lbs. weight. 
7'_ sin9o'* _ 2 
30"" sin 60** ~ /^3 ' 

.*. 7^=20*/ Jibs, weight. 

Example iii. — Three smooth pegs, A,B,C, are driven into a vertical 
wall at the angles of an equilateral triangle, of which the base BC is 
horizontal. A string passing over the pegs supports two masses weigh- 
ing 20 lbs. each at its extremities ; find the pressures on the p^s. 

The symmetry of the figure will show that */^ 

the pressures on B and C must be equal. 
The tension is the same throughout the string, 
and = 20 lbs. weight. 
Let -^i=the pressure on A. 
Then Rx and the two tensions along AB, AC 

are in equilibrium ; 
. •. the direction of Ri bisects the angle BACi 

. , * ^1 sin 60° ^ « /— 

By Lami's Theorem, ^= sin 150° =^^" ^ = ^3- 

.*. -^i=20\^3~lbs. weight. 
Or, we might use the method of Article 160. 
Let -^3= the pressure on B, 
^a'= 2o2 + 26" + 2 X 20 X 20 cos 150*. 
From which -^2=20 'J 2- Vj^lbs. weight. 
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The student may also find the values of Jii and R^ ^y resolving the 
forces vertically and horizontally ; and also their values by Lami's 
Theorem. 



Example iv.— Two strings, -<40 and BO, 3 ft. and 4 ft. long respec- 
tively, are tied t(^ether at 0, and are fastened to two points A and B 
in the same horizontal line, 5 feet apart. A body whose mass is 35 lbs. 
is suspended from ; find the tensions in OA and OB, 

By Euc. i. 48, 

\' AB^=AC^+OB^y 

we know that the angle AOB=^<jff, 

The point is at rest under the action 

of the two tensions 7\, T^ and the 

weight acting vertically. 

Now i3=9o'- 0AB=0BA, 
And a=qo'' --OBA = OAB. 



By Lami's Theorem, -i= 




And 



Zi= 


_sin^ 


_ 4. 


35 


sin 90" 


5* 


Tr- 


= 28 lbs. 


weight 


T,_ 


_sin^ 


-3. 


35 


sin 90** 


5' 



7j=2i lbs. weight. 



Example ▼• — Two strings are fastened at one end to the same peg, 
and at their other ends to the extremities of a uniform rod. When the 
rod is at rest, show that the tensions in the strings are proportional to 
their lengths. The weight of the rod acts at its middle point, 

and the direction of the weight passes 
through C. (Art. 198.) 
Let the length of the rod be 2x, 

By Lami's Theorem, ^ = "^^ " 




Ti sin /3 



Now, 



X 

BC 
sin g . 
sin /3 



_sm o. 
sin d* 

' BC' 



and-±- = 



X __ sin fi 



AC sin (180-^) 



\BC. (Q.E.D.) 
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Examples— XXXII. 

1. A sphere 24 in. diameter, and weighing 80 lbs., has a cord a foot 
long fastened to a point in its surface ; the other extremity being fastened 
to a point in a smooth vertical wall, find the pressure against the wall, 
and the tension of the cord. 

2. If the sphere in Ex. i be 12 in. diameter, and weigh 25 lbs., and 
the string be 4 in. long, find the pressure against the wall, and the 
tension of the string. 

3. A body weighing 100 lbs. is suspended by a rope passing over a 
fixed peg A ; the end of the rope is made fast to the ground at a point B. 
If AB make an angle of 30** with the horizon, find the strain on the peg. 

4. Two bodies weighing 60 lbs. each are suspended by a string 
passing freely over 3 pegs which form an isosceles triangle, the base of 
which is horizontal and the vertical angle is 90° ; find the pressure on 
each peg. 

5. Three pegs in a vertical wall are placed at the angles of an equi- 
lateral triangle, the two lower ones being in a horizontal line. A string 
passing over the three pegs supports a body weighing 5 lbs. at each end. 
Find the tension of the string, and the pressure on each peg. 

6. If three forces be in equilibrium, show that their lines of action 
must be in the same plane. 

7. A string of length *ja is fastened to the ends of a uniform rod, 
whose length is a, and passes over six smooth tacks placed so that the 
rod hangs in a horizontal position, and the whole forms a regular 
octagon ; find the pressure on each of the tacks, and the tension of the 
string. 

8. Two cords of equal length, each sustaining a body weighing 
15 lbs., pass over two pulleys A and B^ 3 ft. apart and in the same 
horizontal line, and the ends are fastened at C to a third weight ; find 
this weight, if C be 4 ft. below the line AB. 

9. A smooth ring, sustaining a body whose weight is 70 lbs., slides 
along a cord fastened at two points in the same horizontal line ; find 
the tension of the cord, the parts of the string being inclined at right 
angles to each other. 

ZO. If, in the last Example, the body weigh 90 lbs. , and the parts of 
the string include an angle of 60°, find the tensions. 

zz. A cord PAQ is fastened to a point A^ and is drawn in different 
directions by forces 3 and 7 in such a manner that the strain on 
A = fjfg. Find the angle PA Q. 

M 
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Z2. A body weighing 15 lbs. is suspended by a string ^^ from a fixed 
point A ; find what horizontal force at B will cause AB to make an 
angle of 45** with the vertical. 

15. If the body in the last Example weigh 10 lbs., and the angle 
through which the upper part of the string is drawn aside be 30% find 
the force. 

14. A and B are two hooks, in the same horizontal line, to which the 
ends of a cord 15 feet long are attached. If a body weighing 130 lbs. 
hang from the middle of ihe cord, and the cord can bear the strain of 
140 lbs. weight, find the greatest distance between A and B con- 
sistent with the safety of the cord. 

15. A man weighing 11 st. lies in a hammock suspended by strings 
inclined at 30"* and 45*" respectively to the horizon ; find the tensions 
in the ropes correctly to within i lb. weight 

z6. Two strings, at right angles, have their upper ends fixed at two 
points in the same horizontal line, and their lower ends fastened to a 
weight which hangs freely ; show that their tensions are inversely as 
their lengths. 

17. A drawbridge AB^ whose length is 24 feet, and weighing a ton, 
is kept in a horizontal position by a chain 40 feet long made fast to B 
and to a point in a wall vertically over A ; find the tension of the chain. 

z8. A uniform horizontal beam AB^ movable about A and weighing 
200 lbs., has a body weighing 800 lbs. suspended from B, and is kept 
from moving by a rope BC fastened to a point C, If ABC is 6o', find 
the tension of the rope. 

19. A heavy uniform beam AB is movable in a vertical plane 
about A, and is kept inclined to the horizon at an angle of 60** by a 
rope fixed at B and C, C being a point on the ground such that 
A C=AB, Find the tension of the rope. 

20. A body weighing 150 lbs. is supported by two strings, 6 and 8 feet 
long respectively, fastened to it, and attached at the other ends to points 
in the same horizontal line 10 feet apart ; find the tension in each string. 

2Z. Two bodies, each weighing 15 lbs., are connected by a string 
over a smooth peg ; determine the tension in the string, and the pressure 
on the peg. 

22. A and B are two points in a horizontal line. A body whose 

weight is ^is attached to ^ and ^ by two weightless strings AC, BC, 

such that AC=AB, and the angle BAC=s6\ If Ti and 7; be the 

IV 
tensions of ^C and AC, show that T^- T^^ ^« 

2 cos lo 
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23. A uniform heavy beam AB \s movable about one end at A, 
and is suspended by a rope fixed to the end B, and to a point C in the 
horizontal line AC', find the sine of the angle ABC when BAC^d^^ 
and the tension of the rope is equal to the weight of the beam. 

24. A heavy uniform rod rests in a horizontal position with one end 
on a smooth table, and is suspended by a string attached at one-third 
of the length of the rod from the other end ; find the direction and 
tension of the string. 

25. A horizontal rod is suspended by two strings, each a yard long, 
passing over a smooth peg placed I foot vertically above the middle 
point of the rod. The ends of each string are attached respectively to 
one end and to the middle point of the rod. Show that the tension of 
each string is one-third of the weight of the rod. 

26. A picture-frame is hung over a smooth peg ; compare the tension 
of the string with the weight of the body, and find how the tension is 
affected by increasing the length of the string. 

27. If a cord whose length is 2/ be fastened at A and B^ lying in 
the same horizontal line at a distance 2a apart, and if a smooth ring 
on the c ord su pport a weight W^ show that the tension of the cord 

28. A string, of which the ends are fixed at A and B^ supports two 
weights Wx and W^^ attached at points C and Z? in it ; if ^C and BD 
be produced to meet the lines of action of W^ and W-^ in E and F 
respectively, show that W-^ : W^^DE : CF, 

29. In Ex. 28 show that the strains on the points A and B are in 
the ratio CE : DF, 

30. A weight of 50 lbs. is supported by two strings fastened to two 
points in the same level ; the strings being at right angles to one 
another and of the same length, find the tension of each. 

31. A ring is attached to one end of a string of length a, and the 
other end is fastened to a given point. Another string is fastened to a 
point in the same horizontal line as the first point, at a distance h from 
it, and this string, passing through the ring, supports a weight. If A 
be the angle which the first string makes* with the horizon, prove that 
b cos zA^a cos A, 

32. Three forces F^^ jPg, F^ are applied at the angles of a triangle 
ABC^ and the line of action of F^ bisects the angle C, while those of 
F-i and F^ make equal angles with the base AB, If the forces be in 
equilibrium, show that they are proportional to the sides opposite to 
the angles at which they act. 
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33. Two striogs, bearing equal weights fV^ and fVi^ and passing 
over two pulleys A and B, which lie in the same horizontal line at a 
distance apart = 2a, are fastened at a point C to a weight fV. How 
far is the point C below AB when the system is in a position of 
equilibrium ? 

34. If PAy PBf PC represent three forces in one plane acting on a 
point Py show that their resultant passes through the intersection of 
the medians of the triangle ABC. 

213. Def. — A Couple is a system of two equal and 
parallel forces acting in opposite directions. (See Art. 179.) 

Def. — The Arm of a couple is 
the perpendicular distance between 
the lines of action of the two forces. 

Def. — The Moment of a couple 
is the product of either force into the arm=/'df. 

It is evident that the tendency of a couple which acts on 
a free body is to make the body rotate. 

Def. — Couples which tend to turn a body round in the 
same direction are said to be /ike. Couples which tend to 
turn a body round in opposite directions are said to be unlike, 

2li^ The Algebraical Sum of the moments of two forces 
of a Couple about any point in their plane is a constant, 

^ Let Py P be the forces of the couple ; 

a=the arm; 
B^ O any point in the plane of the couple. 
The Algebraical Sum of the Moments 



P^ 



P^i 



A ~^P of the forces about O 

=P,OA--POB=P{OA''OP)=^Pa, a constant. (q.e.d.) 
And this constant can never be zero. 
Similarly if O be within the forces of the Couple. 
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2I5, When any number of forces act in the same plane on 
a body^ and are not in equilibrium^ they are equivalent either 
to a single force or to a Couple, 

Let a number offerees FxyF^^F^y . . . . jP«, act on a body. 
Let-^j s Resultant of inland i?;. 

)) Rk — » R% » F^. 



Proceeding in this way, we eventually come to a point at 
which we are to find the resultant of R^x and F^ 

(i.) If these are equal and unlike parallel forces, we have 
a couple. (Art. 213.) 

(2.) If they are unequal and parallel forces, they have a 
single resultant. (Arts. 177 and 178.) 

(3.) If they are not parallel forces, they have a single 
resultant. (Art. 160.) (q.e.d.) 

Cor.— If the system of forces be in equilibrium, then, 
since a Couple cannot produce equilibrium (Art. 214), we 
must have the last force F^ equal and opposite to the force 
R„^\^ the resultant of all the forces of the system except F^* 

Therefore, when a number of forces acting on a body 
are in equilibrium, any one of them is equal and opposite 
to the resultant of all the others, 

216. When any number of forces acting in the same plane 
on a body are in equilibrium^ the Algebraical Sum of their 
moments about any point in the plane vanishes. 
The Moment of the resultant is equal to the Algebraical 

Sum of the Moments of the forces. (Art. 191.) 
But the resultant being zero, its Moment vanishes. 
.-. the Algebraical Sum of the Moments of all the forces 
vanishes, (q.e.d.) 
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To find the Conditions of Equilibrium if a 
number of forces act on a body and in the same 
plane. 

First Set of Conditions. 

217- The forces will be in equilibrium if the Algebraical 
Sum of. the moments of the forces vanishes round any three 
points Oif Oi, Oi, in the plane^ provided that these three 
points are not in the same straight line. 

Suppose the system not to be in equilibrium. 

Take three points (9i, ^„ ^,. 

By data^ the sum of the Moments about Ox vanishes. 

.*. Ox is a point in the line of action of their resultant. 

(Art. 193.) 

Similarly 0% and 0% are points in the line of action 

of their resultant. 

.*. Oxy Oi, Oz, are in the same straight line, 

which is contrary to the hypothesis. • 
Therefore the system must be in equilibrium. 

Example. — Three forces are fully represented by the three medians 
of a triangle ; show that they are in equilibrium. 

Take moments about A, 
The moment of AD about A = o 
(Art. 185). 
The moment of BE about A 
= 2ABA£=^ABC. 
■% The moment of CF about A 
= - 2 A CAF= - A ABC (Art. 183). 
. *. Sum of the moments about A vanishes. 
Similarly, sum of the moments about B vanishes. 

i> it »> ^ »» 

.*. the forces are in equilibrium. (q.e.d.) 

Second Set of Conditions. 

218. The forces will be in equilibrium ( i ) /fthe Algebraical 
Sums of the components of the forces in any two directions 
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vanish separately ; (2) If the Algebraical Sum of the moments 
of all the forces about any point in the plane vanishes. 

Note. — It is generally more convenient, but not necessary y to choose 
the directions at right angles to each other. (Ex. xxvii. 39.) 

By Article 215, if they are not in equilibrium, the system 

reduces to a single force, or to a couple. 
Now by Article 170, if the Algebraical Sum of the forces 
resolved along two lines at right angles vanishes, 
the resultant vanishes. 
.*. the system cannot reduce to a single force. 
Again, by Article 214, if the system reduces to a couple, 
then the moment of this couple about a point is a con- 
stant which is not zero, and therefore the Algebraical 
Sum of all the forces about the point cannot vanish. 
.*. the system cannot reduce to a couple, 
.'.the system must be in equilibrium. 
The latter set of conditions is the more useful in the 
practical solution of problems. The conditions are easily 
remembered if stated as follows : — 
( I .) The sum of the horizontal components = o. 
( 2^. ) The sum of the vertical components = o. 
(3.) T^ie sum of the moments about any point in the plane = o. 

219. We now proceed to work some typical examples in 
which forces, not acting on a particle^ are in equilibrium. 
But before doing so, the student ought to notice the follow- 
ing points connected with Statical Problem?. 

(i.) The tension of a string stretched over a smooth peg 
is the same on both sides of the peg. 

(ii.) The direction of the resultant of two equal forces 
acting on a particle bisects the angle between them. 

(iii.) The reaction from a smooth surface is always at 
right angles to the surface. 



Digitized by VjOOQIC 



1 84 



Elements of Dynamics. 



(iv.) If a rod press against a smooth plane, the mutual 
pressure is at right angles to the plane \ if a smooth rod 
rest on a peg, or in a ring, the mutual pressure is at right 
angles to the rod. 

Example i. — A uniform beam AB^ 25 feet long, rests with one end 
on a smooth horizontal plane, and the other against a smooth vertical 
wall. If a string 15 feet long connect the lower end with the foot of 
the wall, find (i) the tension of the string; (2) the pressure at the 
top ; (3) the pressure at the bottom ; having given that the weight of 
the beam is 150 lbs. 

\jt\. R-i ^2= the reactions at A and B respectively. 
7^ the tension in the string BC, 
Equating horizontal forces we have — 

T^Rx (I.) 

Equating vertical forces, we have — 

A=i5o (2.) 

Equating moments about B^ we have — 
^iX25sin^^C=i50x V cos^^C . . . (3.) 
Now, cos ABC^^=\\ .-. sin ABC=i. 
Solving the three equations, (i), (2), (3), we get — 
T=s6^ lbs. weight ; -^1=56^ lbs. weight ; ^3=150 lbs. weight. 

Example ii. — A uniform ladder, 36 feet long, rests with one end 
against a smooth wall, and the lower end is prevented from slipping 
by a peg. If the inclination of the ladder to the horizon be 30**, find 
the pressure on the wall, and at the peg, the ladder weighing 100 lbs. 

Let ^1 and ^3= the reactions at the 

wall and peg. 
i?i will be at right angles to the wall. 

Let the lines of action Ji^ and 
of the weight meet in 0. 

. •. the line of action of R^ "ti^st also 
pass through O. (Art. 212.) 
Equate horizontal components — 

.-, ^i=i?2Cos OBC (I.) 

Equate vertical components — 

.'. /^asin OBC= 100 (2.) 




n( S 


^ 


^ 


^ 


B 


c 
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i8= 



(3.) 



Equate moments about B— 

. •. ^1 X 36 sinjo's 100 X 18 cos 30" . . . 
From (3), -^i=50\/3 lbs. weight. 

2 2 

From (i) and (2), tan OBC= -7=-* .*. sin OBC=--j=^ 
V3 V7 

Hence ^2 = 50 V 7 lbs. weight. (^V^ Ex. xxxiv. 16.) 
Example iii. — If the ladder in Ex. ii. rested with its upper end on 
the wall, find the pressures on the wall and the ground. 
In this case R-^ is at right angles to the ladder. 



Then, if the directions of ^j, and of the 
weight pass through O, the direction of R^, 
also passes through 0, 

Equate moments about B— 
.*. ^iX36=iioox i8cos 30* . . . (i.) 
From which -^1=25 v'3 lbs. weight. 
Equate vertical components — 
. •. -^1 cos 30"* + R^ sin OBC= 100 (2. ) 
Equate horizontal components — 
^isin3o''=^2Cos C>^C .... (3.) 
From the equations (2) and (3)— 

tan OBC=—^*^ 

V3 

and -^2=25^7 lbs. weight. 

{See Examples xxxiv. 15.) 

Example iv.— Two equal rods OAj OB^ each 16J feet long and 

weighing 10 lbs. , are connected at (9, and their other ends are placed 

on a smooth horizontal plane, A^B^ O being in the same vertical plane. 

If a string 20 J feet long connect A and By find (i) the pressure at 0, 

(2) the pressure at A and By (3) the tension in the string. 

The figure being symmetrical with 
regard to the vertical line OD^ we may 
treat the question as in Ex. i. 

From which 0D=^. 
Let T= the tension in the string AB. 
Equate vertical components — 

.-. i?2=io (I.) 

Equate horizontal components — 

.-. T=R, (2.) 




iOO 
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Equate moments about A — 

.-. ^ixi6ism OAD- \oy.%^ cos OAD (3.) 

From (3), /i*i=4dfT lbs. weight, 

.*. From (2), 7"— 4^1^ lbs. weight. 

Thus ^1, R^ and T have been determined. 

Example ▼. — When a uniform rod 16 feet long and weighing 40 lbs. 
rests in a hemispherical bowl, the axis of which is vertical, the rod 
making an angle of 30' with the horizon, and extending 4 feet beyond 
the bowl, find the pressures at the foot of the rod, and at the rim. 

^3, the reaction at B^ is at right 
anjjles to AB. 

R^t the reaction at ^, is normal to 
the surface. 

. \ Cy the point where the lines of 
action of ^1 and R^ meet, is on the 
circumference of the circle which 
represents the section of the completed 
sphere. 

The line of action of the weight 
must also pass through C, (Art. 212.) 

The point Z?, where the line of action 
of the weight cuts the horizontal line must be also on the circle. 
AG=%{tti; G^^=4feet. 

Equate moments about A — 

.'. /*2^ ^^2=40x8 cos 30* (I.) 

From this equation ^a= ^ lt)s. weight. 

Equate vertical components — 

.'. -^2 cos 30** + /?! sin ^=40 (2.) 

Equate horizontal components— 

.'. /^gsin 30°=-^j cos ^ (3.) 

From (2) and (3) we shall find ^=60''; ^^s^^^lbs. weight. 

3 
{See Examples xxxiii. 25 for the general case. ) 

Example Ti.-^A uniform rod whose length is 2/ rests with one 
end against a smooth vertical wall and is placed across a horizontal rail 
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distant a from the wall; find the position of equilibrium, and the 
pressures on the wall and rail. 

Ri and R^ the reactions at the wall and 
rail, are at right angles to the wall and rod 
respectively. 

The lines of action of ^1, R^ and ^must 
pass through the same point D, (Art. 212.) 
Equate vertical components — 

.-. R^cose=lV ...... (I.) 

Equate horizontal components— 

.-. i?2sin^ = i?i (2.)'' 

Equate moments about A — 

.-. ^2asec^=^/cos^. . . (3.) 
From (i) and (3) we may find cos'<?=«//, and then R^ and R^ may be 




shown to be equal to 



W^fi-a^ 



and 



-(^'- 



Example vii. — A uniform rod, 10 feet long, is placed on two smooth 
planes whose inclinations to the horizon are 30° and 60° respectively ; 
find the pressure on each plane, and the inclination of the rod to the 
horizon when in equilibrium, the weight of the rod being 40 lbs. 




^1 and ^2, the reactions at A and By are at right angles to the planes. 
Since there is equilibrium, the direction of the weight passes through 
O, their point of intersection. (Art. 212.) 
The figure OACB is a rectangle ; 

.-. AOC^OCB^(icf \ BOC=OCA = zd*. 

By Lami's Theorem ^i=:!J!L39[ ; from which ^, = 20 lbs. weight. 

A*5 sin 60" ,— 

» J from which /*2 = 20V3 lbs. weight. 



Also 112, 

40 



sin 90 

To find ^; L GBC= L GCB = 6o\ 
Then^ = 6o''-3o'' = 30^ 
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The general case of this problem is given as an exercise for the 
student in Examples xxxiv. 17. 

Note. — The same method of solution may be used when a heavy 
sphere rests between two inclined planes. (Examples xxxiii. 24.) 

Example viii. — From a given rectangle A BCD cut off a triangle 

CDO {O being in AD), so that when the figure ABCO is suspended 

from O the sides AO, EC may be horizontal. 

Let fl=side AD, and \^\.AO—na\ 

Then OZ?=(i-»)a. 

t^ACO AO na 

^ad"" 



D O 

w 

C 



The- 






lACD' ajj a 
Let weight of lABC=zW, 
Then weight of AACO=snlV. 
By Art. 207 we may consider the weight of a 
triangle divided into three equal weights acting 
at the angles. Adopting this method we have 
3(n*0W acting— 

at A, a weights fV-^nfV={n-\-i)JV; at B, a weight= IV; 
ate, „ =^+w^=(« + i)^; at (9, „ =nlV, 
Taking moments about O we have — 

(Weight at q X Z>C?= (Weight at ^ + Weight 2iiB)xA0; 
,\ {n+i)PVx{i'-n)a=:{n+iPf^+lV)xftai .'. i-n^=n^ + 2ft. 



2»2 + 2w-i=o; 
AO 



from this equation n 



_V3-i 



But^^=«; .*. AO:AD=\/s-i : 2. 

Note. — This method of distributing the weight of a triangle equally 
at the angular points deserves particular attention. 

Examples— XXXIIL 

X. A uniform rod AB is suspended with its end in contact with a 
smooth vertical wsXl AC by a string C£ ; if AE=^AB, show that 
CB will be horizontal. 

2. A uniform beam (length =/ and weigh t= PV) rests at a given 
inclination to the horizon, with its ends in contact with a smooth 
vertical wall and a smooth horizontal plane, and is prevented from 
slipping by a string attached to its lower end and the foot of the wall ; 
find the tension of the string^arnd the pressure on each plane. 
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3. In Ex. 2f find the least value of 6 when the string can just support 
a weight equal to 4 times that of the ladder. 

4. A number of forces act in one plane on a particle. In order that 
there may be equilibrium the sums of the resolved forces in any two 
directions in the planes of the forces at right angles to one another 
must be severally zero ; prove this. 

5. If in Ex. 4 the forces act in one plane but their lines of action do 
not pass through the same point, what further condition is necessary in 
order that they may be in equilibrium ? 

6. A rod without weight, 5 inches long, has a string 7 inches long 
attached at both ends. The string is hung over a smooth peg, and 
weights 3 and 4 hang at the ends of the rod ; show that there will be 
equilibrium when the rod and the parts of the string form a right- 
angled triangle. 

7. An equilateral triangular lamina is suspended by a string fastened 
at two of its angles and passing over a smooth peg ; show that if one 
side be vertical the length of the string used must be double the height 
of the triangle. 

8. A uniform rod is supported by two strings inclined at given angles 
to the horizon ; find their tensions and the inclination of the rod. 

9. A spherical shot weighing 60 lbs. rests between two planes which 
are inclined at angles of 30° and 60^* to the horizon ; find the pressure 
on each plane. 

10. A uniform rod, 13 inches long and weighing 26 oz., is suspended 
from a point by two strings 5 inches and 12 inches long respectively 
attached to its ends ; find the position of equilibrium, and the tensions 
of the strings. 

XX. A body weighing i lb. slides on an endless string 32 inches 
long, which is put over two smooth pegs in the same horizontal line 
one foot apart ; find the position of equilibrium, and the tension in the 
string. 

X2. A rectangular board ABCD, whose weight is ^, and whose 
sides AB, BC are 15 inches and 5 inches respectively, is suspended 
by two vertical strings at A and C from two points 15 inches apart 
in a horizontal line ; if the second string be 5 inches longer than the 
first, and a weight fF be suspended from the points, find the tensions 
of the strings. 
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13. If three forces acting on a body be in equilibrium, show that they 
must lie in the same plane, and that their lines of action must either be 
parallel or pass through one point. 

14. A uniform beam, 32 feet long and weighing 200 lbs., rests with 
one end on a smooth horizontal plane, and the other against a smooth 
vertical wall. Ifa string 16 feet long connect the lower end with the 
foot of the wall, find (i) the tension of the string, (2) the pressure 
against the wall, (3) the pressure on the plane. 

15. A uniform ladder, 40 feet long and weighing 180 lbs., rests with 
one end against a smooth wall, and is prevented from slipping by a peg 
in the ground ; find the pressures against the wall and on the ground, 
if the inclination of the ladder to the horizon be 60°. 

16. A lever A C, whose weight may be neglected, free to turn about 
the end C, has weights IV and IVi suspended from A and its middle 
point B respectively, and is kept at rest by a weight P acting at A by 
means of a string which passes over a peg D, If CD be horizontal and 
equal to AC, determine the position of equilibrium. 

17. Two uniform beams, each 24 feet long and weighing no lbs., 
joined at one end, rest with their other ends fixed to the top of two 
vertical walls of the same height and 36 feet apart ; find the horizontal 
thrust tending to overturn each wall. 

18. A uniform beam, 12 feet long and weighing 50 lbs., rests with one 
end A at the bottom of a vertical wall, and a point C in the beam 10 feet 
from A is connected by a horizontal string CD with a point D in the 
wall 8 feet above A ; find (i) the tension of the string, and (2) the 
pressure against the wall. 

19. A spherical shot weighing ff lbs. rests between a smooth vertical 
wall and a smooth plane, the inclination of the latter to the horizon 
being 45" ; find the pressures on the wall and the plane. 

20. A horizontal rod is supported by two strings, each i yard long, 
passing over a small smooth peg placed I foot vertically above the 
middle point of the rod. The ends of each string are attached respec- 
tively to one end and to the middle point of the rod. Show that the 
tension of each string is one-third weight of the rod. 

21. A uniform beam, weight IV, rests with one end on a smooth 
plane inclined at 15** to the horizon, and the other against a smooth 
vertical wall. Find the pressures on the wall and the plane, and the 
inclination of the beam to the horizon. 
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22. A uniform heavy beam AB rests against a smooth horizontal 
plane CA and a smooth vertical wall CBy the lower extremity A being 
attached to a string which passes over a smooth pulley at C and 
sustains a given weight P, Find the position of equilibrium and the 
pressures on the plane and the wall. 

23. Prove that if a uniform rod be suspended by a string fastened to 
its ends and passing over a smooth peg, it will be in equilibrium only 
if the rod be vertical or horizontal. 

24. A sphere, whose weight is W^ rests on two inclined planes, 
the angles of inclination being i and i-^ ; find the pressure on each 
plane. 

25. Find the position of equilibrium of a uniform beam in a hemi- 
spherical bowl, when part of the beam projects beyond the bowl ; 
m and n being the segments of the part inside made by the C. G. , W 
the weight of the beam, and 9 the inclination of the rod to the horizon. 
Find also the pressures at the lower end, and at the rim. 

26. A trap door, weight Wy turning on a hinge, is supported by a 
weight P hanging at the end of a string which passes over a pulley in 
the same horizontal plane as the hinge and at a distance equal to the 
length of the trap door. If B be the angle which the door makes with 
the horizon when in equilibrium, show that a/'cos J<?= ^cos B, 



MISCELLANEOUS EXAMPLES-XXXIV. 

1. Two forces, eachs/*, neutralise each other when connected by a 
string over a fixed smooth peg. If the angle between the two parts of 
the cord=^, show that the strain on the peg =2^ cos \B, 

2. If three forces proportional to the sides of a triangle act along 
the sides, to what is the system equivalent ? 

3. Two masses Mi and Af^, are placed on Ox at known distances 
from O; M^ is then moved a known distance a along Ox\ how far 
has the C. G. of the two masses been moved ? 

4. If the C. G. of a quadrilateral coincide with one of its angular 
points, show that the distances of this point and of the opposite 
angular point from the straight line joining the other two are in the 
ratio of I : 2. 
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5. A small ring of given weight rests on the arc of a smooth circular 
hoop which is fixed in a vertical plane, being attached to the highest 
point by a string whose length is equal to the radius of the hoop and 
resting on the hoop ; find the tension of the string, and the pressure on 
the hoop. 

6. Two uniform rods of the same material, 5 in. and 3 in. long, 
are connected at one end ^ so as to be at right angles, and are sus- 
pended by a string so that the other ends are in the same horizontal 
plane. Show that the string is fastened to a point in the longer rod at 
I '225 in. from A. 

7. If through a fixed point there be drawn three straight lines repre- 
senting three forces in equilibrium, any one of them will, if produced, 
bisect the line joining the extremities of the other two. 

8. Prove that if three points can be found (not in the same straight 
line) in the plane of a system of forces, such that the sum of the 
moments of the forces about each of them is zero, then the system is in 
equilibrium. 

9. Two particles, of weight W-^ and W^ respectively, are connected 
by a string which lies on a smooth vertical circle ; show that if the 
part of the string in contact with the circle subtend an angle of 90*^ at 
the centre, the inclination to the horizon of the chord of that arc in the 

(W ''W\ 
j-^ — u/r 

10. Divide a body IV into three parts so that when placed at 
Af B^ C, the three angles of a triangle, their C. G. shall coincide with 
the C. G. of the wire forming its sides, the lengths of the sides being 
4, 5, 6 inches respectively. 

11. Find the position and magnitude of the resultant of two unlike 
parallel forces acting on a body ; and prove that the algebraical sum of 
their moments about any point in their plane is equal to the moment 
of their resultant about that point. 

12. Forces in equilibrium act in the lines joining the centre of the 
inscribed circle with the angles of a triangle ; express their ratios in 
terms of the sides of the triangle. 

13. A heavy rectangular lamina ABCDy weight W^ and movable 
about a horizontal axis at A, is kept in equilibrium with AD vertical by 
the tension of a string acting along DB ; find the pressure on A, and 
the angle between its direction and that of the string, having given 
that^^=2^C. 
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14. Two uniform beams CA, CB, joined at C above A and B, rest 
with their ends on the tops of two walls, AD, BE, of the same height. 
If ^ be the weight, and a the inclination of each rod to the horizon, 
find the horizontal thrust on each wall. 

15. A ladder, whose C. G. divides it into two segments, m and n, 
and whose weight is H^, rests with one end on the top of a wall, and is 
prevented from slipping by a peg driven into the ground at the lower 
end. If a be the inclination of the ladder to the horizon, find the 
pressures at the base and on the wall. 

xd If the ladder in Ex. 15 rested against the wall, find the pressures. 

17. If a beam, whose C. G. divides it into two segments, m and n, 
rest on two planes whose inclinations are i and I'l, find the angle 
which it makes with the horizon in its position of equilibrium. 

z8. If the beam in Ex. 17 be suspended at each extremity by cords 
passing over two pulleys placed in the same horizontal plane and 
carrying weights P and Q at their other ends, find the angle which 
the beam makes with the horizon in its position of equilibrium. 

19. Two uniform beams, connected at a given angle 6, turn about a 
horizontal axis at their point of connection; find the position of 
equilibrium which they take up by their own weight. 

2a From a cone whose height is 18 in. a similar cone 6 in. high 
is cut off by a plane parallel to the base ; what is the height of the 
C. G. of the frustum from the base ? 

21. Two equal masses (each= W^ are connected by a string, which 
pksses over two smooth p^s A, B,m the same horizontal plane, and 
supports a mass JV^, which hangs from a smooth weightless ring 
through which the string passes ; find the depth of the ring below AB. 

22. If two forces mOA and nOB act on a particle, show that 
their resultant is {m + n)OG, where G is a point in AB such that 
AG:BG=n:m, 

25. If two spheres whose radii are a and d respectively touch inter- 
nally, find the distance from the point of contact of the C. G. of the 
solid figure contained between the surfaces. 

24. Two spheres whose radii are a and d rest between two smooth 
planes whose inclinations are i and i^ ; at what angle is the line joining 
their centres inclined to the horizon ? 

25. Two cones have the same base, and their vertices lie towards the 
same parts ; find the distance from their common base of the C. G. 
of the solid figure contained between their two surfaces. 

N 
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26. Find the distance of the C. G. of the frustum of a cone from the 
base, a and b being the radii of the two ends, and h the height of the 
frustum. 

27. Forces k cos \Ay k cos \B act along OB and OA^ O being the 
centre of the circle inscribed in the triangle ABC, If the line of 
action of the resultant of these two forces and a force P along OC 
passes through the middle point of AB^ find P. 

28. Two forces >& cos A^ k cos B act along the sides of the plane 
triangle ABC, Find their resultant, and show that its line of 
action divides the angle C into the two angles ^C-rB-A) and 
l(C-\-A-B). 

29. A heavy triangle ABC is suspended successively from the angles 
A and Bt and the two positions of any side are found to be at right 
angles to each other. Prove that $c^=a^-\-lr^, 

30. Three forces act at the middle points of the sides of a plane 
triangle, and at right angles to them ; if they are proportional to the 
sides at which they act, show that they are in equilibrium, when 
all are directed either outwards or inwards. 

31. If three forces in equilibrium act along the medians of a triangle, 
show that they must be proportional to those medians. 

32. A string 9 feet long has one end attached to the extremity of a 
smooth uniform rod 2 feet long, and the other end carries a ring with- 
out weight which slides upon the rod. The rod is suspended by the 
string from a smooth peg. Show that Oy the angle which the rod 
makes with the horizon, is given by the equation 

9 tan '^+9 tan ^=2. 

33. A sphere, of weight W^ rests on two similar smooth wedges 
which are placed on a smooth table, and are prevented from sliding by 
a horizontal string connecting them. Find the tension of the string. 

34. To one end A ofsi uniform heavy rod CA, which can turn freely 
about a hinge at C, is attached a string which passes over a smooth 
pulley P (the distance CP being horizontal and equal to CA), and 
supports a heavy particle whose weight is half that of the rod. Show 
that the rod can rest at an angle of 30** to the vertical, and determine 
the magnitude and direction of the action at the hinge. 

35, Two posts, one of which is a(\^3;-i) feet higher than the 
other, stand at a horizontal distance a{/J$ + i) feet apart. A body 
whose weight is Changs by two strings, of length 2a V2 feet, attached 
each to the top of one of the posts. Find the tensions of the strings. 



Digitized by VjOOQIC 



Conditions of Equilibrium. 195 

36. A sphere of radius a and weight W is supported on a smooth 
plane inclined at an angled to the horizon by a string of length b whose 
ends are fastened respectively to a point on the surface of the sphere 
and a fixed point in the plane. Find the tension of the string. 

37. A smooth sphere, of radius i foot and weight 4 lbs. , is kept at 
rest on a smooth plane inclined at an angle B to the horizon by a smooth 
uniform beam hinged to the inclined plane, and inclined to it at an 
angle /3, and resting on the sphere. The length of the beam being 8 
feet, and its weight 10 lbs., and ^+/3^being equal to 45% show that 

sind=ioV2sin* J/3. 

38. ABC is a triangle, X^ Y, Z are points in the sides BC^ CA, AB 
respectively, and BX:XC=Cy: YA=^AZ\ZB. Show that three 
forces represented in magnitude and direction by AX^ B K, CZ acting 
at a point are in equilibrium. 

39. A heavy rod (length =2/1), whose particles are disposed after the 
manner of a cone or pyramid of very small base, is put into a smooth 
sphere (of radius r). Show what position it will res t in, and that it 

will be inclined to the vertical at an angle sin-i \/ \a~ % * 

40. A sphere of radius r rests on a horizontal plane in contact with 
a smooth vertical rod ; a heavy rod of length 2a attached to the vertical 
rod by a smooth ring rests on the sphere. Find an equation to deter- 
mine the indination of the rod to the vertical, and show that ^=45° 
if r : « : : V2 - I : 2. 

41. A heavy uniform beam AB, of length 2a and weight W, is mov- 
able in a vertical plane round a smooth horizontal axis fixed at A, At 
a distance b vertically above A there is a fixed pulley C, To the end 
B of the beam is attached a cord, which, passing over the pulley C, 
sustains a body whose weight is P, If be the inclination of AB to 
AC when the system is in equilibrium, find the value of cos 6, 

42. A uniform rod ACB rests against a smooth peg C, the end^ 
being connected by a string AD with a point /?, such that DC is 
horizontal and equal to AD, Show that if 6 be the inclination of the 
rod to the horizon in the position of equilibrium 

cos(?=^-±^^^?±3?? 
8^ 

where 2a = length of the rod, and ^= length of the string. 

43. In Ex. 42, show that in order that the rod may rest in the 
manner described a>/Jmust not be less than b 1J2, 
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CHAPTER XL 

MACHINES. 

220. A Machine is an instrument by means of which 
pressure or motion may be transmitted from one point to 
another, and changed both in magnitude and direction. 

All machines are either certain machines of simple 
construction known as the Mechanical Powers, or else 
combinations of one or more of these Mechanical Powers. 
We shall treat only of machines in equilibrium, and we 
shall suppose (in this Chapter) that the parts move without 
Friction. 

221. In all machines there are two forces to be con- 
sidered — (i) the Power applied to the machine, which we 
shall denote by P\ and (2) the Resistance to be overcome^ 
usually called the Weight, denoted by W, 

In all machines the ratio P : W will depend on the 
nature of the machine. When motion is on the point of 
taking place, this ratio is known as the Modulus of the 
Machine. 

The ratio W\ P is called the Mechanical Advantage 
of the Machine. 

222. The Mechanical Powers are classified as follows : — 

i. The Lever, which includes — 
(a) The Lever properly so called. 
\b) The Wheel and Axle. 
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The point to be noticed about a Lever is that the body 
of the machine can move round a fixed point. 

ii. The Inclined Plane, which includes— 
(a) The Inclined Plane. 
(d) The Screw. 
(4 The Wedge. 
In each of these we have a plane rigid surface. 

iii. The Pulley. 
Here we have to deal with a flexible string. 

THE LEVER. 

223. Def. — A Lever is a rigid bar capable of motion 
about a fixed point. 

This point is called the Fulcrum, and is denoted by F. 
The distances from the fulcrum at which the Power and 
the Weight act are known as the arms of the Lever. 

The Lever is said to be a Straight Lever if the arms are 
in a straight line ; if not, it is called a Bent Lever, 

224. Levers are divided into Three Orders or Classes. 
In the First Order the Fulcrum is between the Power 

and the Weight 

Examples. — A pair of scales; a poker when resting on a bar and used 
to stir the fire ; a pump' handle ; a claw hammer when used to extract 
nails. 

Double Levers, — ^A pair of scissors ; a pair of pincers. 

In the Second Order the Weight is between the Power 
and the Fulcrum, 

Examples. — A crowbar when the end rests on the ground ; a cork- 
squeezer; a wheelbarrow ; an oar. (In the case of an oar we may con- 
ceive the end of the blade placed against a stone under water ; the 
weight moved is the boat.) 

Double Lever, — A pair of nut-crackers. 
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In the Third Order the Power is between the Weight 
and the Fulcrum, 

Examples. — The treadle of a lathe ; the human fore-ann. 
Double levers, — A pair of sugar-tongs ; a pair of spring shears. 



THE CONDITION OF EQUILIBRIUM IN THE LEVER. 

225. Levers of the First Order. 

Let AB denote a straight Lever of the First Order 

A F p without weight, F the position 

of the Fulcrum. 

Then P and W are two like 
parallel . forces, and these are 
w balanced by R^ the reaction of 
the fulcrum acting upwards. .'. R=P+^ W. (Art. 177.) 
Again, since there is equihbrium, the Algebraical Sum 

of Moments about jFmust vanish. (Art. 189.) 

. •. if AB be at right angles to the lines of action of P 

and W, Py. AF- Wx BF=zo ; r. Px AF= JVx BF. 

226. Levers of the Second and Third Orders. 

In these cases, P and W 
are two unlike parallel- 
forces. 
: In the Second Order — 
P+P== IV; 
.,P=tV-P. 
In the Third Order— 
IV+R=P; 
.\P=P-JV. 
' In each case, taking Moments 
about Ff we have, as in Art. 225, 
PxAF-lVxBF=:o; 
.\PxAF=WxBF 



w 
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Therefore in all three cases — 
The Moment of /* about the Fulcrum = The Moment 

of 1^ about the Fulcrum. 
And this is known as the * Principle of the Lever.' 

227. If the Weight of the Lever has to be considered. 
Suppose its weight to be a/, and let it act at a point G. 
Note. — If the Lever be uniform it will act at its middle 

point. (See Art. 204.) 

In the first Figure of Article 225, let G be situated in 
the arm AR 

Then ^=/'+ W+w. 

Taking Moments about F, we have in the First Order — 
jPxAF+wxGF-IVxBF=:o; 
.-. Px AF+w X GF= Wx BF, 
In the Second and Third Orders, we have — 

PxAF^WxBF+wxGF 
If several forces acting on a lever be in equilibrium, the 
Algebraical Sum of their Moments about the Fulcrum 
vanishes. (Art. 193.) 

228. The Bent Lever. 
If P and W be parallel, 

the * Principle of the Lever' 
holds good as before. 

If -P and Wht not parallel, 
let their lines of action meet 
in a 

Then, since there is equi- 
librium, the resultant of -P and 
^must be balanced by R^ the 
reaction of the fixed point F. 
The value of -^ must be found by the Parallelogram of Forces. 

Draw FA and FB perpendicular to the lines of action of 
/'and W respectively. 
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Taking Moments about -F, a point in the resultant, we 
have (Art. 189) — 

Py. AF- Wy. BF=zo ; .\ Fx AF= IVx BF. 
Thus in all cases the ' Principle of the Lever ' holds good. 
229. In all cases the Mechanical Advantage (Art. 221), 
JV_FA 
F^FB' 
.-. in First Order, we gain advantage by making FA >FB, 
.'. „ Second Order we must always gain advantage. 
.-. „ Third Order we must always lose advantage. 
Example i. — Two forces of 10 and 15 lbs. weight act at the ends of 
a lever 45 inches long, and at right angles to it ; find the position of 
the fulcrum when there is equilibrium. 

Let Ji:= distance of /^ from the 10 lbs. 
Then 45 -ji;= distance of ^ from the 15 lbs. ; 
Take moments about F— 
.-. iojr=i5(45-:r); .•. -iox=67S-iSx ; .'. 25j:=67S ; 
. • . ^=27 inches from 10. 
Example ii.— Two forces act at the ends of a weightless lever, and 
are inclined to it at angles of 45° and 30° respectively ; the arm of the 
first = 18 in. , and of the second = 12 in. Compare the forces. 
Let P and IV be the forces. 
Take Mon^ents about F— 
.'. PxiS sin 45''= IVx 12 sin 30** ; 
. P _ 1 2 X i _ iJT 

Example ill. — A mass W^ suspended from one end of a weightless 
lever 18 ft. long, is balanced by a mass of 2 lbs. at the other end ; 
when the fulcrum is moved 9 feet it requires a mass of 20 lbs. to balance 
W', find the value of W, 

Let ^= distance of /'from Win the first position ; 

.-. Wx=2{i%-x) (I.) 

Then (^ + 9)= distance in the second position. 

.-. ^(ar + 9) = 20(9-^) (2.) 

Solving the equations (i) and (2) we obtain — 
IV= 10 or 4 lbs. 
Note.— If W= 10, the original position of the fulcrum was 3 feet 
from IV; if ^=4, the fulcrum was 6 feet from W, 
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Example iv. — In a weightless lever of the second order, the pressure 
on F=6t and a vertical force of i8 acts at a point 8 inches from F\ 
find the length of the lever. 

Let jr= length of the lever ; 
Take Moments about F— 
.'. I2xj(=:i8x8; .*. ;r= 12 inches. 
Example v. — A uniform straight lever weighing 2 lbs. per foot, and 
having bodies of 4 lbs. and 36 lbs. at its ends, balances about a point 
3 feet from the greater mass ; find the length of the lever. 
Let ;r= length of the lever. 

Then a weight =2:r lbs. acts at its middle point. (Art. 204.) Taking 
moments about the fulcrum, we have— 

4(^-3) + 2x^~-3^ = 36x3. 

From which we obtain x= 12, or— 10. 
Therefore, the length is 12 feet. 

Examples— XXXV. 

1. Enumerate the three kinds of levers, and give examples of each. 

2. State the relation of /'to ^in each kind of lever. In which 
order is there mechanical advantage ? 

3. To what order of lever does a handspike belong ? 

4. To what order does a pair of sugar-tongs belong ? 

5. If two forces, which are not parallel, acting on a lever produce 
equilibrium, prove that they are inversely as the perpendiculars drawn 
from the fulcrum to the lines of action of the forces. 

6. Investigate the relation of P to ^ in a uniform straight lever, 
taking into account the weight of the lever. What difference would it 
make if the lever were not uniform ? 

7. In a lever of the first order, 10 feet long, \{P='j and W= 13, find 
the arms. 

8. In a lever of the second order, 5 feet long, if P= 2 and W= 10, 
find the arms. 

9. In a lever of the third order, 12 feet long, if fr=ioand P=i6, 
find the arms. 

10. If a uniform lever of the first order be 9 ft. long and weigh 15 lbs. 
and if bodies weighing 45 lbs. and 20 lbs. hang at the ends, find the 
position of the fulcrum. 

11. If the pressure on ^ in a weightless lever of the first order be 
35 lbs. weight, and the arms are as 5 : 3, find P and IV, 
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Z3. If a uniform lever of the first order, 6 feet long, weigh 12 lbs., 
what weight at the end of the shorter arm will balance 24 lbs. weight 
at the end of the other, F being i\ ft. from the end of the lever ? 

13. If the pressure on ^ be 126 lbs. weight, and the arms of the lever 
(first order) are 3 J and 5i feet respectively, find P. 

24. In a weightless lever of the second order, /'=3, tV=$, the 
distance between their points of application =4 in., find the length of 
the lever. 

15. A heavy uniform bar, 4 ft. long, and weighing 2 lbs., is used as 
a lever of the first order. Where must the fulcrum be placed in order 
that a weight of i lb. at the end of the longer arm may balance a weight 
of 2 lbs. at the end of the shorter ? 

x6. Two weights, 2 and 5, balance on a lever of the first order, one of 
whose arms is 5 in. longer than the other; find the lengths of the arms. 

17. A weight of 25 lbs. is suspended on a lever of the second order, 
without weight, at a point 3 ft. from F. Where must P be applied if 
the pressure on F be 10 lbs. weight ? 

z8. A uniform lever of the first kind, weighing 5 lbs. per foot, rests 
upon F, distant 4 ft. from the end at which IV acts. If /* be 15 lbs. 
weight, fTbe 60 lbs. weight, find the length of the lever. 

19. In a weightless lever of the second kind, 15 in. long, if the 
pressure on /^ be 6 lbs. weight, and the distance between the points of 
application of /'and ^be 10 in., find P&nd W. 

ao. A uniform straight lever weighing 2 lbs. per foot, and having 
5 lbs. and 16 lbs. weight at its extremities, balances about a fulcrum 
2 feet from the 16 lbs. weight ; find the length of the lever. 

21. The two arms of a straight lever are 36 in. and 50 in. respectively, 
and its weight is 10 lbs. If a weight of 58 lbs. be applied at the end of 
the longer arm, what weight must be applied at the end of the other to 
preserve the equilibrium ? 

22. A uniform lever weighs 50 lbs. ; from its longer arm ( = 10 ft.) a 
body weighing 14 lbs. is suspended ; what weight at the end of the 
shorter arm (=6 ft.) will keep it at rest ? 

25. A man carries a bundle at the end of a stick across his shoulder. 
At what point must the stick touch his shoulder if the pressure on it be 
twice the weight of the bundle ? 

24. Weights of 3, 6, 9, 2 lbs. respectively are placed at equal dis- 
tances along a uniform rod whose weight is 6 lbs. Where must the 
fulcrum be placed for equilibrium ? 



Digitized by VjOOQIC 



Machines. 203 



25. The pressure on Z' in a lever of the first order is 30 lbs. weight ; 
^is 5 lbs. weight, and acts at a point 5 ft. from F\ find the length of 
the lever. 

26. The pressure on /^ in a uniform lever of the second class, 6 feet 
long, and weighing 15 lbs., is 76 lbs. weight ; ^acts at 2 ft. from F% 
find the value of P. 

27. A uniform heavy rod has a body weighing 5 lbs. at one end, and 
balances upon a fulcrum 5 ft. from that end. This weight is replaced 
by a weight of 10 lbs., and now the rod balances when the fulcrum is 4 
ft. from that end. Find the length and weight of the rod. 

28. A bar weighing 10 lbs., and 6 feet long, has its C. G. 2 ft. from 
one end, at which end a weight of 5 lbs. is suspended. If a weight of 
9 lbs. be suspended from the other end, where must Fht placed for 
equilibrium ? 

29. A bar of uniform thickness and density, whose weight is 7 lbs. 
and length is 5} feet, is used as a lever of the second kind ; how far from 
the fulcrum must a weight of 84 lbs. be made to act, that it may be kept 
in equilibrium by a force equal to the weight of 14 lbs. acting upwards ? 

30. Weights of 10 and 15 balance on a weightless lever of the first 
kind ; but if the fulcrum be moved I inch from the greater weight the 
equilibrium will be maintained by a weight of 12 instead of 10. Find 
the length of the lever. 

31. A force of 100 lbs. weight acts at the end of a lever at right 
angles to it ; at what angle must a force of 200 lbs. weight act at the 
same point that it may be equally effective ? 

32. Two forces, 6 and 8, act at the ends of a rod 12 ft. long, and are 
inclined to the rod at angles of 30* and 45* respectively; find position 
of F when there is equilibrium. 

33. A weight of 20 lbs. is hung at the end A oi z, horizontal lever - 
ACB^ and a force of 10 lbs. weight acting at -5 at an angle of 30* pre- 
serves equilibrium about C. If C be distant 10 ft. from A^ find the 
length of the lever. 

34. A uniform lever AB is 6 ft. long, and weighs 1 5 lbs. The fulcrum 
is at A^ and /'acts at ^ at an angle of 45° with the lever, ^is 50 lbs. 
weight, and acts at 4 ft. from A, Find the magnitude of P, 

35. If P and Q act at the ends of a straight weightless lever (the arms 
of which are 5 and 7 feet long respectively), and at angles of 45* and 30° 
with the lever, find the ratio of P\.oQ. 

36. Two forces, 25 and 37, act at the end of a rigid rod 12 ft. long, 
at angles 45^ and 30° respectively ; find the magnitude and position of 
the force which will keep the rod in equilibrium. 
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Bent Lever, 

57. The arms of a bent lever (without weight) are at right angles, 
and one is three times as long as the other: a weight of 15 lbs. is 
applied at the end of the shorter arm, and a weight of 21 lbs. at the 
end of the other. Find the angle made by the latter arm with the 
horizon when in equilibrium. 

38. The arms AC and BC of a weightless bent lever ACB^ movable 
about a fulcrum at C, are at right angles to each other, and are 5 ft. 
and 7 ft long respectively. A weight of 7 lbs. is suspended from Ay 
and one of 10 lbs. from B ; find the inclination of^Cto the horizon in 
the position of equilibrium. 

39. A uniform bent lever ACBy the arms of which are 5 ft. and 2 ft. 
long respectively, is suspended from C. What weight at the end of the 
shorter arm will cause the longer to take up a horizontal position, the 
weight of the lever being 70 lbs., and the angle ACB being 120°? 

40. ABC is a weightless bent lever, B being the fulcrum. Weights 
P and Qj suspended at A and C respectively, are in equilibrium when 
^Cis horizontal ; weights Pand 4O, similarly placed, are in equilibrium 
when AB is horizontal ; find the angle ABC 

41. The arms of a bent lever inclined to each other at 120® are 3 ft. 
and 5 ft., and the weight of the lever is 24 lbs. What weight at the 
end of the shorter arm will cause the longer to assume a horizontal 
position ? 

42. A uniform bent lever suspended at the angle rests with the shorter 
arm horizontal. If the shorter arm were three times as long it would 
rest with the other horizontal ; find the angle between the arms. 

43. A uniform bent lever, when hung up at the bend, rests with the 
shorter arm horizontal ; if the shorter arm were twice as long, it would 
rest with the other horizontal. Find the angle between the arms. 

44. The arms of a lever are at right angles, and F is at the angle. 
A weight of i lb. is placed at the end of the longer arm, and a weight 
of 2 lbs. at the end 01 the other. If in the position of equilibrium the 
shorter make an angle of 30° with the vertical, find the ratio of the 
lengths of the arms. 

45. A straight uniform rod is bent at B^ so that the angle ABC=$y 
and AB : BC=: ts/^—i : I. It is then suspended by a string from A. 
If BC be horizontal, show that ^=60*. 
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Miscellaneous, 

46. A weightless straight lever (/) is suspended at its middle point 
/", and is kept at rest by two weights which are in the ratio mil. 
Where must these be placed that the distance of one from F may be 
equal to the distance of the other from the end of the lever ? 

47. There are n weights W^j fV^, ^8» • • • ^n i^i Geometrical 
Prc^ression, and IVi at A, one end of a lever, balances IV2 at B, the 
other end. Prove that a weight equal to the first («- 1) weights at A 
will balance a weight equal to the last («— i) weights at B, 

48. A man raises a cube of stone each edge of which is 3 feet long 
and whose weight is 2 tons, by a crowbar 4 feet long, having placed 
one end of the bar under the stone to a distance of 6 inches. Prove 
he must exert a force equal to the weight of 2} cwt. to move the stone. 

49. A man seated in a boat pulls the handle of each of a pair of sculls 
with force P; another man on shore holds the boat back by pulling on 
a horizontal rope fastened to the stem. If the distance of the rowlocks 
from the end of the blade of each scull be m times that of the rowlock 
from the hand, find the force by which the rope must be pulled. 

50. Each of a pair of sculls is divided at the rowlock in the ratio 
I : 4, and 'a man pulls each with a force P, Another punting thrusts 
an oar against the bottom with a force 2P at an angle of 60^ with 
the horizon. Compare their effects in propelling the boat. 

51. Two weights, P and Q, balance at the extremities of a lever AB 
without weight ; if they be interchanged, and weights x and y be 
added at A and B respectively, prove that, if still in equilibrium, 

BALANCES. 

230. We shall notice only the Common Balance, the 
Roman or Common Steelyard, and the Danish Steelyard. 



The Common Balance 

231. The Common Balance is a lever of the First kind. 
It consists of a beam with scale-pans suspended from its 
extremities. The arms of the balance are supposed to rest 
in a horizontal position when the pans are empty. 
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The following three requisites must be satisfied in a good 
balance : — 

(i.) It must be True. 

This condition is satisfied // the Arms are equal. In 
order that the arms should remain the same length during 
the oscillations of the beam, a triangular prism is fixed to 
the lower side, and its knife edge rests on a plain surface, 
the axis of suspension being thus reduced to a line. In 
balances constructed for very delicate weighing, the prism 
is of hardened steel resting on an agate surface. 

It is evident that by the * Principle of the Lever ' the 
moments of the weights in the pans about the fulcrum are 
equal and opposite. Hence if correct standard * weights ' 
are used on a true balance, the purchaser always obtains 
correct measure. (See Art. 126.) 

The simplest way to detect a false balance is to inter- 
change the weights in the pans. 

(ii.) It must be Sensible. 

This condition is satisfied when very small differences in 
the weight can be detected. 

It is evident that to secure sensibility, the following 
points must be attended to in the construction >- 

1. The friction of the parts must be very small. 

2. The arms must be as long as possible. 

3. The beam must be as light as possible. 

4. The C. G. of the instrument must be near the axis 

of suspension. 

(iii.) It must be Stable, 

This means that when the beam is disturbed it returns to 
its horizontal position. 

Hence the C. G. of the instrument must be situated 
below the axis of suspension. {See Art. 200.) 

It follows that sensibility and stability in the same balance are to 
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some extent incompatible. Their relative importance must therefore 
depend on the purpose for which the instrument is intended. In com- 
merce stability is the chief requisite, and in physical research sensibility 
is by far the more important. 

232. When the Arms are unequal the true Weight of a 
body is the Geometrical Mean between the false weights. 

Suppose the Arms to be a and b, let Who. the true Weight. 
Let W2X the end of a appear to weigh W^, 
Let W ,, b „ W^. 

Then Wa=iW^b 

and Wb= W,a ; 
.-. W^ab=:W^Wiab; 

W=JW\W, (Q.E.D.) 
Note. — By Algebra we know that the Arith. Mean between two 
quantities is greater than the Geom. Mean. 

Therefore the sum of ike false weights is greater than twice the true 
weight, and hence if a trader sell from the two scales alternately he 
must lose. 

The Common Steelyard.^ 

233. This consists of a beam AB turning round a fixed 



B 



T 



•• 



point R It has a scale-pan suspended at B^ in which the 

1 This is known also as the Roman Steelyard, so called from an 
Eastern word Romman, signifying a pomegranate, the form sometimes 
given to the mass P. 
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body to be weighed is placed; and a constant weight P 
can be shifted at pleasure along the arm FA. 

Let X be the weight of the beam and scale-pan ; then X 
acts through G the C. G. supposed to be in the arm FB. 
Let F hanging at O balance X acting at G. 

' Then X. GF=F. OF. (Art. 225.) 
Now let a body whose weight is W be placed in the 
scale-pan, and let F suspended at C cause the beam to take 
up a horizontal position when at rest. 

Then W. BF+X. GF=^F. CR (Art. 227.) 

'&M\.X.GF^P.OF', 

.-. W.BF+P.OF'-=F.CF', 

.\ W.BF^F{CF'--OF)', 

BF 
Now BF is a known distance. 

liOC=BF, then W=P. 
„ 0C^2BF, „ W^2P, 
„ OC^zBF, „ W^zP^ 



„ OC^n.BF, then lV=nF. 

Hence, if we measure off from O towards A distances 
equal to BF, and mark the divisions of this scale 
I, 2, 3, . . . «, we shall have graduated the Common 
Steelyard. 

Example. — If P hanging at the 10th division balances W^ then 
fr= loP, and if /* be a known weight, W is also known. 

The Danish Steelyard. 

234. This consists of a straight bar terminating in a 
heavy knob at one end, and having a scale-pan hooked on 
at the other end. The pecuHarity of this instrument con- 
sists in its having a movable fulcrum, and the Steelyard is so 
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graduated that the weight of a body is determined by the 
position of -^ 

Let AB be the bar, and let P, the weight of the beam 



B 



t 



w 



and scale-pan, act at G, the C. G. When a body whose 
weight is ^is placed in the pan the bar is pushed along 
until -P acting at G is in equilibrium with ^at B, 
To graduate the Danish Steelyard. 
Take moments about F, 

Then W.BF^P,GF^P{BG-BF) 
.-. (,W+I).BF=P.BG 

•• ^P^w^P'^^' 

If IV=P, then BF= -BG, and BG is a known distance. 
' 2 

If IV==2P, then BF=-BG. 
3 

If JV= ^P, then BF= -BG. 
^ 4 



The numbers —,—,—». . . - are in H. P. 
234 // 

Therefore, if the successive values of IV be in A. P., the 

distances of /^ from B will be in H. P. 

Example i. — The apparent weights of a body in a false balance arc 
4i lbs. and 2 lbs. respectively ; find the true weight. 

Let IV be the true weight. _ 

Then IV= ^4^x2= ^9=3 lbs. 

Therefore the frue weight =3 lbs. 

O 
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Example ii. — If a body appear to weigh / and q respectively when 
placed at the ends of the arms of a false balance, compare the lengths 
of the arms; 

Let the true weight = W\ let the length of the arms be a and b 
respectively. 

Then Wa=pb 

and Wb=qa 

a___pb_ 

b ^ qa 

6^- q 
.-. a:b=^p:^lq: 

Examples— XXXVI. 

1. Give a description of the Common Steelyard, and show how to 
graduate it. 

2. A substance appears in a common balance to have weights of 
9 oz. and 4 oz. ; find its true weight, and compare the lengths of 
the arms. 

3. Explain why in a well-constructed balance the C. G. must not 
coincide with the point of suspension. 

4. A body whose true weight is 10 appears to weigh 12 in one scale 
of a false balance ; find its apparent weight in the other scale. 

5. If the arms of a false balance be in the ratio 7 : 8, what will a 
trader gain or lose in 112 lbs., if he sells as often from one scale as 
the other? 

6. If the apparent weights of a body be 4 lb. 12 oz. and 5 lbs., find 
the true weight. 

7. State the requisites of a good balance, and how they are secured. 

8. Why is it not possible to secure extreme sensibility and stability 
in the same balance ? 

9. If the real weight of a body be 12 oz., and it appears to weigh 
16 oz. in one scale, find the ratio of the arms. 

zo. A dealer has correct ' weights,' but one arm of his balance is 
longer than the other. He sells an apparent weight IV twice, using 
first one pan and then the other ; what does he gain or lose ? 

zz. Show how to graduate the Danish Steelyard. 

Z2. In the Common Steelyard, if the graduations for 2 lbs. and i lb. 
be 3 in. apart, find the distance between the graduations for I lb. 
and \ lb. 
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13. If the beam of a Common Steelyard be 14^ in. long, its C. G. 

1 1 in. from the heavier end, its weight 3 lbs., where must the 
fulcrum be, and what must be the distance between the graduations 
indicating lbs,, if a movable weight of 2 lbs. will just weigh up to 

12 lbs. ? 

14. A Danish Steelyard has at one end a ball of metal 3 in. diameter 
and weighing 8 lbs. The bar weighs 2 lbs. and is' 12 inches long ; it 
is notched at regular intervals of J in. from end to end. "What are 
the greatest and least weights which can be measured by it ? 

15. The arms of a balance are 6 in. and 6*1 in. respectively, the 
weight of the beam and scales 2 lbs. ; find the real weight of the 
body which, when placed in the scale-pan at the end of the shorter 
arm, appears to weigh 3 oz., and find its apparent weight in the other 
scale-pan. 

z6. If the beam of a Common Steelyard be uniform and its weight 
be one-half that of the movable weight, the fulcrum being ^ length of 
the beam from one end, compare the greatest weight which can be 
measured by the instrument with the movable weight. 

17. A weight of 6 lbs. is balanced on a Common Steelyard by a 
movable weight of i lb. Both weights are then doubled. Will the 
equilibrium be disturbed ? If so, in what direction must the movable 
weight be shifted to restore the equilibrium ? 

z8. Show how the zero point is obtained on the Common Steelyard. 

19. In a Common Steelyard the pounds are read off by graduations 
from o to 14, and the stones by weights hung from the extremity of 
the arm ; if the weight corresponding to i stone be 7 oz., the mov- 
able weight i lb., and the length of the arm i ft., show that the 
distance between the graduations is f inch. 

ao. Prove that in the Common Steelyard the distances of the lines 
of the scale measured from a certain point are in Arithmetical Pro- 
gression, and that in the Danish Steelyard they are in Harmonical 
Progression. 

21. In these two instruments what are the zero points respectively ? 

22. Determine the position in which a Common Balance will rest 
when loaded with unequal weights. 

23. How will the stability and sensibility of the balance be affected 
by raising the point of suspension above the axis of the beam without 
lengthening the arms ? 
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THE WHEEL AND AXLE. 

235. This machine is one of the simplest and most 
useful modifications of the Lever. It consists of two 
cylinders rigidly, connected, and having a common axis : 
the larger is called the Wheel and the smaller the Axle. At 
the extremities of the common axis are two pivots, which 
rest in fixed sockets. The Power is applied at the circum- 
ference of the Wheel, usually by means of a rope wound 
round its rim ; and the Weight is supported by a rope 
coiled round the Axle in the opposite direction. Thus the 
Tensions exerted through the ropes tend to turn the 
machine in contrary directions. 

The windlass for raising weights from the hold of a ship, 
a capstan for raising the anchor, a windmill, and the common 
water-wheel are examples where this machine is practically 
used. 

We may suppose that the Figure represents a section of 
the machine made by a vertical plane 
at the point where the wheel and the 
axle are joined. 

The line of action of the Weight, 
being vertical, will leave the axle at B. 
Let the line of action of P be also 
vertical. Then the lines of action F 
and i^ will be tangents to the circles, 
and therefore the line A OB will be horizontal. 

We may cotisider A OB to be a Lever of the First Order \ 
and, by the * Principle of the Lever,' we have — 
F.AO=W.BO', (Art. 225) 
P _B0 _ radius of the axle 
* * W AO radius of the wheel ' 
And this is the condition for Equilibrium^ 
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Example i.— If /'= 100 lbs., the radius of the wheel = 25 inches, and 
the radius of the axle =2} inches, find the weight supported. 
Let fr= weight; 
• ^ _ radius of wheel . 
P radius of axle 

. _^^2S 
100 2j' 

From which equation, W=^ 1000 lbs. weight. 

Note i. — If the thickness of the ropes is to be considered, 
then we must measure the radii from the common axis to 
the middle of the ropes. 

Example il— If W=i 1050 lbs., the radius of the wheel=3ifeet, the 
radius of the axle = 6f in. ; find /*, the ropes being each f in. thick, 
and the power and weight being each supposed to act along the axes 
of the ropes. 

The radius of the wheel = (39 + f) inches. 
,, axle = (6} + f) „ 

• ^ - 7i , 57 
1050 39l 315* 
From which equation, P— 190 lbs. weight. 

Note 2.-^The Pressure on the axle=i'+ W, when P 
and ^act on opposite sides of 0\ and= W—P^ when P 
and i^act on the same side of O. (See Art. 226.) 

By Article 235, ^=^^d|"^ of t\e wheel 
P radius of the axle 
Theoretically there is no limit to the mechanical advantage to be 
obtained by this machine ; we have only to increase the radius of the 
wheel, or diminish the radius of the axle. But there are very practical 
limits. Thus, if the wheel be made too large, the machine becomes 
unwieldy ; and if the axle be made too small, the machine is not strong 
enough to sustain the weight. 

Examples.— XXXVII. 

I. The radius of the axle is 6 in. and that of the wheel is 4 ft. ; what 
weight will be sustained by a power of 24 lbs. weight, and find the 
pressure on the axis ? 
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3. Find the mechanical advantage when the diameter of the wheel 
is 3 (t, and that of the axle is 2 in. 

5. A man, pushing at the end of a pole 8 feet long, measured from 
centre of capstan, works a capstan whose diameter is 2 ft. ; with what 
force must he push to overcome a resistance of 400 lbs. weight ? 

4. If the difference of the diameters of the wheel and the axle be 
16 in., and P: IV= i : 2^, find the radii. 

5. A capstan is worked by a man pushing at the end of a pole. He 
exerts a force of 60 lbs. weight and walks 3 yards round for every 2 ft. 
of rope pulled in. What is the resistance overcome ? 

6. A man with a handle 2} ft. long winds a rope on an axle 16 in. 
diameter ; the rope passes round a single movable pulley attached to 
the weight ; find the mechanical advantage. 

7. Calculate the radius of the wheel so that a power of 56 lbs. 
weight applied at the circumference just supports a gun weighing 
12 cwt. by means of a rope, one end of which is coiled round the axle, 
whose diameter is 6 in., while the other end, passing round a single 
movable pulley, to which the gun is attached by a sling, is fixed to a 
hook above, the ropes on either side of the pulley being parallel. 

8. The radius of the wheel is 15 in., and while it makes 7 revolutions 
the weight of 30 lbs. is raised 5} ft. ; find what force is required to turn 
the wheel. (Takeir=y.) 

9. If the radius of the wheel be 36 in. , and radius of the axle be 3 in. , 
the ropes being i inch thick, find what weight will be supported by a 
power of 120 lbs. weight. 

236. The difficulty of obtaining a considerable mechani- 
cal advantage by the common wheel and axle is overcome 
by a modification of it known as the Differential Wheel 
and Axle. 

The axle consists of two cylinders of different radii, these 
and the wheel having a common axis. The rope is coiled 
round the smaller cylinder, then passes under a movable 
pulley sustaining the weight, and finally is coiled round the 
larger cylinder in the contrary direction. 
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A section, made as J[)efore, will explain the arrangement 
of the ropes. 

Let ^= Radius of the wheel ; 

„ r= „ larger cylinder ; 

„ ri= „ smaller „ 

We may suppose the weight of the 
pulley to be neglected. 

Let 7= the Tension in rope round 
the pulley. 

Since there is equilibrium, 2 7^= IV. 
(See Art. 239.) 

An inspection of the figure will 
show that JP and the Tension round 
the smaller cylinder are in equilibrium 
with the Tension round the larger cylinder. 

Equating Moments about O, the common axis, we have — 

but r=^; 

2 
.-. RR^K(r^r,y, 

. W_ 2R 
• • p r—ri 

Therefore by decreasing the difference of the radii of 
the two cylinders, we can gain any Mechanical Advantage 
required. 

THE PULLEY. 

237. The Pulley consists of a small wheel called the 
Sheavty which can turn round an axis, the axis being 
supported in a framework called the block. The wheel 
has a groove cut in its rim to retain in position the string 
by which the power is exerted. 
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When the block can have no motion the pulley is said to 
be Fixed^ otherwise it is said to be Movable, 

Unless the contrary be stated the weights of the pulley 
and the strings are not taken into account, and the pulleys 
are assumed to move without friction. 

The principle on which the equilibrium in a system of 
pulleys is determined may be thus stated : ' The Tension of 
each string employed in the system is the same throughout^ 
and equal to the power acting at its extremity^ (See Art. 1 74.) 

The Fixed Pulley. 
238. The tension throughout being the same, the power 
\ I ^ at one end must be equal to the weight at 
the other, if the system be in equilibrium. 

r^ .■.p=w. 

I • The pressure on the beam supporting the 
Nw>^ pulley=/'+ W, 

I The fixed pulley can therefore only change 

p the direction oi 2i {oxQt. It thus serves the 



w 



same purpose as a peg. 

Practically y however, it is better to use a pulley than a fixed peg, 
because the rotation of the wheel diminishes the friction. 

The Single Movable Pulley. 
239. Let a string have one end fastened to a beam C\ then 
passing under a movable pulley B^ 
and over a fixed pulley A^ let it be 
pulled at the other end by a force 
P, which keeps in equilibrium the 
weight i^ attached to the movable 
pulley B, 

The tension in the part of the 
string ^C=the tension in BA^ and 
therefore = P. 






Y 
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Case L — V^en the Strings round B are parallel. 

Let the Weight of the Block =zc/. 

Then ( W-\-w\ acting down, is balanced by two parallel 

forces, each of which =7^, acting up; 

The pressure oh the beam in this case, and in all others, 
must be equal to the sum of the pressures at the points 
where the strings are made fast to the beam. 

Case ii. — When the Strings round B are inclined 
at an angle. 
Let the angle between 

BA and BC= 2a. 
Then the tension in each 

part of the string =jP. 
^is kept in equilibrium by 
these two equal forces ; there- 
fore the line of action of W 
bisects the angle 2a (Art. 219). 

Resolving the Tensions horizontally and vertically, we 
have the Horizontal Components each ss/' sin a, and these 
acting in opposite directions must balance ; and since tliere 
is no vertical motion, we must have — 

W+w=P cos a+jR cos a ; 
.'. IV+W=2PC0S a; 

If the weight of the pulley be neglected, 
then, IV= 2 P cos a. 

Example i. — Find the ratio of the power to the weight in the single! 
movable pulley when the parts of the string are inclined to each other 
at an angle of 90°. 

PV=2Fcos4S'*; 

' ' fV 2 cos 45** 2 
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Example ii. — Find what power will sustain a weight of 150 lbs. on 
a single movable pulley, when the parts of the string are inclined at 
an angle of 120*' to each other. 

^=2/* cos a; 
.\ 1 50 =2/* cos 60"; 
.-. iSo=P; 
Therefore the power = 150 lbs. weight. 
Example iii. — If a man whose weight is 140 lbs. be suspended from . 
a single movable pulley and support himself by holding the free end of 
the rope which passes over a fixed peg, with what force does he pull ? 
Let /*= force required. His weight is supported by the tension in 
three strings, and the tension in each=/'. 
.-. 3^=140; 
.-. P=46^\hs, weight. 
Note. — When a man thus pulls on a vertical rope, the downward 
pressure of his weight is evidently diminished by the force with which 
the rope pulls him up, i.e. by the force which he is exerting. 



Examples— XXXVIII. 

1. Find the ratio of /'to JTin the single movable pulley when the 
parts of the string are inclined to each other at an angle of 60*. 

2. What power will sustain a weight of 8cx) lbs. on a single mov 
able pulley when the strings are parallel ? 

3. In a single movable pulley, if P= fV^ find the angle between the 
strings ? 

4. In a single movable pulley, if F : W= i 1V3, find the angle 
between the strings. 

5. In a single movable pulley, if the weight of the pulley be 4 lbs. , find 
what power will sustain a weight of 36 lbs., the strings being (i) 
parallel, (2) inclined at an angle of 30°, (3) inclined at an angle of 90°. 

6. What power will sustain a weight of 200 lbs. on a single movable 
pulley when the parts of the string are at right angles to each other ? 

7. If P= 75 lbs. weight, IV= 1 19 lbs. weight, find the angle between 
the parts of the string. 

8. A body weighing 90 lbs. hangs at one end of a string passing over 
a fixed pulley, and is supported by a man weighing 1 1 st. pulling at 
the other end ; find the pressure on the ground. 
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g, A man weighing 149 lbs. sits on a small stage weighing 10 lbs. 
fastened to a single movable pulley. The man has hold of the free 
end of the rope which passes over a peg ; what force must he exert to 
keep equilibrium, the ropes being parallel ? 

240. The First System, in which each Pulley in the 
system hangs by a separate string. 

The annexed figure explains the 
arrangement in this system. A string, 
at one end of which the power acts, 
passes over a fixed pulley Ay under 
a movable pulley B^ and is fastened 
to the beam 2it E A string fastened 
to By passes under the next movable 
pulley Cy and is then made fast to 
the beam at G] and so on. The weight 
to be sustained is hung from the 
lowest movable pulley. 

241. To find the Condition of Equilibrium y when the 
Weights of the Pulleys are considered. 
Let Wxy w^y Wiy be the weights of Z>y C, By respectively. 
The Tension in Z>C= J( W+Wr)y by Art. 239, Case i. 
The Tension in C^=|(Tension in DC-\-Wi) 
__ ^j ^1 . ^2 
"T 4 J* 
The Tension in ^^= J(Tension in CB+w^) 
JV.WiWiWi 

But Tension in BA=.P\ 

Next, let Wx=W2^w^=w ', 

.: ^=-y+MI+i+i)=-^+«'(i-f ) 
If there be three movable pulleys. 
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And, generally, if there be n pulleys of equal weight (7v)^ 
P=^+w (J+i+|+ ... to « terms) i 



•. P= 



^^K-F> 



Thus P has to keep in equilibrium both W and the 
Weights of the movable pulleys ; in other words, the heavier 
the pulleys are, the less is the Mechanical Advantage. 

If weights of pulleys be neglected, the formula becomes 

W 

The Student is advised not to work the Examples by the 
Formula, but directly from Figures as in the following 
cases. 

Example L — If the number of light movable pulleys be 4, and 
^=448 lbs. weight, find P. 

Denoting the tensions Z>6, CB, . . ; by /j, /gj • • • we have (by 
Art. 239, Case i. )— 

2/1=448, .-. /i = 224; 
2/2=/i, .•./2=II2; 

2/s=/2, .■./8=56; 

2/4=/8, .•./4=28; 
But /*= ^4 ; . • . 7^= 28 lbs. weight. 

Example ii.— If a weight of i ton be supported by a power of 70 lbs. 
weight, find the number of movable pulle3rs. 

Then, 2/1 = 2240, . • . /^ = 1 1 20 ; 
2/2=/i, .'.(^=$60; 

2/8=/:2, .•./8=28o; 
2/4=/8, .•./4=I40; 

2/5=^41 .-.^5=70; 

But/'=7o; .-. /5=^; 
. • . Number of strings = 5 ; . ' . Number of pulleys = 5. 

Example ill. — A weight of 96 lbs. is kept in equilibrium by a power 
of 9| lbs. weight when there are 4 movable pulleys of equal weight ; 
find the weight of each pulley. 

Let jr= Weight of each pulley ; 
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Then, 2/1=96+^, 
2/8=/a + ;r, 

2t^ = tg + Xy 

But/4=P=9l; 



4 



./,=24+?^; 



•. /8=I2 + 4jf; 



From which equation, jc=4 lbs. weight. 

Examples— XXXIX. 

Weights of the Movable Pulleys neglected. 

1. If there are 4 movable pulleys, find P, when fr= 112 lbs. weight. 

2. If there are 6 movable pulleys, find P, when ^=600 lbs. weight. 

3. If there are 3 movable pulleys, find IV^ when P= 10 lbs. weight. 

4. If ^^^=640 lbs. weight, and P=20 lbs. weight, find the number 
of movable pulleys. 

5. If /'=i2lbs. weight, and fr=7681bs. weight, find the number 
of movable pulleys. 

6. Find the Mechanical Advantage when there are seven movable 
pulleys. 

Weights of the Movable Pulleys taken into account, 

7. There are 4 movable pulleys of equal weight ; find the weight 
of each when IV=64 lbs. weight, and P=4 lbs. 15 oz. weight. 

8. There are 4 movable pulleys, each weighing 3 lbs. ; find fV, if 
F= 20 lbs. weight. 

9. In a system of 4 movable pulleys, show that there will be equi- 
librium if Pf W, and the weight of each pulley be equal. 

10. Will there be equilibrium on the same supposition for any number 
of movable pulleys ? 

11. There are 4 movable pulleys of equal weight ; find the weight 
of each when P=7i lbs. weight, and IV=SS lbs. weight. 

12. There are 4 movable pulleys, each weighing 2 lbs. ; if W=ii^ 
lbs. weight, find P, 

13. If, in Example 11, P= 10 lbs. weight, and IV=. 100 lbs. weight, 
find the weight of each pulley. 

14. There are 6 movable pulleys, each weighing 8 oz. ; find P^ when 
fF=3olbs. weight. 
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15. If there are 3 movable pulleys, each weighing i lb., what weight 
can be supported by a power of 2 lbs. weight ? 

16. A power of 17-5 lbs. weight supports a weight of I cwt. ; if there 
are three equal movable pulleys, find the weight of each. 

17. There are 5 movable pulleys of equal weight ; find the weight of 
each if a power of 6 lbs. weight supports a weight of 68 lbs. 

x8. There are three movable pulleys, the lowest weighing i lb., the 
next } lb., the highest J lb. If ^=21 lbs. weight, find P. 

19. If the weights in the last Example be 4, 2, I lbs. respectively, 
find P, when ^=28 lbs. weight. 

20. There are four movable pulleys ; if the weights of the pulleys are 
in G. P., beginning at the lowest (the weight of which is w), and the 
common ratio is 2, find the relation between -Pand W, 

21. There are four movable pulleys of equal weight. Find the ratio 
of this weight to the power, in order that the latter may just support 
the weights of the pulleys alone. 

22. If there be four movable pulleys whose weights, beginning at the 
highest, are i, 2, 4, 8 oz. respectively, find what weight will be sup- 
ported by a power of i lb. weight. 

242. The Second System, in which the same string 
passes round all the pulleys. 

In this system there are two blocks, one fastened to a 
I beam, the other movable. In 
the lower there are several 
sheaves. 

If there are the same num- 
ber of sheaves in each block, the 
string must be made fast to the 
fixed block, and then the number 
of strings (strictly parts of the 
one string at the lower block) is 
even; if not, it must be attached 
to the movable block, and then 
the number of strings at the 
lower one will be odd. Let 
there be n strings at the lower 
u# block. 
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To find the Condition of Equilibrium, 
Since the whole weight supported is kept in equilibrium 
by the sum of the Tensions in these strings, and each 
Tension =7^, 

If the Weight of the lower Block = a/, 
then, W+w=r.nF. 

Example L — There are four sheaves at the lower block. What 
power will sustain a weight of J ton, the string being made fast to the 
upper block ? 

There will be 8 strings at the lower block ; 
.-. fV=SP; 
.'. 1120=8/'; 

F= 140 lbs. weight. 
Example ii.— If /*=3 lbs. weight, ^=20 lbs. weight, and there are 
four pulleys at the lower block, to which the string is attached, find the 
weight of the movable block. 

There are evidently 9 strings at the lower block. 
Let a; = Weight of the block ; 

.'. 20+^=9x3. 
Therefore, w=y lbs. weight 

Examples — XL. 

z. If there are ten strings at the lower block, what power will 
sustain 2 tons weight ? 

2. If there are eight strings at the lower block, find P when IV= 
3 tons weight. 

3. The string is made fast to the lower block, which weighs 20 lbs., 
and has four sheaves; if ^=115 lbs. weight, find P. 

4. The number of strings at the lower block is four ; find the weight 
of the block when a power of 3 lbs. weight sustains a weight of 10 lbs. 

5. There are four sheaves at the lower block ; if the weight of this 
block be double the power, and the string is made fast to it, find the 
mechanical advantage. 

6. When JV=So, P=io; and if ^=98, P=iS; find the weight 
of the lower block and the number of strings. 

7. Find the number of strings at the lower block if a power of J lb. 
weight sustain a weight of 4 lbs. 
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8. A man weighing 12 st. supports a weight of 6 st. ; if there are 
seven strings at the lower block, find his pressure on the ground. 

9. If there are six strings at the lower block, and the weight of the 
block = 2 P, find what weight P will keep in equilibrium. 

243. The Third System, in which each string is attached 
to the weight. 

In this system the string passing over 
any pulley has one end made fast to a 
bar to which the weight is attached, 
and the other to the pulley next below 
it, and so on to the lowest movable 
pulley, one end of the string passing 
over which is fastened to the bar, and 
at the other the power is applied. 

The young student will notice (i.) that the 
weight of the highest pulley in this system is 
never considered, because it is balanced by the 
reaction of the beam E ; (ii.) that the weight 
p of a pulley cannot affect the tension of a string 
passing aver it. 

244, To find Condition of Equilibrium when the Weights 
of the Pulleys are considered. 

Let Wi, Wj, a/, be the weights of A^ B^ C, respectively. 
Tension in Aa^^P^ 
Tension in Bb^2 x Tension in -4fl+a/x = 2i'+a/x, 

„ Cc=i2 X Tension in -5^+a/j=4/*+2a/i+ze/j, 

„ Dd^2 X Tension in CV+a/8= 8/^+40/1+20/,+ a/, ; 
But ^=Sum of the Tensions. 
. •. ^= 1 5i>+ 70/1 + 3a/, + a/, 
=(2*-i)/^+(2»-i)a/x + (2«-i)a/,+(2»-iK. 
Let Wi^w^=^w^^w. 

Then, ^=(2*-i)i'+(2» + 2» + 2»--3)«'» 
if there are four pulleys. 
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Similarly, lV=(2'-i)F+(2*+2' + 2^ + 2-4)w, 

if there are five pulleys. 

And, generally, if there be n pulleys of equal weight (a/), 

W={2**—i)P+(2"-^ + 2'*-^+ . . . n^i terms— «—i)a', 
or, JF=(2«— i)P+(2'*— «— i)a/. 

In the Third System the weights of the movable pulleys 
assist the Power, and thus the heavier these are, the greater 
is the Mechanical Advantage. 

If the weights of the pulleys be neglected, the formula 
becomes ^=(2"— i)/l 

Example i. — What power will sustain a weight of 84 lbs. by three 
pulle5rs, each cord being attached to the weight, the weights of the 
pulleys being neglected ? 

Tension in ^a=/', 
„ Bb=2P, 

Cc=4P; 
. •. Sum of Tensions =7/* ; 
But „ „ =84; .-. 7/^=84; 

.*. /'=i2lbs. weight. 

Example ii.— If ^=313 lbs. weight, and there are three movable 
pulleys, each weighing 8 lbs. , find the magnitude of P. 
Tension in Aa=P, (Fig. Art 243.) 

„ ' CV=4P+i6 + 8=4P+24, 
„ Z>df=8P+48+8=8/'+56; 

••• 3i3=iS/*+88; .-. P=is lbs. weight. 

Example iii. — What weight can be supported by a power =25 lbs. 
weight, if there be four movable pulleys, each weighing 5 lbs. ? 
Tension in Aa=2S lbs. weight. 

„ ^^= 50 + 5 = 55 lbs. weight. 
„ a=iio+5=ii5 „ 
/?«/= 230+ 5=235 „ 
iffif =470+ 5=475 ., 
.-. ^=25 + 55 + 115 + 235+475; .-. ^=905 lbs. weight. 
If we use the formula of Article 244, 
fr=(2»-i)x25 + (2'-5- I) X 5 = 775 + 130=905 lbs. weight,as before. 

P 
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Example vw. — There are three pulleys, two of them movable, each 
weighing i lb., and 2 inches in diameter. The last string is made 
fast at both ends to the bar, which supports a weight of 12 lbs. At 
what distance from the first string must the weight be made fast to the 
bar? 

In the figure of Article 243, consider d and a to be the ends of the 
last string. 
It is evident that the bar ad is 4 inches long. 
Let the Tension in Ba=T; 
Then ,, Bd=T, 

Cc=2T+i, 
„ „ /?df=47'+2+i; 

.-. 12=87^+4; 

.-. r=i. 

Then 12 is sustained by the parallel forces 7, 3, i, i acting up ; and 
in order that the bar may remain in a horizontal position, the 12 lbs. 
must be fastened to the point where the line of action of the resultant 
cuts the bar. 

To find this point take moments about </, and let ;i;= distance from c/ 
at which the resultant acts. 

.'. 12^=7x0+3x1 + 1x2 + 1x4; 
.'. I2;ir=9. 

Therefore jc=| inch from the first string, and at this point therefore 
the 12 lbs. must be suspended. 

Examples — XLI. 
Weights of the Movable Pulleys neglected, 

1. If there are five pulleys, find Z', when ^=93. 

2. If ^=315, and P=i 5, find the number of pulleys employed in 
the system. 

3. When IV=:140, and the number of pulleys is three, find the 
magnitude of the power. 

4. When fr=300 and the number of pulleys is four, find F, 

5. A weight of 12 cwt. is supported by four ropes ; find the power 
applied at the free end of the last rope. 

6. If there are three pulleys, and, in the position of equilibrium, the 
string round the middle one is nailed to it, show that the tension of the 
string going'from this to the weight is J( IV— ^P). 
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Weights of the Movable Pulleys taken into account, 

7. If W=- 86 lbs. , find the magnitude of P^ when there are three 
movable pulleys, each weighing i lb. 

8. If there are three movable pulleys, the lowest weighing 4 lbs., 
the next 2 lbs., the third i lb., find /» when W-%o lbs. weight. 

9. There are five pulleys of equal weight, and W-=^^P\ compare 
the power with the weight of a pulley. 

la If there are four movable pulleys, each weighing 2 lbs., find 
P when W=i*j cwt. 2 qrs. 22 lbs. 

IX. If /*= weight of each movable pulley, find W^ when there are 
five pulleys in the system, each weighing i oz. 

12. There are four movable pulleys, each weighing i lb. ; find W^ 
if /*= 26 lbs. weight. 

13. Three movable pulleys, each weighing 12 lbs., are used in this 
system to sustain a ton weight ; find the power. 

14. If the power be equal to the weight of the lowest pulley, and if 
each pulley weighs three times as much as the one immediately below 
it, prove that the weight of each pulley is equal to the tension of the 
string passing over it. 

15. If there be five light pulleys, each 62 inches in diameter, the 
highest being fixed, and the weight supported be a uniform bar, show 
that the string which passes round the highest movable pulley must be 
attached to the bar at a distance of \ inch from its middle point. 



MISCELLANEOUS EXAMPLES.-XLII. 

Pulleys, 

1. A rope fixed at one end passes under a movable and over a fixed 
pulley, and the free end hangs down. A man whose weight is 12 st sits 
in a sling made fast to the movable pulley, and supports himself by 
holding on to the free end. What force does he exert if the strings are 
all vertical ? 

2. To the lower block in the second system, at which 8 strings act, 
a platform is fastened, and a man whose weight is ^stands upon it. 
If the weight of the block and platform be \ W^ find what fraction of 
that weight he must exert upon the free end of the string in order to 
support himself. 
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3. In the Second System there are four sheaves in each block. Find 
(i) the greatest weight which a man weighing 12 st. can raise ; (2) his 
pressure on the ground when he supports a weight of 6 st. 

4. A movable block of n sheaves supports a basket in which a man 
sits whose weight is W, Find (i) the weight which must be fastened 
to the end of the rope to support him ; (2) the strength with which he 
must pull to support himself, the weight of the basket being neglected. 

5. In the Second System a platform, which together with the block 
weighs 3CX) lbs., is suspended from the lower block, and a man whose 
weight is 140 lbs. standing on the platform, exerts sufficient force to 
maintain the equilibrium ; find that force, if there be 10 strings at the 
lower block. 

6. A man weighing 9 st.. stands on a platform attached to the lower 
block of the Second System, and supports himself by pulling the free 
end of the string which hangs down, the strings being parallel ; what 
force must he exert ? 

7. A power P supports a weight W "by o. single movable pulley, 
the strings being inclined at an angle 2a ; if the strings were inclined 
at an angle a, P would support 6 lbs. weight. Find o. 

8. In that system of pulleys where each hangs by a separate string, 
show that if P be the power, W the weight, w the weight of each 

pulley, and n the number of movable pulleys, P^w=:~ (W^— w). 

9. A string fastened at A passes under a movable pulley bearing a 
weight P; it then passes over a fixed pulley at B, and under a second 
movable pulley bearing a weight Q, and is fastened to a peg at C 
Find the tension of the string, when the angle at one of the movable 
pulleys is doudle that at the other. {P> Q. ) 

xa Draw the figures of the First and Third Systems. 

XI. If there are three pulleys (each hanging by a separate string), and 
all the strings are parallel except that passing round the highest pulley, 
the parts of which include an angle of 120', show that 4-^— W, 

12, A weight is suspended by three movable pulleys arranged accord- 
ing to the First System, and another weight by three pulleys arranged 
according to the Third System. The two weights are joined, and the 
free ends of the strings are tied, all the strings being vertical. The 
sum of the two weights = IV. Find the tension of the middle string, 
the weights of the pulleys being neglected. 
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13. TV is the weight of the lower block in that system where the 
same string passes round all the sheaves, n is the number of strings 
at this block. Show that there is no mechanical advantage when the 

weight is equal to^ or less than, W» 

n—l 

14. In that system where the same string passes round all the pulleys, 
show that for the different parts of the string to be parallel the radii 
of the pulleys must be in A. P. 

15. A ton of iron is kept in equilibrium by a weight made fast to a 
string passing over a fixed and under a movable pulley. If the weight 
of each be i lb., find the whole weight sustained by the beam to 
which the strings and fixed pulley are attached. 

16. Three pulleys, each 3i inches in diameter, are arranged according 
to the Third System, the highest being fixed. Strings passing round 
them are made fast to, and kept in equilibrium by, a horizontal bar 
of metal. At what distances from its middle points are the strings 
severally fastened ? 

17. If Wj, W3 be the two lower pulleys in the Third System, in which 
Wi is the fixed pulley, and these are of such weights that, supposing 
them to be interchanged, P would be diminished by one-half, prove 
that 

^ being the weight supported. 

z8. A weight of 360 lbs. has to be supported by 4 movable pulleys 
arranged according to the First System. The weights of the pulleys 
are 2, 3, 4, 6 lbs. respectively. In what order must they be placed 
that P may be the least possible ? — and find that value of P. 



THE INCLINED PLANE. 

245. An Inclined Plane, as a Mechanical Power, iheans 
a rigid plane which makes an angle less than a right angle 
with the horizon, and this angle is known as the imlinaiion 
of the f lane. 
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Let AC be any horizontal line, AB any line inclined to 
AC; if from any point B in AB 
a perpendicular BC be drawn 
to ACy then if these lines lie in 
planes at right angles to the page of 
the book, and the page be so held 
that the plane containing AC be 
horizontaly the plane containing AB will be the Inclined 
Plane intended. Taking the right-angled triangle ABC^ a, 
vertical section through these planes, AB, is called the 
/engtA, AC the dase, and BC the height of the Inclined 
Plane. 

We assume that the plane is perfectly rigid, and there- 
fore capable of supporting any pressure exerted at right 
angles to its surface, that the plane is perfectly smooth^ and 
that the Hnes of action of all the forces lie in the same 
vertical plane. 

When a body, whose weight = W, rests in equilibrium 
on a smooth inclined plane, there are three forces in 
action — 

(i) The Weight (= J^) acting vertically down- 
wards. 

(2) The. Reaction (=i?) of the plane acting at right 

angles to its surface. 

(3) The Power (=^) acting in some assigned direc- 

tion. 

24,6. It is usual to discuss three cases. 

Case I — When the direction of P is parallel to the . 

plane. 
Case ii. — When the direction of P is horizontal. 
Case iii. — ^When the direction of P makes any angle 

with the plane. 
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247. Case i. — To find the Condition of Equilibrium on the 
Inclined Plane when the Power acts along the Plane, 

Let the inclination BAC^i. 
Let a body, whose Weight = W, be 
supported by a Power =jP, acting 
parallel to the plane. 

Let i?=the Pressure 
body on the plane, and therefore 



lAC^i. ^ 
\ acting ^^^^ 
of the -^<^^^w 



=the Pressure of the Plane on the body, by Third Law of 
Motion. Resolve the forces along the plane — 
Then, P=: Wcos (90'-/) ; 

.\P^Wsmi (i.) 

Resolve the forces at right angles to the plane — 

Then, R=JVcosi (2.) 

Equation (i) gives the Power necessary to maintain the 
Equilibrium. 
Equation (2) gives the Pressure on the Plane. 
These relations can also be obtained by Lami's Theorem. 

Example i.-- A plane rises 3 in 7 ; * what force along the plane will 
sustain a weight of 2 tons ? 

We have P= JVsin i, 

.'. P=2x 2240x^1 

. •. P= 1920 lbs. weight. 

Example ii.— If the power act along the plane, and the Mechanical 

Advantage =2, find fV, when/?=\/3. 

IV 
From Equation ( i ), = cosec / ; 

. • . cosec z = 2 ; . • . 1 = 30°. 
From Equation (2), ^= ^cos 30* ; 

2 

* A gradient is measured in terms of the Sine of the inclination. In 
this example, therefore, sin * = J. 
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Examples — XLIII. 

z. A weight of 40 lbs. is supported on an inclined plane, the angle 
of inclination being 30°; find (i) the power acting along the plane, 
and (2) the pressure on the plane. 

2. A body weighing 50 lbs. is supported by a power of 25 lbs. 
weight acting along the plane ; find (i) the angle of inclination, (2) the . 
pressure on the plane. 

3. A weight resting on a smooth inclined plane, the angle of inclina- 
tion being 30°, is kept at rest by a weight hanging freely ; compare 
the two weights. 

4. Find the angle of inclination, when a force of 15 lbs. weight, along 
the plane, supports a weight of 30 lbs. 

5. If ^=40, andtan« = «75, find the force along the plane which 
will keep W in equilibrium. 

6. If, when P acts along the plane, P^R^ find (i) the angle of 
inclination ; (2) the Mechanical Advantage. 

7. A body whose weight is 400 lbs. is kept at rest by means of a rope 
on a plane which rises I in 40 ; find the tension of the rope. 

248. Case ii. — To find the Condition of Equilibrium on 
the Inclined Plane when the Power acts horizontally. 

Resolve the forces along the plane — 
Then -Pcos /= ^cos (90''—/) ; 
r.P^Wxzxii. . . (i.) 
Resolve the forces at right angles 
to the plane — 
Then ^= ^cos /-f/'sin /. 
Substitute for /'its value JVisini; 
.-. R= IVcos i+ JVt2in i, sin / 
__ (cos^ /+ sin^ /) 
"" cos/ ' 

.-. R=:lVseci (2.) 

Equation (i) gives the Power which will keep the body in 
equilibrium ; Equation (2) gives the Pressure on the plane. 
These equations can also be obtained by Lami's Theorem. 
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Example i. — If a force of 15 lbs. weight, acting horizontally, keep 
a body at rest on a plane whose inclination is 60°, find the weight of 
the body. 

By Equation (i), P=JV tan 1 ; 
.-. 15=^. V3". 
Therefore, fr= 5 \/3"lbs. weight. 

Example ii.— If ^=2 lbs. weight, P acting horizontally =1 lb. 
weight, find both the value of t and of fV. 

P 
From (i) and (2) -^=sin i\ 
R 

.'. sin ? = i; 
^=30^ 
Then, by Equation (i), /*= ^tan 30* ; 



Therefore, ^= V3 lbs. weight. 



Examples — ^XLIV. 

1. If ^ be 12, and P act horizontally, find the magnitude of /'when 
R is 24 lbs. weight. 

2. What force acting horizontally is necessary to support a weight of 
100 lbs. on a plane inclined at an angle of 30° to the horizon ? 

3. What force acting horizontally will keep in equilibrium a weight 
of IS lbs. on an inclined plane, and produce a pressure of 17 lbs. weight 
on the plane ? 

4. If ^be 50 lbs. weight, and the base and length of the plane be 
respectively 8 ft. and 10 ft., find the value of /'acting horizontally. 

5. If ff^ be 60 lbs. weight, and the height and base of the plane be 
respectively 3i ft. and 12 ft., find the magnitude of both R and P^ the 
latter acting horizontally. 

6. A weight of 286 is supported on an inclined plane by a horizontal 
force of 48 ; find the inclination of the plane. 

7. If R be 50, and /', acting horizontally, be 20, find W and the 
inclination of the plane. 
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249. Case iit — To find the Condition of Equilibrium on 
the Inclined Plane when the Power is inclined at any angle to 
the Plane, 

p Resolve the forces along the plane — 

R / ^A Then, /'cos 0— Wco% (90" — /) ; 



''='^r <■•> 

Resolve the forces at right angles 
to the plane — 
Then, RArP^va ^= fFcos /. 
For P substitute in this equation its value from (i) ; 

.-. R'\ TT'Sinc'sss^cosi: 

cos ^ 

n ^(cos d cos /— sin B sin i) 

cos^ ' 

.^^W^^J) 

COS ^ ^ ' 

Equation (i) gives the Power which, acting at an angle Q 
with the plane, will keep the body at rest. 

Equation (2) gives the Pressure on the plane. 

These Equations, particularly (2), can be very easily obtained by 
Lami*s Theorem. 

Example. — What force acting at any angle of 30°, with a plane 
whose inclination is 45% will keep a body weighing 150 lbs. at rest on 
the plane ? 

Let /'sthe force required. 
By Equation (i), -P cos 30"= 150 sin 45" ; 

Note. — The following Examples require the aid of Logarithmic 
Tables for their solution. 
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Examples — XLV. 

z. What power acting at an angle of 22"*, with a plane whose inclina 
tion is 38', will keep a weight of 150 lbs. at rest on the plane ? 

2. A we^ht of 45 lbs. is supported on an inclined plane by a power 
of 18 lbs. weight ; if the line of action of the power make an angle of 
12'' with the plane, find the inclination of the plane. 

3. The inclination of an inclined plane =27° 15', and P^ inclined to 
the plane at an angle =14'' 16', keeps a weight of 67 lbs. at rest upon 
it ; find P, 

4. If ^=286, /'=I36, ^=23** 28', find the inclination of the plane. 

5. Find the greatest weight which can be supported on a plane whose 
inclination is 42**, if the power of 74 lbs. weight act at an angle of 60° 
with the horizon. 

6. A body weighing 3 cwt. is supported on a plane, inclined at an 
angle of 30" to the horizon, by a force of 230 lbs. weight whose line 
of action makes an angle 9 with the plane ; find Q, 

THE DOUBLE INCLINED PLANE. 

250. Let two bodies whose weight are W and W^ rest 
on two planes whose 
angles of inclination are 
; and ix respectively, and 
be connected by a string 
passing over the common 
vertex. 

Let 2= the Tension in each part of the string. (Art. 1 74.) 
Consider the equilibrium of W\ 

Then, r= ^sin / (Case i.) 
Consider the equilibrium of W^ ; 
Then, r= W^ sin h \ 

Therefore ^sin /= W^ sin u ; or,-=j7 =-^-\' 

^ Wx sm / 

That is, the Weights are inversely as the sines of the angles 

of inclinations^ and therefore directly as the lengths of the 

planes. 
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Example. — Two weights fVand 25 rest on planes whose inclinations 
are 45* and 60* respectively, and are connected by a string passing over 
the common vertex ; find fV. 

^sin45**=25sin6o°; 

212 

Therefore ^=30*5 lbs. nearly. 

Examples XLVI. 

1. If the weights ^and fVi be moved along the planes, the strii^ 
keeping taut, prove that the vertical distances through which they 
move will be inversely as the weights. 

2. P= 75 rests on a plane whose inclination = 53° 20', and is balanced 
by Q resting on a plane whose inclination =29° 50' ; find Q, 

3. Weights of 20 lbs. and 40 lbs. are in equilibrium on a double 
inclined plane ; the angle of less inclination is 25° ; find the other 
inclination, and also the tension in the string. 

4. Two inclined planes meet at a right angle; if » = 30% and 
1*1=60°, and two weights, connected by a string over the common 
vertex, are in equilibrium, show that the pressure on one plane =3 
times the. pressure on the other plane. 

5. Two inclined planes are of the same height, and are 8 feet and 5 
feet long respectively. A weight of 20 oz. rests on the shorter plane ; 
find the weight which, when placed on the longer plane and connected 
with the other weight by a string over the common vertex, will keep it 
at rest. 

6. If two weights support each other on a double inclined plane by 
means of a string passing over the common vertex of the planes, show 
that if, the string being taut, the bodies are moved on the plane, the 
C. G. of the weights moves in a horizontal line. 

MISCELLANEOUS EXAMPLES-XLVII. 

Inclined Plane, 

1. A body is kept in equilibrium on a smooth inclined plane, (i) by 
a force acting horizontally; (2) by a force acting in a direction parallel 
te the plane. Compare these two forces. 

2. Find the Mechanical Advantage when P makes an angle B with 
the plane. 
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3. If a force oi 30 lbs. weight acting horizontally will keep a body . 
at rest on a plane inclined at an angle of 30' to the horizon, find what 
force acting along the plane will keep the body at rest. 

4. If ^1 be the pressure on the p^ane when a body whose weight is 
IV is supported by a force acting along the plane, and H^ b e the 
pressure when the force acts horizontally, show that IV= \/R^R^, 

5* A weight is supported on a plane inclined to the horizon at an 
angle a, by a force P, which makes an angle /3 with the plane. If 
R=P, show that /3=90-2a. 

6. If a weight IV resting on a plane, whose inclination is /, be acted 
on by a horizontal force, Wsmi, what additional force along the plane 
is necessary to keep the body from mpving ? 

7. It takes three times the power to support- a given weight on an 
inclined plane ABC when placed on the side AC that it does when on 
the side BC\ find the least power by which a weight of icx> lbs. may 
be supported on the plane. 

8. A weight is supported on a smooth inclined plane by a horizontal 
force equal to the weight. Compare the pressure with that which would 
be exerted if the weight were supported by the least possible force. 

9. A body whose weight is ^is supported by P acting horizontally. 
If the inclination were doubled, f W would be supported by P along 
the plane ; find the inclination. 

10. If P be the force which acting along the plane can support a 
given weight, and P^ be the force which when supporting it is equal 
to the pressure on the plane, show that P could support a weight Pi 
on ajplane of twice the inclination. 

IX. A weight can be supported by /* acting along a plane, or by 2P 
acting horizontally. What force, acting at an angle of 45° with the 
plane, would support it ? If ^1 and ^2 ^^ the pressures in the first two 
cases, prove that R^R^—iP^. 

12. On a smooth inclined plane W is supported by P and the 
pressure is /?. If ^ : -P : fT as 4 : 5 : 7, find (i) the angle of inclina- 
tion, and (2) the angle which P makes with the plane. 

13. Apply the proposition known as the Triangle of Forces to obtain 
the condition of equilibrium on a smooth inclined plane. 

14. P and Qy acting respectively along the plane and horizontally, 
will each smgly support a weight ^ on a smooth plane ; show that 
PQ= W\/Q^^P^, 

15. A force P^ acting along the plane, can support a weight W, and 
acting horizontally can support a weight IV^ ; show that P^=W^- pf\\ 
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THE SCREW. 

251. If a right-angled triangle ABC^ whose base AB is 

equal to the circumference 

of a cylinder, be wrapped 

round the cylinder, with 

_^^ ^^1^^^ the base AB horizontal, 

^■'^^*., ^^^^^"^^ I then the points A and 

^ [^ ^^^""^^ I B will coincide at a, ^, 

*** ^ ® and the hypothenuse will 

take the form of a curve ; cb will then be the height CB of 

the triangle. 

If we take a rectangle ABGH^ and divide its sides AH^ 
BG into equal parts, and if lines be drawn as in the figure, 

Y 





we divide the surface into triangles similar in all respects to 
the right-angled triangle ABC, If this rectangle be now 
wrapped round a cylinder XY^ whose circumference is equal 
to AB^ then it is evident that the hypothenuses A C, DE ..... 
will form a continuous line, C coinciding with 27, E with Fy 

and so on. The broken parts of A C, DE will be at the 

back of the cylinder as represented in the figure. The 
spiral so traced on the cylinder is the form of the screw 
when the thread of the latter is reduced to a line. 

This thread makes a constant angle with the horizon, or 
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the base of the cylinder : we shall denote it by /. The 
height of the triangle, or inclined plane ABC, thus wrapped 
round the cylinder, is equal to the distance between the 
threads measured parallel to the Axis of the Cylinder. 

CH 

It is evident that -j^=tan/; 

. distance between the threads __ 
circumference of the cylinder"" 

252. If we suppose the body of the cylinder cut away to a certain 
depth, leaving a protuberance of equal thickness along the spiral, we 
have a screw. The under surfaqe of a circular spiral staircase will give 
Xhe student a clear idea of the appearance that would be presented by 
a square-threaded screw. The cylinder fits into a fixed block in which 
a groove is cut, and in which the thread of the screw works. This 
groove is known as the companion screw. The only motion which the 
cylinder can have in the direction of its axis must be the result of 
causing the cylinder to rotate round its axis. This is usually effected 
by a force acting at the end of a lever (called the Power-ami) at 
right angles to the axis. 

253, Condition of Equilibrium on the Screw, 
We assume that the axis is vertical. 
The forces in equilibrium are — 

(i) The Power acting horizontally at the 
end of a lever = -P; 

(2) The Sum of the Reactions along the 

companion screw at right angles to 
the thread = ^i+^,+ .... 

(3) The Reaction caused by the cylinder 

pressing against some object, in the 
direction of its axis s W 
We have thus Case ii. of the Inclined Plane — 

Resolve the forces Vertically and Horizontally. 
The vertical Components are R^ cos /, R^ cos /, 
and these are balanced by W, 
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The horizontal Components are R^, sin /, R^ sin /,.... 
and the sum of the moments of these about the axis 
in one direction is balanced by the moment of P\w the 
opposite direction. 
Equating these moments, we have (if length of Power- 
arm = a and the radius of the cylinder =r) — 

/'a=(i?,+i?,+ )r%mi .... (i.) 

and W^=(i?i+i?,+ .....) cos/ (2.) 

Dividing (i) by (2) we have — 

R^_^ . . /'__/'tan/__27rrtan/ 
-^p-rtan/; .', ^ _______ 

Now, 27r/'= circumference of cylinder, . 

27ra= circumference of circle described by P, 
._ distance between the threads 
"" circumference of cylinder ' 
P^^ circumference of cylinder dist. between threads 
W^cir, of circle described by P . cir. of cylinder ' 
P _ distance between the threads 
^f^^circuniference of circle described by P* 
And this is the condition of Equilibrium, 
Theoretically, there is no limit to the Mechanical Advantage which 
may be obtained by this machine ; we have only to diminish the interval 
between the threads, or increase the length of the power-arm. Prac- 
tically, however, if we make the threads too thin they cannot endure a 
great pressure, and if we make the arm too long the machine becomes 
unwieldy. 

Example L-^Find the Mechanical Advantage on a screw, the threads 
of which are f in. apart, the length of the power-arm being 12 inches. 
^_ circumference of circle described by P ^ 
P ~ distance between the threads ' 

22 
„- 2X — X12 

• ^_ 7 
" P" ± 

' IV 

From which equation, ^=113 nearly. 
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Example ii. — If the thread make 33 turns in 4 inches, what power 
at the end of a lever 21 inches long will sustain a weight of looo lbs. ? 
P _ distance between threads 
lf^"~ circumference of circle by /*' 

.-. -^ - 33 
1000 22 

2X — X2I 



7 
From which /*= '91 lb. weight. 



Examples— XLVIII. 

z. The diameter of a. screw is 7 in., and the distance between the 
threads is ^ in. ; find the Mechanical Advantage. 

2. The diameter of a screw is 4 in., and the distance between the 
threads is | in. ; find the Mechanical Advantage. 

3. Find the weight which can be sustained by a power of I lb. weight 
acting at a distance of 4 ft. 8 in. from the axis of the screw, the dis- 
tance between the threads being i inch. 

4. If, in the last example, the distance between the threads be 2^ 
inches, find the weight supported. 

5. If 5 turns of a screw cause it to advance f inch in the direction of 
its length, what power at the end of a lever 2 feet long will cause the 
machine to exert a pressure of \ ton weight ? 

6. Find the length of the lever at the extremity of which a force of 
I lb. weight will support a weight of 80 lbs. on a screw, the distance 
between the threads being | in. 

7. Find the inclination to the horizon of the thread of a screw, which, 
with a force of $ lbs. weight acting at the end of a lever 2 ft. long, can 
support a weight of 60 lbs., the radius of the screw being 2 inches. 

8. The distance between the threads being \ inch, find W^ if /' be a 
force of 3 lbs. weight acting at i^ yards from the axis of the screw. 

9. Find length of the power-arm, if P—^, W^=iooo, and the dis- 
tance between the threads =} in. 

10. The angle of a screw is 15°, the radius of the cylinder is 3 in., the 
length of the power-arm is 2 J ft. ; find /', when ^^=150 lbs. weight. 

XX. liWht 112 lbs. weight, the length of the power-arm i ft., and 
the screw advance 12 inches in 96 turns, find P, 

Q 
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12. The angle of a screw is 30°, the length of the lever is Hve times 
the radius of the cylinder ; find the Mechanical Advantage. 

13. If /*= 8 oz. weight, find fV, when P acts at 9 inches from the 
axis, and the screw makes 120 turns in 8 inches. 

14. If a force of 1 12 lbs. weight at the end of a lever 100 inches long 
will sustain 5 tons weight by means of a screw whose axis is vertical, 
and whose cylinder is 2 in. in diameter, find the inclination of the 
thread to the horizon. 

15. If the angle of the screw be 30*, the radius of the cylinder 9 inches, 
the lever 4 ft. long, find P, when ^is a force of f ton weight 

16. The circumference of the circle swept out by Pis 12 ft. ; how 
many turns must the screw make if the cylinder be 3 feet long, in order 
that the Mechanical Advantage may be 300 ? 

17. If a screw make x turns in 18 inches, and the length of the 
power-arm is a feet, find the Mechanical Advantage of the machine. 

18. The angle of a screw is 30' ; if the radius of the cylinder =r, and 
the length of the power-arm = a, find what pressure will be caused by 
a force of 50 lbs. weight acting at end of the power-arm. 



THE WEDGE. 

254. The Wedge is a solid triangular prism made of 
some hard material, and is used for cleaving 
asunder bodies whose power of cohesion 
is very great. 

Let ABC be a section of an isosceles 
Wedge, introduced into an opening jDF£. 
We assume that the Wedge is urged 
forwards by a steady pressure JP, applied 
perpendicularly to its back AB, and that 
the reactions from the points of contact 
JDy E are equal, and at right angles to the 
sides. 

Because there is equilibrium, we may suppose the lines of 
action of /*, and of the two resistances at D and E^ to pass 
through a point O. (Art 212.) 
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If we denote the angle of the Wedge ACB by 2a, then, 
resolving along OCy and at right angles to it, the Com- 
ponents at right angles to ^C must be equal and opposite. 
.-. ^cos(9o"-^(9C)=^cos(9o'— Z>(9C)» 
or, R cos a = J? cos a. 
And the Sum of the two Components along OC 
must be equal to P, 
.-. /'ssifsina+ifsina, 
or, /*= 2R sin a. 

Qiisels, planes, hatchets, razors, knives are examples of this 
Machine. 

The Wedge is driven forwards in all practical work not by steady 
pressure, but by a series of blows. This consideration shows that the 
action of the Wedge is most usefully treated as a kinetic subject. 



Examples— XLIX. 

z. What is the vertical angle of an isosceles wedge, when the force 
applied is equal to either of the two resistances ? 

2. A wedge is in the form of an equilateral triangle, and the two 
forces acting on the sides are each equal to lOO lbs. weight ; find the 
remaining force. 

3. A wedge is in .the form of an isosceles triangle, and the angle of 
the wedge is 30°; a force of 120 lbs. weight acts opposite to this angle; 
find the other two forces. 

255. The Principle of Work applied to Machines, 
We shall anticipate some of the results proved in Chapter XV. on 
Work. It is there shown (Art. 3CX)) that Work is measured by the 
product of the Force into the Distance it moves through in its own 
direction. 

If P denote the Power, ^the Weight to be overcome, and ^the 
Friction of the parts of the machine, and if/, w,/, denote the distances 
through which these three forces move in the same time, then the work 
done by P is equal the sum of the works done by fTand F^ or 
Pp-Ww-\-Ff, 
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If we suppose the parts of the machiiie to move without friction, 
then F=Ot and we have — 

Pp=lVw. 

Now M P< fV, then /> 10 ; i.e. a small force can do as much wc^k 
as a larger one only by moving throngfa a proportionally greater space, 
and hence ' wAat is gaitud in power must be tost in time.* 

Now no machine can be made perfectly smooth, and therefore part 
of the work applied must be used in overcoming the resistance caused 
by friction ; from which it follows that the effectii>e work obtained 
from any machine is always less than the work applied to it — in other 
words, a machine can never create energy. 

The ratio ^^^^^Jl^!^^ is called the Effidency of Uie Machine. 

Total Work ' 

Example L — Find the ratio oiPi If^ in a smooth Screw when /'acts 
at the end of a lever. 

We have Pp= fVw, 
During one complete circuit of the power-arm, the screw advances 
through a distance = interval between the threads. 

.*. -Px circumference of circle described by P 
= Wx distance between the threads ; 

P _ distance between the threads 

ff^ "circumference of the circle described by P 
(Compare Article 253.) 
Example iL — Find the ratio oi P \ lVin& straight Lever. 
In the figure of Art. 225, suppose the lever AB to turn round the fixed 
point F, then P and JV will in a certain time describe arcs of circles. 
VfehsLvePp^PVw, 
,\ Pxaxcof P's circle = IV x arc of lV*s circle. 
Now the angles at F being equal and opposite, the arcs are pro- 
portional to the radii of the circles ; .', P x AF= fVx BF, 
(Compare Article 225.) 
Example iii. — Find the ratio of Z' : ^in the Wheel and Axle. 

Wehave/5)=frw. 
In a single revolution the Power describes a space equal to the 
circumference of the Wheel, and the Weight describes a space equal 
to the circumference of the Axle ; 

. •. Px circumference of wheel = Wx circumference of axle. 

P circumference of axle _ 2irr _r _ radius of axle 

'* ^""circumference of wheel ""2^-^ P radius of wheel' 

(Compare Article 235.) 
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Example iv.— In the First System of Pulleys (Art. 240), what 
power will sustain 448 lbs., if there be 4 movable pulleys? 

Suppose a pulley E to rise a small distance x^ then D rises 2r, 
C rises \x^ and B rises 8jr, and . *. P descends twice %Xy or I dr. 
We have Pp= Ww, 
,\ Pxi6x=44Sxx; 
.-. P=2S\hs, weight. 



MISCELLANEOUS EXAMPLES-L. 

z. Explain the meaning of the expression * What is gained in power 
is lost in time,' and illustrate it in the case of levers of the Second and 
Third Orders. 

2. A beam balanced about a point 7 feet from one end ; when the 
point of support was moved 2 feet nearer that end, it was necessar)' to 
place a mass weighing 189 lbs. at that end to restore equilibrium ; what 
was the weight of the beam ? 

3. A uniform rod AB, 8 inches long, is laid horizontally over two 
props C and D, 5 inches apart, C being 2 inches from A, Find the 
pressure on each prop. If a body suspended at B removes all pressure 
from C, show that the pressure on D is increased tenfold. 

4. A uniform beam, 18 feet long, is in equilibrium on a fulcrum 2 
feet from one end, when a body weighing 5 lbs. hangs at the end of 
the longer arm, and another weighing 1 10 lbs. at the other ; find the 
weight of the beam. 

5. A uniform rod, weighing 2 lbs. per foot, balances about a point 
I foot from the middle when bodies weighing 16 lbs. and 5 lbs. hang 
at the ends. Find the length of the rod. 

6. Two men carry a weight of 112 lbs. on a light rod 7 feet long; 
where is it slung when one man sustains a pressure of 32 lbs. weight? 

7. A uniform straight rod, $ feet long and weighing 168 lbs., rests 
on a prop at each end ; where must a body weighing 280 lbs. be slung 
that the pressures on the props may be in the ratio 3 to 2. 

8. A bar 6 feet long, and weighing 50 lbs., rests on two props 
distant I foot and 2 feet from the ends ; what weight acting at one end 
will make the pressures equal on the two props ? 

9. A uniform bar, weighing 6 oz. per foot, balances about a point 
16 inches from one end when a body weighing 12 lbs. hangs at that 
end ; find the length of the bar. 
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10. If a balance have equal arms, but unequal scale-pans, show that 
the true weight of a body is half the sum of its apparent weights in 
the two scale-pans. 

zz. A steelyard is 48 inches long and weighs 2 lbs. ; its C. G. is 6 
inches from the end at which scale-pan hangs, and the shorter arm is 
4 inches. Find (i) the distance between the graduations, (2) the 
greatest weight which the instrument can determine. 

Z2. A pair of nut-crackers is 5 inches long, and a pressure of 3^ lbs. 
weight at the end will crack a nut placed { inch from the hinge ; what 
mass placed on the nut will crack it ? 

Z^ Two masses, m and m^j balance on a wheel and axle. If they be 
interchanged, find the acceleration of the body suspended from the 
wheel, the mass of the machine being neglected. 

Z4. If in a wheel and axle R=Z^, and P-\- ^=48 lbs, weight, 
find P and fT. 

Z5. In a false balance a body whose true weight is A has an appa- 
rent weight Bf and one whose true weight is C appears to weigh 
D ; prove that the true weight of a body which appears to weigh 
Eis E{A-C)+CB-AD 

B-D 

z6 A wheel whose weight is W and radius r meets an obstacle the 
height of which is x ; what horizontal force acting at the centre will 
cause the wheel to surmount the obstacle ? 

Vj, A cone whose vertical angle is a, and whose weight is W^ fits 
into an opening in a table cut out in the form of an equilateral triangle ; 
find the pressure at each point of contact. 

z8. Two spheres whose radii are 3 inches and 5 inches rest against 
each other, being suspended from the same point by strings 3 inches 
and 5 inches respectively ; if the shorter string makes an angle of 45° 
with the vertical, compare the weights of the spheres. 

zp. In a steelyard the graduated arm is a foot long, and pounds are 
measured by a movable weight of x oz., and stones by an addition 
weight of y oz. at the end of the arm ; find the distance between the 
graduations. {Note, — When complete stones are in the pan the mov- 
able weight is at the zero.) 

20. In the Third System there are n pulleys each of weight x. The 
free end is passed under a movable pulley, then over a fixed pulley, and 
then made fast to the light bar carrying the weight W, Find W\n 
terms of x and n. 
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21. A string made fast at one end passes under a movable pulley 
whose mass is wij, and over a fixed pulley, and to the free end a mass 
m is attached ; find the tension of the string. 

22. In the Second System there are n strings at the lower block, 
and the mass at the free end of the strings is m times that which would 
produce equilibrium ; find the acceleration of the ascending body. 

23. In the First System there are two movable pulleys, and a weight 
of 128 lbs. is supported by a body weighing 32 lbs. hanging at the free 
end of the string ; what mass must be added to the 32 lbs. so that it 
may descend with an acceleration of i^? 

24. In the same system the two pulleys are of equal mass. A mass 
of 100 lbs. is at rest when a mass of 28 lbs. is fastened to the free end. 
How much must be taken from the 100 lbs. to cause the 28 lbs. to 
descend with an acceleration of | ^? 

25. To one end of a string passing over a smooth peg is attached a 
mass of 30 lbs., to the other a light pulley ; over the pulley is passed 
a string carrying at its ends masses of 9 lbs. and 7 lbs. respectively ; 
find the acceleration of each body and the tensions. 

26. If the pulley in Ex. 25 had a mass of 2 lbs., find the accelerations 
and the tensions. 

27. If in Ex. 25 the 7 lbs. were replaced by a body whose mass is 
m lbs., find the value of m, so that the body should have no motion 
in fixed space. 

28. Two equal spheres of i inch radius are in equilibrium in a spheri- 
cal cup whose radius is 3 inches ; show that the pressure between the 
cup and either sphere is double the pressure between the two spheres. 

29. A heavy sphere rests on two parallel rods in the same horizontal 
plane and at a distance from each other equal to the radius of the 
sphere ; find the pressure on either rod. 

30. A smooth sphere whose weight is W rests upon two planes of 
equal inclination {$) which are placed on a smooth horizontal table, 
and are prevented from sliding by a horizontal string which ties them 
together ; find the tension of the string. 

31. Three equal smooth spheres (each of weight IV) are placed in 
contact on a smooth table, and another sphere (equal in all respects to 
the others) is then placed on them. What horizontal force applied to 
each of the lower spheres will prevent their separating ? 



Digitized by VjOOQIC 



248 Elements of Dynamics. 

32. Two spheres whose radii are 3 feet and 5^ feet and weights 
are IVi and 1V^ respectively, are placed between two vertical rods i6| 
feet apart, the larger sphere resting on the ground, the centres being 
in. the vertical plane of the rods ; find all the reactions. 

J3. A smooth hemispherical bowl whose base is closed is placed 
with the base vertical Inside are two equal spheres, each of weight 
20V3 lbs., their radii being one-third the radius of the bowl ; find the 
pressures at all points of contact 

54* A light string having a mass m at one end passes over a movable 
pulley A whose mass is m^ under another movable pulley B whose 
mass is m^, then over a fixed pulley, and the other end is made fast to 
A. All the strings being vertical, find the acceleration of each body, 
and the tension of the string. 

35. If in Ex. 34/^ = 8 lbs., f//i=:2 lbs., /;/2=6 lbs., how far does 
m move in 5 seconds. 

^ If in Ex. 34 /// = io lbs., Wi = x lb., what must be the value of 
tn^ that it may remain stationary ? 
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CHAPTER XII. 
FRICTION. 

256. Surfaces are said to be smooth when no resistance 
is caused by them io the motion of one body over another 
in contact with it. When there is such resistance they are 
said to be rough. The resistance so caused is termed 
Friction. 

Our knowledge of the Laws of Friction is derived principally from 
the experiments made in x 781 by Coulomb, a French officer of Engineers. 
Further experiments carried out by General Morin in 1831-34 confirmed 
Coulomb's results. Recent investigations have shown, however, that 
some of these Laws are not rigorously correct, and that in some cir- 
cumstances Law 5 in the next Article is seriously in error. 

257. The Laws of Friction are as follows :— 

1. The amount of Friction depends on the material of 

which the bodie? are composed. 

2. For the same pair of substances the Friction varies 

directly as the normal pressure. 

3. For the same pressure the Friction is independent 

of the extent of the surfaces in contact. 
(There must be a definite area of contact — i,e. a physical line and 
point of contact are excluded.) 

4. The Friction increases with the time of contact up 

to a certain period, after which it becomes constant. 

5. The Friction is independent of the velocity when 

one body is sliding on the other. 
6 Rolling Friction is always less than Sliding Friction. 

258. Unless there is some tendency of one body to slide 

over the surface of another, the force of Friction is non- 
249 
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existent. More than a certain amount of friction can never 
be called into play. The greatest amount is exerted when 
one body is just on the point of motion over the other. 
This amount is called the Limiting Friction ; it is also 
known as Statical Friction. 

When one body has motion over another, the friction 
called into action is called Kinetic Friction. It is always 
somewhat less than the Limiting Friction. 

259. The value of the Limiting Friction bears to the 
normal pressure a constant ratio, the value of which depends 
on the nature of the surfaces in contact. This ratio is 
called the Coefficient of Friction; it is generally de- 
noted by /A. 

Thus, if a body be on the point of moving under the 
action of the tangential force F^ 

JR and R be the normal pressure 

between the surfaces, then 

' -— =/A, and ,', F=:fiR. 

K 

In new wood, even when planed, /* is about \ ; in metals it is about \ ; 

in wood and metal about f ; in leather on wood (wetted with water) 

nearly A. When the surfaces of wood are worn by long rubbing, /* is 

reduced to about J. 

260. Def. — The Angle of Friction is the inclination of 
the plane on which a body is just on the point of sliding when 
under the action of its weight and friction only, 

261. Theorem. — The Tangent of the Angle of Friction is 
equal to the Coefficient of Friction, 

Let a body, A^ be placed on a plane inclined at such an 
angle that the body is just on 
^\ m. .jS^^ ^^ point of slipping down. 

Then the forces acting on A 
are (i) its Weight, (2) the Pres- 
sure of the plane, (3) the Fric- 
tion up the plane. 
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Resolving along the plane, ft^= ^sin/ (i.) 

„ at right angles, ^= ^cos / (2.) 

Divide (i) by (2), .•. fi=tan/. (q.e.d.) 

262. We may therefore determine the value of /* for any 
pair of substances as follows :— Place one body on the 
other, and cant the latter until the former is on the point of 
slipping. The tangent of the angle of inclination at this in- 
stant will be the Coefficient of Friction for those substances 

263. The student will observe that Friction always opposes 
motion. Hence if a body is sliding down a plane, the 
Friction acts up the plane; if the body is moving up the 
plane the Friction acts down. 

264. To find the Acceleration on a rough inclined plane. 
Suppose the body to be moving down, then the Friction 

is acting up the plane. 

The Force causing the motion = mg sin i^iiR. (See last 
diagram.) Let a be the acceleration produced. 
Now, wa= Force causing motion; 
ma=mg sin i—fJL.mg cost; 
a =^ (sin / — ft . cos /). 
If the body were projected up the plane, the acceleration 
down the plane may be shown to be 
a=g (sin i+fA . cos /). 

265. To find the Magnitude and Direction of the Least Force 
which will draw a body along a rough horizontal plane. 

Resolve along the plane ; 
.-. Fcos 6=fijR . . . (i.) 
Resolve at right angles to 

the plane ; 
.\Fsine+I^z=lV . (2.) 
Eliminate ^ from these 
equations, and we obtain — 

cos ^+^ sin d* 
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Let € be the 'Angle of Friction/ then tan €=/*. (Art. 261.) 

cos^+tan€.sin^' 
From which equation, /*=- 



cos (^— €) 
To make -P least, we must have cos (O—e) greatest, i.e. = i ; 

.-. ^=^ (I.) 

Then P= JVsin € (2.) 

Equation (i) gives the Direction, and (2) gives the Mag- 
nitude of the Least Force of Traction. Therefore when the 
direction of the Force of Traction makes an angle with the 
plane equal to the * Angle of Friction,' the body will be 
moved by the least force of Traction. 

266. A body is kept in equilibrium on a rough inclined plane 
by a force acting in a given direction; to find the Limits between 
which the magnitude of the force must lie. 

First, let Pi be the magnitude of the force which is on 
the point of causing the body 
to move up the plane, 

Then the friction acts down. 
Resolving along the plane and 
at right angles to it — 

w^ /'iCos^=/A^+ ^sin/ . . , (i.) 

FiS\ne'\'R=Wcosi . . . . (2.) 

Eliminate R from these equations, and we obtain 
p -_ jir sin/+/ACosi 
' cos d+iJ. sin d' 
Next, let P% be the magnitude of the force which is 
on the point of causing the body to move down the plane. 
Then the friction acts up. 

Resolving as before, we have — 

/^,cos^+/i^=^sin/ ....... (i.) 

/'.sin^+^=^cos/ (2.) 
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Eliminate R from these equations, and we obtain 
P ^W sin /—ft cos / 
* cos ^— ft sin S 
From these two results we conclude that if /'has any value 
between P^ and -Pj, that is, between 
W. si°^+/*cos/ ^^ ^ sin /^-M cos/ 
COS c^+ft sm ^ cos u—fi smd 

the body will be in equilibrium on the plane. 
If the force act along the plane, then ^=0, 
and Pi = ^(sin / +ft cos /) ; /*, = W^ (sin 1 — ft cos /). 
This is the case when a horse draws a cart up or down a 
hill. . 

The Screw with Friction. 

267. Let a force Pi applied horizontally at the circum- 
ference of the cylinder be on the point of overcoming the 
Resistance (= IV) and the Friction (=ft^). 
Resolving along the plane and at right angles to it — 

Pi cos i=fJi.P+ IV sin i (i.) 

PiSmt+lVcosi=::R (2.) 

Eliminate P from these equations, and we obtain 
Pi _ sin/-|-ftcos/ 
JV^ cos i—fi sin i 
Let the power P act at the end of an arm whose length 
is Py and let the radius of the cylinder be r. 

Then, ^=^ or /'.=^; 

P __ ^ sin /+ ft COS/ 
JV^ P cos/— ft sin/ 
If ^is on the point of overcoming the combined effect 
of Pi and the Friction, it may be shown that 

P __r sin /—ft cos /' 
JF~" R ' cos / + u sin / 
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From these results we conclude that there will be equilibrium 

if 4 lies between ^ . ^hi+tS2li,and ^ . «5irM£^' 
JV R cos/— ftsm/ E cos/+ftsm/ 

If we write tan c for fs these limits may be written 
. tan (/+€) and -^ tan (/— c). 

Example L — A mass of 40 lbs. rests in a state bordering on motion 
on a plane inclined to the horizon at an angle of 30** ; find the co- 
efficient of friction. 

We may use the theorem of Art. 261, and say at once that /a= tan 30** ; 

••• "^i 

Or we may proceed, as in that investigation, as follows : — 

Let W be the weight of the body. 
Resolving along the plane, and at right angles to it — 

M^=^sin30' .... (I.) 

^=^cos30** .... (2.) 

.*. M=tan30°= ^. 

Example ii. — What force, acting along the plane, will draw a body 
whose weight is 100 lbs. along a rough horizontal plane. (/A=i.) 

F=iiR=\y, 100=50. 
Hence a force of 50 lbs. weight will cause a state bordering on motion. 

Example ill. — A force of 30 lbs. weight just supports a body whose 
weight is 50 lbs. on a smooth inclined plane. If the plane were 
rough, and /A=t^» find the force which, acting along the plane, would 
draw the body up. 
The friction acts doivn. Let P be the force. 
Resolving along the plane, and at right angles to it — 
P=S^smi+iiR .... (I.) 
.^=50 cos i. 
From which equation we obtain — 

/>= 50 sin /+/! 50 cos L 
Now, from the first part of the question it may be shown that — 

sin /=f ; . •. cos t=f, and At=iV' 
Substituting these values, we find that P= 34. 
Therefore, any force exceeding 34 lbs. weight will draw the body up 
the plane. 
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Example It. — A ladder, whose C. G. is at its middle point, rests 
with one end on a horizontal plane, and the other against a vertical 
wall, to which it is inclined at an angle of 45'. The coefficient of 
friction for the lower end =}, and for the upper end =:^. A man 
whose weight is half that of the ladder mounts it. How far will he 
ascend before the ladder slips ? 

Let a = length of ladder ; 

.r= distance ascended by the man. ^^ 

We use the conditions of equilibrium obtained "^ 

in Article 218. 

Equatmg the vertical components, we have — 



j?+liei=^+^. . . . (I.) 
2 



iZ 



Equating the horizontal components, we have — 

iA'=i?i (2.) ^ . 

Equating moments round the lower end, we tR 

have — 

fT. J fl cos 45" + J ff^. JT cos 45'= ^1 a sin 45' + 1^1 a cos 45°. . . (3.) 
Solving these equations we shall obtain x=\a. 



Examples — LI. 

1. Find the coefficient of friction if a body whose weight is ff^just 
rests on a rough plane inclined at an angle of 45"* to the horizon. 

2. A body whose weight is 24 lbs. just rests on a rough plane in- 
clined at an angle of 30' to the horizon ; find /*» and the value of the 
friction called into play, 

3. If the tangent of inclination of a rough inclined plane be |, and 
a body whose weight is 24 lbs. be just supported by the friction alone, 
find the least force which, acting along the plane, will draw the body 
up the plane. 

4. A plane rises 5 in 13; find the weight of the greatest mass which 
can just be retained at rest by a force equal to the weight of 20 lbs. 
acting along the plane, (fi = }. ) 

5. A horizontal force of 1 1 lbs. weight is just on the point of moving 
a body whose weight is 13 lbs. up a plane, the tangent of the inclina- 
tion being \ ; find /i. 

6. At what inclination must a wooden slip be laid so that blocks of 
iron may slide down by the action of gravity? (/t= -625.) 
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7. A body, whose weight is icx> lbs., is just kept at rest by friction 
on a rough inclined plane. The height of the plane is 5 feet, and its 
length is 25 feet. What is the force and coefficient of the friction ? 

8. State the laws of statical friction, and explain what is meant by 
the Angle of Friction, 

9. Define the terms: Friction^ Coefficient of Friction^ Limiting 
Friction, 

10. How may the Coefficient of Friction be determined by experi- 
ment? 

11. Find the least force which will drag a body, whose weight is 
50 lbs., along a rough horizontal plane, the coefficient of friction being 

I 

12. At what angle of inclination {<S) should the traces be attached 
to a sledge that it may be drawn up a hill, whose gradient is known, 
with the least possible exertion ? 

13. If a body, whose weight is 750 lbs., rest on a horizontal plane, 
determine the force which, (i) inclined to the horizon at an angle of 
15", (2) acting horizontally, will just cause motion. (/i= 62.) 

14. A body, whose weight is 50 lbs. , rests by friction only on a plane 
whose inclination is 30° ; find the force of friction m action, and also 
the pressure exerted on the plane. 

15. A heavy body just rests on a rough inclined plane. Show that 
the total resistance due to the plane is R sec e acting at an angle e with 
the normal, when R is the normal pressure, and e is the angle of 
friction. 

16. Determine the magnitude of the limiting angle of friction, having 
given the coefficient of friction. 

17. If the roughness of a plane, which is inclined to the horizon at 
a known angle /, be such that a body whose weight is W will just rest 
upon it, find the least force required to draw the body up. 

18. A force of 30 lbs. weight just supports a body whose weight is 
50 lbs. on a smooth inclined plane. If the plane were rough, and the 
coefficient of friction lu, what force acting parallel to the plane will 
cause the body to move up the plane ? 

19. A force acting at an angle of 60** with the horizon can just 
support a body of certain weight on a rough plane inclined to the 
horizon at an angle of 30*. Were the plane smooth, the same force 
acting parallel to the plane would preserve equilibrium. Find the co- 
efficient of friction. 
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20. The least force that will draw a body whose weight is 112 lbs. 
along a rough horizontal plane is a force of 16 lbs. weight ; find the 
least force that will draw it up an equally rough plane inclined to the 
horizon at an angle of 6o^ 

2Z. If a body be kept at rest on an inclined plane by a force making 
a given angle with the plane, show that the reaction of the plane when 
it is smooth is the Harmonic Mean between the greatest and least 
reactions when it is rough. 

22. If a body whose weight is ^Ibs. rest on a plane, the tangent 
of the inclination of which is i/jt, and if the force of the friction be the 
weight of I lb. in m lbs. weight of the body, find the least force which, 
acting.parallel to the plane, will be on the point of causing the body 
to move up. 

23. A body whose mass is J 2 lbs. is placed on a rough plane 

inclined to the horizon at an angle of 45*. If /*= -L, find in what 

/- ^^3 

direction a force equal to the weight of ( V3— i) lbs. must act on the 

body in order to support it 

24. If a force in a given direction keep a body at rest on a rough 
plane, find the limits between which the force must lie. 

25. If a force equal to the weight of VJ lbs., acting along a plane, 
would just drag a body whose weight is 2 lbs. up the plane, while a 
force equal to the weight of i lb. would just prevent it slipping down, 
find the amount of friction exerted when a force equal to the weight 
of V2 lbs. acting up the plane keeps the body in equilibrium. 

26. Find the magnitude and direction of the least force (i) which 
will just draw a weight of 50 lbs. up a rough plane inclined at 60° to 
the horizon, and (2) which will just prevent its slipping down ; the 

coefl5cient of friction being — p-. 
v3 

27. A weight ^ is just supported by friction on a plane inclined at 
an angle a to the horizon. Show that it cannot be moved up the 
plane by any horizontal force less than W tan 2a. 

Explain this result when a=^. 
4 

28. A body whose weight is 100 lbs. is kept in equilibrium on a 

rough plane, whose inclmation is 1, by a force P inclined at an angle 9 
to the plane ; if the greatest angle at which the- body would rest by 
friction alone is 45% find the limits between which P must lie. 

R 



Digitized by VjOOQIC 



258 Elements of Dynamics. 

ap. Investigate the condition of equilibrium, when a body of weight 
^is supported on a rough plane inclined to the horizon at an angle a, 
by a force P, inclined to the plane at an angle /9; the coefficient 
of friction being /a, and the body being on the point of moving down 
the plane. 

30. If the ratio of the greatest to the least force which, acting 
parallel to a rough inclined plane, can support a weight on it, be equal 
to the ratio of the weight to the pressure on the plane, show that the 

coefficient of friction will be tan a. tan^ -^, when a is the inclination of 
the plane to the horizon. * 

31. What is the least coefficient of friction which will allow of a 
heavy body being just kept from sliding down an inclined plane of a 
given inclination, the body (whose weight is fV) being just sustained 
by a given horizontal force P? 

32. An isosceles triangle whose base is to a side as i : s^y is placed 
with its base on an inclined plane ; and it is found that when it begins 
to slide it at once topples over. Find the coefficient of friction. 

33. A cone is placed on a rough plane, the coefficient of friction 
being tan e ; find its vertical angle if the cone begins to slip and topple 
over simultaneously. 

34. A parallelopiped rests on an inclined plane. Its basfe is 2 feet 
square. What is its height if it begin to slide and topple over at the 
same moment ? (/a = i. ) 

35. Two bodies, whose weight are fV^ and fV^^ rest on a rough 
narrow inclined plane and are connected by a string ; if the coefficients 
of friction are Ah> A4 respectively, find the greatest inclination (1) of 
the plane which is consistent with equilibrium. 

36. Investigate the conditions of equilibrium when a power P 
supports a body, whose weight is ^, on a rough screw, fi being the 
coefficient of friction. 

37. The distance between the threads of a screw is such that a body 
is just sustained without the action of any power ; find the least power 
which will overcome a given weight JV, the coefficient of friction 
being /A. 

38. If /A=i> and the length of the screw be 2 feet, its circumference 
being 6 inches, find the least number of turns which may be given to 
its thread in order that a body of given weight may be supported upon 
it without the action of any power. 
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39. Show that with a given angle of friction, the power necessary 
to raise a body of given weight increases indefinitely as the angle of 
the screw approaches a certain value. What happens if the angle 
exceed this value ? 

4a A screw is worked by a lever, the end of which describes a circle 
of 12 feet. The circumference of the screw is 6 inches, and the interval 
between the threads is I inch. If fi=l, find the pressure exerted by a 
force of 20 lbs. weight at the end of the lever. 

4Z. The diameter of a screw press is lo feet, the interval between 
the threads is I inch, the diameter of the screw is 9 inches, and 
/*= J. What pressure is exerted by a power of 10 lbs. weight ? 

42. The limiting position of equilibrium of a ladder resting on a wall 
equally rough with the ground is at an angle of 45° ; find the value of fi. 

43. A uniform ladder 10 feet long rests with one end against a smooth 
vertical wall and the other end on the ground (Ai=i) ; find how high a 
man whose weight is four times that of the ladder may ascend before the 
ladder begins to slip, the foot of the ladder being 6 feet from the wall. 

44. A ladder rests against a vertical wall, to which it is inclined at 
an angle of 45* ; the C. G. of the ladder being one-third of the length 
from the foot. The coefficients of friction at the top and bottom are 
i and i respectively. How high on the ladder may a man, whose 
weight is half the weight of the ladder, ascend before the ladder slips? 

45. A ladder whose length is x and weight IV has one foot on the 
ground and the other against a vertical wall, the coefficients of friction 
being /* and fi^ respectively. If the distance of the C. G. from the 
foot be ^ feet, determine the inclination {$) of the ladder when on the 
point of slipping. 

46. A uniform beam whose weight is fV leans against a vertical 
wall, and has its lower end resting on a horizontal plane. If fi and /jl^ 
be the coefficients at the top and bottom respectively, find the inclina- 
tion {0) of the beam to the horizon when the beam is on the point of 
motion ; find also the pressures on the wall and the plane. 

47. If the beam in the last question be not uniform, find the value 
of 0, when the distances of the C. G. from the top and bottom are ^ and 
X respectively. 

48. Find the limiting positions of equilibrium of a beam resting on 
two equally rough inclined planes, having given the inclinations of the 
planes =t and f^, the segments of the beam made by the C. G. =jr 
and^; the angle of friction se; and the' inclination of the beam to 
the horizon =d. 
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49. One end of a uniform heavy rod rests on a smooth inclined 
plane whose angle is 30", and the other rests against a rough vertical 
wall which passes through the foot of the inclined plane. If the co- 
efficient of friction:: /A, find the angle made by the rod with the verti- 
cal in the limiting position of equilibrium. 

50. If the ladder in Ex. 45 be placed in a known position a, at what 
distance (a) from the foot must a body whose weight is fVi be placed 
so that the ladder may be on the point of slipping? (m=/*1') 

51. AjB is a string of length a, of which one end is fixed at Ay while 
the other is attached to an end ^ of a uniform rod BC also of length a ; 
and of this rod the other extremity rests on a rough horizontal plane 
at a distance a below A. Supposing that the end of the rod is about 
to slip when C is vertically below A, find the coefficient of friction. 

52. A uniform rod rests with one extremity against a rough vertical 
wall (/*= J), the other extremity being supported by a string three times 
the length of the rod attached to a point in the wall ; show that the 
angle the string makes with the wall in the limiting positions of equili- 
brium is tan" ^ (^) or tan" ^ (J). 

53. If two bodies whose weights are IVi and IV^ be placed on two 
equally rough planes having a common vertex, and be connected by a 
string over this common vertex, show that if the inclinations be i and 
t respectively, ff\ sin (i-e)= JV2 sin (e+«i), where tan e=/Lu 

54. A body, whose weight is fF, can be just sustained on a rough 
inclined plane by a force Pi acting horizontally, or by a force /\ 
acting along the plane ; find the value of the angle of friction. 

55. A heavy particle, weight fV , just rests in equilibrium on a rough 
inclined plane ; if now it.be further acted on by a force = IV, within 
what limits must the direction of this force lie in order that the 
equilibrium may not be disturbed ? 

56. A uniform rod rests with its upper end against a smooth vertical 
plane, and its lower end upon a rough inclined plane. When the rod 
is on the point of slipping, show that its inclination to the horizon is 

tan"^ -j CQ (g-«) I where a is the inclination of the plane. 

57. Two particles, connected by a string, lie one on each slope of a 
double inclined plane of inclination a ; one plane is rough, the other 
smooth. If there be motion, the ratio of the weight of the body on the 
smooth plane to the weight of that on the rough plane must not lie 
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between I- /A cot a and i+/a cot a, when fi(less than tan a) is the 
coefficient of friction. 

58. What force will pull a body whose mass is 12 cwt. along a 
rough horizontal plane (/*=i)i (i) with uniform velocity of x f.-s. ; (2) 
with a uniform acceleration of^' f.-s.-s ? 

59. A hemisphere rests with its curved surface touching a vertical 
wall (/A2=i%) and a horizontal plane (/a^sI). Show that when the 
body is on the point of slipping, the inclination of the plane of its base 
to the horizon is sin"^ (^). Note, — If the radius of the sphere is 
r, the C. G. of its hemisphere is at a distance \r from the centre of the 
sphere. 

60. The difference between two like forces, acting parallel to the 
plane, which will keep a body whose weight is 10 lbs. in limiting equili- 
brium on a plane inclined at an angle of 45° to the horizon is 8 16 lbs. ; 
show that the angle of friction is nearly 30^ 

6z. A uniform beam of length 2/ is placed on a rough peg, and rests 
with its lower extremity against a rough vertical wall. If the co- 
efficient of friction between the beam and the peg, and also between 
the beam and the wall, be }, and the beam be on the point of sliding 
down between the peg and the wall when its inclination is 45', find the 
distance of the peg from the wall. 

62. A uniform rod is freely movable round its middle point 
fixed at the summit of an inclined plane. A body whose weight 
is P hangs from one end of the rod, and to the other end a string is 
fastened, of length equal to half that of the rod. To this a body, whose 
weight is W^ is attached, which rests on an inclined plane whose 
inclination is o. If the plane be smooth, and there be equilibrium when 
the rod is horizontal, prove that P^zW^w? o. 

If the plane be rough, and the friction such that ^ would just rest 
on it without support, prove that ^sin^ 2a is the greatest value P can 
have without disturbing the equilibrium. 

63. A body of mass m is placed on a rough horizontal table, and is 
connected by a string over its edge with a mass m which descends ; 
find the acceleration, and the tension of the string. 
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CHAPTER XIII. 
IMPACT. 

268. Impact is the term used to denote the action 
which lasts for an extremely short time when bodies come 
into collision. 

269. When one body strikes another moving in the same 
dbection, it is a matter of common experience that one loses 
velocity and the other gains velocity. If we suppose that 
the bodies separate after collision, then although the bodies 
are in contact for only a very short time, yet that time is 
sufficiently long for the pressure between them to increase 
from zero at the instant of collision to its maximum, and 
then to decrease to zero at the instant of separation. 

By the Third Law of Motion this pressure must act equally 
on the two bodies. By the Second Law it will produce an 
equal change of momentum in each body. Therefore the 
momentum generated in one must be equal and opposite to 
that generated in the other ; and hence we infer that the 
momentum (reckoned in the positive direction) lost by one 
body has been gained by the other ; in other words, that the 
whole momentum of the system after impact is equal to the 
whole momentum before impact. 

Notice must be taken of the words in brackets ; they 
point out that the whole momentum means the algebraical 
sum of the momenta, and thus the case is included where 
the bodies are moving in opposite directions. 
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270. IVhen one body overtakes another moving in the same 
direction^ to find the velocity after impact if the bodies keep 
together. 

Let a body whose mass=»i, moving with velocity =«, 
impinge on another whose mass=Wj, moving with velocity 

Let «;= velocity after impact 
Now, Momentum before impact = Momentum after; 

. ^,_ tnu+miUi 
m+mi. 

If the bodies meet, then we must change the sign of 
either u or »i. 

The Student is recommended to pay no direct attention 
to this result when a question is proposed, but to apply the 
Third Law of Motion directly, as in the following examples. 

Example i. — A baU whose mass is 10 lbs., moying with a velocity 
of 12 f.-s., overtakes another ball whose mass is 6 lbs. moving with a 
velocity of 4 f.-s. ; find the common velocity after impact. 
Let V = velocity after impact. 
' Momentum before = Momentum after. 
.'. ioxi2 + 6x4=(io+6)z'; 
.*. 120+24=162/; 
.'. v=9 f.-s. 

Example ii. — If the balls meet, find the common velocity after 
impact. 

Suppose the velocity 4 f.-s. to be in the negative direction. 
Let »= velocity required ; 
Momentum before = Momentum after ; 
.*. lox i2-6x4=(io + 6) z/; 
.*. 120-24=16 v; 
.*. z>=6 f.-s. in the direction of the larger mass. 
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Examples — LI I. 

The bodies keep together after impact, 

z. A mass of 20 lbs., moving with a velocity of 40 f.-s., overtakes a 
mass of 60 lbs. moving with a velocity of 30 f.-s. ; find the velocity 
after striking. 

2. If the masses in Ex. i meet^ find the velocity after striking. 

3. A mass of 3 lbs., with velocity of 20 f.-s., overtakes a mass of ib 
lbs. moving with a velocity of 12 f.-s. ; find the velocity after impact. 

4. If the bodies in Ex. 3 tneet^ find the velocity after striking. 

5. Two equal masses are moving in the same direction with velocities 
of IS and 10; find the velocity after impact. 

6. If the same bodies were moving in opposite directions with veloci- 
ties of 40 and 32 respectively, find the velocity after impact. 

7. Two masses in the ratio 2 : 3 are moving (i) in the xam^ directions 
with velocities 25 and 20 ; (2) in the opposite directions with those 
velocities. Compare the velocities after impact in the two cases. 

8. A mass of 10 lbs., moving with a velocity of 20 f. -s. , strikes a mass 
of 50 lbs. at rest ; find the velocity after striking. 

9. A mass moving with a velocity of 100 f.-s. strikes a body of 
three times the mass at rest ; find the velocity after impact. 

ZO. A mass of 15 lbs., moving with a velocity of 25, overtakes a mass 
of 35 lbs. ; the common velocity after the collision is 20 ; find the 
velocity with which the larger mass was moving before impact. 

11. Two masses, m zxA\m^ moving with velocities v and ^v respec- 
tively in the same direction, came into collision ; find the velocity lost 
by one and gained by the other. 

12. There are five bodies whose masses are i, 3, 5, 7, 9 lbs. respectively, 
arranged in a smooth groove. The first impinges on the second with 
a velocity of 400 f.-s. ; these two impinge on the third, and so on ; find 
the final velocity when all are in motion. 

271. We have, up to the present, considered that when 
one body impinges on another it does not separate from it, 
so that after the collision the two must be regarded as 
forming a single body. 

Now, all bodies when compressed have a greater or less 
tendency to return to their original forms on the removal 
of the compressing force. The internal force which a body 
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thus exerts to recover its original form is called the Force 
of Restitution. 

This force, like all others, is measured by the amount of 
momentum which it is capable of producing. 

272. It is matter of experiment that for each pair of sub- 
stances, whatever be their masses, and whatever be their 
velocities before impact, their relative velocity after impact 
bears a constant ratio to their relative velocity before the 
collision. This constant ratio is known by the various 
names, * Coefficient of Elasticity,' * Index of Elasticity,' 
* Modulus of Elasticity,' * Coefficient of Restitution.' It is 
always denoted by the letter e. 

If u and «i be the velocities before impact, 
and V and v^ „ „ after impact ; 

Then «— «, is the relative velocity before impact, 
and t'l— z; is the magnitude of the relative velocity after. 

Hence ^^"^^ =g; .*. z/—z/i=—^ («—«,), 

where e has to be determined for each pair of substances.* 
If ^=1, the bodies are said to \it perfectly elastic. 
Iftf<i, „ „ „ imperfectly elastic. 

If^=o, „ „ „ perfectly inelastic. 

We shall suppose that the bodies are spheres. 

273. The line joining the centres of two spheres at the 
instant of impact is called the line of impact. When the 
centres of the spheres are moving in the line of impact the 
impact is said to be direct ; if not, the impact is said to be 
oblique, 

* When two balls of cast-iron impinge, ^—•66. 

M glass ,, ^-•94. 

.. ivory ,, e— •81. 

When a cork ball impinges on an ivory ball, «-b.6o. 
When a cast-iron ball ,, m lead ball, «»*i3. 
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DIRECT IMPACT OF TWO SPHERES. 

274. Let a body, whose mass is m moving with a velocity 
», impinge on a body whose mass is m^ moving with a 
velocity u^ in the same direction ; to find the velocities 
after impact. 
Let the velocities after impact be v and Vi respectively ; 

Then, t^— 1^1=— ^ («—»i) (i.) 

and, mu'\-m^u^^mv+m^Vi (2.) 

On solving these equations (i) and (2), we obtain — 

and r>^^ ^^+^i^i+^^^ («-^i) . 

Note. — If the bodies are moving in opposite directions, we must 
consider one of the velocities as negative. 

Cor. I. — If w=s»ii, and ^=1, then these results become 

And we infer that if two equal and perfectly elastic balls 
impinge directly, they will exchange their velocities, 

COR.IL-If*=o,thenz-=^fl±B!^; and e.,=?:??i±^l^'. 

And this is the result obtained in Article 270, Ex. v. 

Example L — A mass of 5 lbs., moving with a velocity of 14 f.-s., 
impinges on a mass of 3 lbs. moving in the same direction with a velo- 
city, of 8 f.-s. ; find the velocities after impact, if tf= J. 

Let z/= velocity of the 5 lbs. ; v^ = velocity of the 3 lbs. 

Then5xi4+3x8=5z;+3z/i (i.) 

and «/-»!= -J (14-8) .....'. (2.) 
From which equations 2^= 1 1 ; and t^^ = 13. 

Note. — The student will notice that the 5 lbs. mass loses a Momen- 
tum 15 ; and the 3 lbs. mass gains a Momentum 15. 
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Example ii. — A mass of 20 lbs. moving with a velocity of 100 f.-s. 
meets a mass of 50 lbs. moving with a velocity of 40 f.-s. ; find the 
velocities after impact, i{e=i. 

Let v= vel. of the 20 lbs. ; i/^s vel. of the 50 lbs. 

20x100-50x40=20^ + 502^1 (I.) 

v-»i= -J (100 + 40) (2.) 

From these equations, »= — 50; and z/j = 20. 
Therefore each rebouftds, the first with a velocity of 50 f.-s., the 
second with a velocity of 20 f.-s. 

Example ilL — ^Two bodies are moving in the same direction with 
velocities 7 and 5, and after impact their velocities are 5 and 6 respec- 
tively ; determine the value of e* 

Now, »— i/i=— tf («— «i); .'. 5—6=—^ (7-S)» 
From which equation, *=}. 

Examples — LIII. 

z. If a mass of 12 lbs., moving with a velocity of 60 f.-s., overtake a 
mass of 20 lbs. moving with a velocity of 30 f.-s., find the velocities 
after impact. (^=J.) 

2. If the two bodies meet, find the velocities after impact. 

3. If a mass of 8 lbs. moving with a velocity of 25 f.-s. impinge on a 
mass 01 12 lbs. at rest, find the velocities after impact. {e= '6.) 

4. If two masses of 25 and 40, moving in opposite directions with 
velocities of 60 and 15 respectively, come into Collision, find the 
velocities after impact, if f=|. 

5. Two masses, m and 3^, moving in opposite directions with equal 
velocities, come into collision; find the velocities after impact (i) if 
tf=i, (2)if^=|. 

6. A mass 4//1 impinges on a mass m at rest, and goes on with 3/4 its 
original velocity ; find the coefficient of elasticity. 

7. If two perfectly elastic masses, m and 3/77, meet when moving in 
opposite directions with velocities 3m and 8m, find their velocities after 
impact. 

8. A mass m impinges on a mass \m at rest, and the latter starts off 
with a velocity 16 ; find the original velocity of »i, if f=J. 

9. A mass m impinges on a mass m^2X rest, and fn is brought to 
rest by the impact ; find the ratio of m to m^ iie=\, 

ZO. A body of mass m iippinges on m^ at rest ; m is brought to rest 
and m^ moves on with a velocity equal to } w's original velocity ; find 
the ratio of m to m^ and also the coefficient of elasticity. 
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DIRECT IMPACT UPON A PLANE AT REST. 

275. If a body moving with a velocity u strike a plane 
at right angles, it recoils in the same line, because the 
mutual action is perpendicular to the plane, 
Let V be the velocity of recoil, 
Then, using the notation of Art. 272, we have, 

Z/—«r, = —^ (« — «,); 

but z^i=o, and »i=o; 

Of course the direction o(v is opposite to that of u. 

CoR. I. If tf=i, then v^u\ 

And we infer that when a perfectly elastic ball 
impinges on a plane at right angles it recoils 
with undiminished velocity. 
Cor. II. If ^=0, then z/=o; 

And we infer that when a perfectly inelastic ball 
impinges on a plane at right angles there will 
be no recoil. 

Example i. A ball faUs from a height of 100 feet on. a horizontal 
plane; to what height will it rebound if ^=|? 
z;2=w2^2aj; 
.•. z^=2X32x 100; 
.-. z/=8of..s. 
Then the velocity of recoil =| x 80= 32 f. -s. 
«/*=«' + 2aj; 
.•. o=(32)*-2X32xx; 
.'. J =16 feet. 

Example ii. A ball having fallen from a height h rebounds 9 feet ; 
find h if e- 5. z/^ =«' +2aj ; 

.*. o=«« —64x9; 
.'. 2^=24. 
Therefore by Art. 272, velocity on striking=24 x 2=48. 
Then, (48)' =o + 2X32x^; 
From which Equation, ^=36 feet. 
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Examples — LIV. 

1. A particle falls from a height of 400 feet ; find the velocity of 
rebound if e= |. 

2. A particle falls from a height of 64 feet ; and rebounds to a 
height of 48 feet ; find e, 

3. Two particles are let fall from the same height on a horizontal 
plane ; the first rebounds to a height of 16 feet, the second to a height 
of 9 feet ; if e= -375 in the latter case, find its value in the former. 

4. A ball is projected from the floor of a room 18 feet high, it 
rebounds from the ceiling and then from the floor, and now just touches 
the ceiling again ; find the velocity of projection if «= -5 in both cases. 

5. A body is let fall from a height of 100 feet, and rises to a height 
of 60 feet after its first rebound. Find (i) the value of «, (2) the time 
the body is rising after its second rebound. 

6. A billiard ball is driven from the side of a table, strikes the 
opposite cushion at right angles, and returns to the first side ; compare 
the times of going and returning. 

7.' A ball falls from a height of 100 feet, and hops 4 times on a 
horizontal plane ; find the height of the fourth hop if tf=}. 

8. A ball falls 625 feet and rebounds three times on a horizontal 
plane ; find how high it rises after the third rebound if * = '4. 

9. If two bodies are dropped from equal heights on a fixed horizontal 
plane, show that their coefficients of elasticity are as the square roots 
of the heights to which they rebound. 

XO. A particle is dropped from a height x, and rebounds again and 
again from a horizontal plane. If the coefficient of elasticity be 

— T=, show that the whole space described =^. 
2V2 7 

11. Generally, if tf be the coefficient of elasticity, find the whole 
space described when a particle is let fall from a height h, 

12. A mass of 40 lbs. is thrown vertically upwards with a velocity 
of 160 f.-s. At the height of 300 feet it comes into collision with an 
equal mass which has fallen through 100 feet ; find the time after the 
impact in which each body reaches the ground, if tf= i. 

13. A ball is thrown vertically upwards with a velocity of 20 f.-s. 
An equal ball is let fall at the same instant to meet it. They come 
into collision in five seconds. Find their original distance apart, and 
the velocity of each body after impact, if ^ = i. 



Digitized by VjOOQIC 



«7o Elements of Dynamics. 

OBLIQUE IMPACT UPON A PLANE AT REST. 
276. Let a body moving with a velocity u impinge 
\^ obliquely on a fixed plane XX^, 

and let its path before impact 
y make an angle / with the normal 
yl OY, and after impact let its 

^ direction make an angle r with 

< 8 T OY, 

The angle / may be called the angle of impact -^ and the 
angle r the angU of rebound. These angles are also known 
as the angles of incidence and of reflexion. 

Resolving the velocities along the plane and at right 
angles to it, we have — 

Components along the plane, 2^ sin 1 ; v sin r. 
„ at right angles, u cos / ; v cos r. 

Now if the plane be smoothj there is no force acting 
parallel to the plane, and therefore the component of the 
wtloaiy parallel to the plane is not changed by the impact j 

.'. z; sin r=« sin / (i.) 

And by Art. 272, s:;cosr=^.«cos / .... (2.) 
Dividing (i) by (2), we have — 

tan r=^^; 
e 

.-. cot r=^ cot / ... . (3.) 
This equation gives the direction of the velocity zittx impact 
To find the magnitude of the velocity after impact 
By equations (i) and (2) we have its two components, 
which are equal to u sin i and eu cos / respectively, and 
these are at right angles to each other ; 
.-. z;*=«* sinV+^Vcos* / ; 
.•. z;=« Vsin* /+^* cos* I .... (4.) 

Note. —The same result might be obtained by squaring, and then 
adding (i) and (2). 



Digitized by VjOOglC 



Impact. 271 

Cor. I. If^=i; 

Then by (3) cot r=cot /. 
And we infer that when a perfectly elastic ball impinges 
on a plane surface, its Angle of Impact is equal to the 
Angle of Rebound. 

Also by (4), z'=« Vsin* /+cos' /=«. 
And we infer that its velocity is not altered in magnitude 
by the impact. 

CoR. 11. If ^=0; 

Then by (3), cot r=o ; 

And by (4), v=^u sin /. Compare equation (i). 

We therefore infer that a perfectly inelastic ball will, 
after injpact, run along the plane^ with a velocity equal to 
the component of the original velocity measured parallel to 
the plane. 

Eacample i. At what angle must a ball strike a horizontal plane so 
that after impact its direction may be at right angles to its former path ? 

By Equation (3), cot r=tf. cot ?, 
but, ^=90*— I ; 
.•. tan «=^. cot 1; 
.'. tan'j=J; 

.'. tan » = -4= 5 

V3 

.-. f=:30^ 

Example ii. — A ball falling vertically strikes a plane whose inclina- 
tion to the horizon is cot"» 2, and rebounds horizontally. Find the 
value of e. 

Let a = angle of inclination. Then the angle of incidence (0 may be 
shown to be equal to a ; and ^=90*-/. 

. • . by Equation (3), cot r= e cot i ; 
.'. tan I =^. cot I ; 
.'.■ i=tf. cot^i; 
but, cot 1=2, by data ; 
.-. .=i. 

R 
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Example ill. — If a ball whose velocity is 60 f.-s. impinge on a fixed 
plane at an angle of 30"* with the normal, find the direction and magni* 
tude of the velocity after impact, if ^=^. 

Let z;= velocity after impact, and $ the angle of rebound. 
Then, equating horizontal components, we have — 

6osin30^=vsin9; 
and equating vertical components, we have — 

I X 60 cos so°=v cos $ ; 

.•. tan3o'=itan^; 

.-. tan^=3tan3o'=3x^=Vi. 

.-. ^=6o^ 

Then substitute this value of 6 in either of the equations. 

We select the first— 
. *. 60 sin 30*'=z' sin 60' ; 

6oxi 5o 
•'• ^^ "^"^Ji =20v 3=34-6 f.-s nearly. 



Example iv.— A body impinges directly on another ; find the con- 
ditions that they may exchange their velocities. 

By Article 274, w«+Wi«i = wz/ + »*iZ/j (i.) 

and, »-z/i=-^(«-«i) (2.) 

We must have »=«i, and Vi = u. 
Then (2) becomes «i— «=— ^ (w-w^) ; 

.-. e=i; 

and (i) becomes piu + miUi=mui + miU ; 

or, m {u^Ui) -ffti («-«i)=o; 

or, (w — Wj) (« — «i)=o; 

Now (u — Ui) cannot be zero, 

or, m = mi. 

Therefore the conditions are, (i) the balls must have equal masses; . 
(2) they must be perfectly elastic. Compare Art. 274. 
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Examples — LV. 

z. A body impinges obliquely on a fixed smooth plane ; detennine 
the velocity after impact when the body is imperfectly elastic 

2. A body impinges directly on another ; required their velocities 
after impact when the bodies are imperfectly elastic. 

3. Show that, if two perfectly elastic balls of equal mass moving in 
the same straight line impinge upon one another, they will exchange 
their velocities. 

4. A ball moving with velocity u impinges on a plane, and rebounds 

with a velocity -- ; find the angles of impact and rebound, if tf= — =. 

5. A spherical body A impinges directly upon another sphere B at 
rest. A remains at rest while B moves on with one-fourth of the 
original velocity of A, Find the value of tf, and the ratio of the 
masses. 

6. What do the results of Example 2 become if tf =0? 

7. A ball is dropped from a height of 10 feet on a plane inclined at 
an angle of 30** ; if ^= J, find the velocity of the rebound. 

8. A ball M overtakes a ball N, They are inelastic. Their 
velocities are S Fand 4F, and their masses as 3 : 2. After impact find 
the velocity lost by M and gained by N. 

9. A ball falls through 100 feet on a horizontal plane. If tf=i, find 
its velocity after rising 10 feet, and the time of ascending 6 feet. 

10. If an imperfectly elastic ball, moving on a smooth horizontal 
plane, after impinging on a fixed vertical hard plane, at an angle of 
incidence ^, bound off at an angle of reflection ^tt, find the value of ^, 
and the change in its velocity. 

zz. If two bodies, whose masses are as 2:1, and velocities as 
1 :2 in opposite directions, undergo impact, show that if ^=fy each 
ball, after impact, will move back with | of its former velocity. 

Z2. From a point at a height ^, above a smooth horizontal plane, 
two perfectly elastic equal particles are projected at the same instant, 
with the same velocity z/, one vertically upwards, the other vertically 
downwards ; find the condition that they may meet again at the same 
point, and determine their subsequent motion. 

S 
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15. One ball impinges on another ball at rest ; find the condition, in 
order that, after impact, their directions of motion may be at right 
angles, e being the coefficient of elasticity. 

14. A ball impinges on a smooth fixed plane, with a velocity given 
in magnitude and direction. If the coefficient of elasticity ber, find 
the velocity of the ball after impact in magnitude and direction. 

15. In Example 14 determine the value of ^, so that the angle of 
rebound may be double the angle of impact 

z6. A ball A impinges directly upon an equal ball B, which strikes a 
cushion at right angles to the direction of motion, and, rebounding, 
meets ^ at a point half-way between the cushion and its own initial 
position. If the coefficient of elasticity between the baHs be ^, show 

that that between the ball and the cushion is — ^. 

17. A ball whose mass is m impinges directly on a ball whose mass 
is f»i at rest, and communicates to it six times as much velocity as it 
retains ; if «= I, find the ratio of m to m-^. 

x8. -^1, M^, Ms, are three perfectly elastic balls placed in order in 
a straight line on a smooth horizontal table ; M impinges on M^ at 
rest, and rebounding, impinges on M, also at rest. If Af^, M^ move 
with equal velocities, prove that M^ — M^ = 2M^, 

19. Two balls, whose masses are as 2 : i and moving in opposite 
directions, collide. If the first ball be brought to rest, and e=%, prove 
that their original velocities were as 7 : 5. 

20. If the balls in Ex. 19 were moving with velocities v and 2v 
respectively, find the velocities after impact if ^ = f . 

2Z. The masses of 4 balls are in G. P., the common ratio being 3. 
The first impinges on the second at rest, the second impinges on the 
third at rest, and so on. Compare the velocity of the first ball before 
impact with the velocity communicated to the fourth ball. (^=4.) 

22. A and B, perfectly elastic balls, moving in opposite directions, 
impinge directly on each other ; if the mass of ^ be double that of By 
and the velocity of B three times that of A, find the velocity of each 
after impact. 

23. A body is formed of material such that when it strikes a plane 
at right angles, it will rebound with half that velocity. Having been 
projected vertically with a velocity v, how high will it rise after the 
first rebound ? And supposing it to rebound again and again^ find the 
sum of all the spaces it describes. 
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24^ Using the notation of Article 274, prove, that }w«*+J/«i«i2 jg 
greater than imv^-himiv^. 

What important conclusion may be drawn from this physical fact ? 

25. From the two formulae of Art. 274, if «i=o, what conclusions 
may be drawn about the motions of the bodies after collision ? 

a6. A mass of 400 lbs. strikes a surface at right angles, with a 
velocity at 90 f.-s., and rebounds with a velocity of 30 f.-s. ; find the 
value of the impulse. 

27. A mass of 600 lbs. falls through 16 ft. and strikes the ground ; 
find the magnitude of the blow. 

28. Amass of 12 tons falls 16 feet and compresses a mass of iron 
I inch ; what steady pressure would produce this effect ? 

29. A mass- of a ton falls 10 feet and penetrates 4 inches into a sand- 
bank ; find the average resistance offered by the sand. 

30. A mass of 16 lbs. strikes a hard surface with a velocity of 
120 f.-s., and rebounds with a velocity of 20 f.-s. ; what blow does it 
give the surface ? 

31. A mass of 24 lbs. strikes a hard surface with a velocity of 560 
f.-s., anH rebounds with a velocity of 70 f.-s. ; if the bodies be in 
contact for -^ second, find the average stress between them. 

32. A mass of 18 lbs. falls 64 feet, and rebounds from a hard horizontal 
surface to a height of 16 feet ; find the average stress between the bodies. 

33. A mass of 90 lbs. falls 100 feet, and is brought to rest in ^ second ; 
find the average stress between the bodies. 

34. A mass of 3 lbs. falls 4 feet, and drives a small tack K inch ; 
what mass placed on the tack would do this ? 

35. A mass of half a ton falls 18 feet and compresses a body 8 inches ; 
if there be no recoil, find the mean pressure exerted. 

36. A steam hammer whose mass is 18 tons falls 9 feet, and remains 
in contact with a mass of iron for ^ second ; find (i) the average 
pressure exerted ; (2) the compression effected. 

37. A projectile whose mass is 960 lbs. strikes a plate with a velocity 
of 1400 f.-s. and penetrates it 9 inches ; find the average resistance 
afforded by the plate. 

33. A mass of 10 lbs. moving with a velocity of 50 f. -s. strikes a 
mass of 20 lbs. moving in the same direction with a velocity of 30 f.-s. ; 
if the coefficient of elasticity be J, find how much kinetic enei^ has 
been transformed into heat. 

39. If in Ex. 38 the masses were 14 lbs. and 8 lbs. respectively, 
and they were moving in opposite directions before impact, how much 
kinetic energy has been transformed into heat ? 



Digitized by VjOOQIC 



CHAPTER XIV. 
PROJECTILES. 

277. A BODY projected with any velocity in any direction, 
and acted on by gravity only, is called a Projectile. 

We are to regard the Projectile in the following in- 
vestigations and Exercises as a heavy particle, and no 
account will be taken of the resistance caused by the air. 

It may be remarked that the resistance offered by the air to the 
motion of a ProjectUe is so great that its neglect in the following 
investigations renders the results arrived at of little practical value. 
The study of the theory, however, affords a valuable exercise in the 
principles of the preceding chapters. 

The subject is treated in this Book without introducing Conic 
Sections. 

278. We begin by defining certain terms which are 
constantly used in connection with this subject. 

Def.— The Angle of Elevation is the inclination of 
the direction of projection to the horizontal plane through, 
the point of projection. 

We denote it by a. (See Fig. of Art 281.) 
Def. — The Range of a Projectile is the distance 
between the point of projection and the point where the 
projectile strikes any particular plane through the point of 
projection. 

OJ^ is the range, (See Fig. of Art. 281.) 

276 
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Def.— The Time of Flight of a Projectile is the 
interval between its projection and its striking the plane. 
It' is usually denoted by T. 

279. If a body has two uniform velocities, its path will 
be a straight line (Art. 130). If a body be thrown vertically 
upwards or downwards, although it is subject to the action of 
gravity, yet its path is also a straight line, there being no 
force to take it out of the vertical line ; but if a body be 
projected with uniform velocity in any other direction and 
gravity act on it, it will describe a curved path. 

If a body be projected horizontally along OX^ with a 
uniform velocity which will cause it to describe the equal 

spaces Oa^ aby ^^, .... in sue- Q a h c x 

cessive seconds, then if gravity 
act on it, the body will fall in 
successive seconds through the 
spaces OA^ AB, BC, .... which 
by Article 69, are proportional to 
the numbers i, 3, 5, • • • . There- 
fore at the end of i, 2, 3, ... . 
seconds the body will be found at . . . . /'j, /'a, -^s • • • • 
If we take smaller intervals of time we can determine 
intermediate positions of the body, and if the number of 
such intervals be infinite, the path will be a continuous 
curve, and this path is known to be a Parabola, 

280. In considering motion in a curved line situated in a 
vertical plane, the point for the student to notice particularly 
is that the velocity at any instant may be supposed to be the 
resultant of two velocities, one horizontal^ the other vertical^ 
and that each of these two motions may be treated quite 
independently of the other. The horizontal motion does 
not interfere with the action of gravity {see Art. 105), and 
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the action of gravity cannot affect motion taking place at 
right angles to its own direction. 

281. Let a particle be projected with a velocity =» in a 
direction o with the horizon. 




Resolving vertically and horizontally, we obtain — 
The Horizontal Component =1/ cos a. 
The Vertical Component=« sin a. 
The Horizontal Acceleration =0. 
The Vertical Acceleration =—^. 
The Horizontal Distance in / sees. =ucosaxf. 
The Vertical „ . „ =« sin a x /— J^A 

The Horizontal Velocity after /sees. =« cos a. 
The Vertical „ „ =u sin a^gf. 

282. To find the Velocity and Direction of its path after 
t seconds. 

Velocity. — The Hor. Vel. after / seconds =« cos a. 

The Vert. „ „ =«sino— ^/. 

Let V be the velocity required. 
Then, these two components being at right angles, 
«;=: V«* cos* a+(« sin a^gty. 

Direction, — Let be the inclination of the velocity 
to the horizon at the instant. 

Then, tan g= vertical velocity 
honzontal velocity 
.-. un g=«sina-^ 
U cos a 
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283. To find when the projectile is at its Highest Point (A). 
This happens when it has no vertical velocity. 

We use the formula, v=u+at; 
.*. o=« sina— ^/; 
.__« sin a 

284. To find the Greatest Height attained (AB). 
This happens when it has lost all its vertical velocity. 

We use the formula, v^=u^+2as; 
.-. o=(«sina)2— 2^f ; 

285. To find the Time of Flight on a horizofUal plane. 
The projectile returns to the horizontal plane through 

the point of projection in double the time taken to reach 
its highest point. {See Articles 71 and 105.) 

Time to highest point =^^iHL?l (by Art. 283) ; 

. rp_^ 2u sin a 

g * 
Or thus : after the lapse of the Time of Flight the projectile strikes the 
plane, and therefore its height =o. 

Using J = «/ + io/2, we have 
o=«sino.7'-i^r*; 

g ' 

286. To find the Range on a horizontal plane. 

This depends on the Uniform Horizontal Velocity and 
the Time of Flight, 

.'. Range= OR^u cos a x 5"; 

But, 7'=ifiiH^(Art. 285); 
i 
. T» 2W sin a «2 . 

.*. Range=«cosax = - sm2a. 

g g 
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287. To find the Velocity at the Highest Point. 

The Vertical velocity =0. 
There remains therefore only its horizontal velocity ; 
.'. Velocity at its highest point =1^ cos a ; 
and at that instant the Projectile is moving horizontally, 

288. To find the Velocity at the end of the Horizontal Range. 
The vertical velocity on reaching the plane is found by 

the formula z/=«+o/. 

.\ Vert. Vel.=«sino— ^r 

=«sina-^i?iE^(Art. 285) 

= — « sin a. 

The Horizontal Velocity is the same at both ends : viz. 
u cos a. 

Therefore the magnitude of the velocity is the same at 
both ends of the Range ; and its direction at the end of the 
Range is as much depressed below the horizontal plane as 
it was elevated above it at the point of projection ; because, 
if Q and 0^ be the directions at the extremities of the Range, 
it is evident that — 

/J « sin a J ^ ^ « sin a 

tan ^= , and tan ^1= 

u cos a' u cos a 

289. To find the Velocity after describing a given vertical 
height. 

Let the given height=//. 

Vertical Velocity = Vw^ sin^ a^2gh^ 

Horizontal „ =«cosa; 

. '. Velocity required = Ju^ sin* a^2gh'\-u^ cos* a 
= \/u^-^2gh. 

290. To find the Direction of the motion at a given height. 

Let the given height =^ 

Let the direction of motion make an ang le with the h orizon. 

^ vertical velocity \/u^sm^a^2gh 

tan a=, — : — ; — f— = = 2-. 

horizontal velocity u cos o 

Digitized by VjOOQIC 



Projectiles. 281 

291. To find the Angle of Elevation which with a given 
velocity of projection will give the greatest Horizontal Range, 

The Range=-sin 2a. (Art. 286.) 

Because u and g are constant, the Range will be greatest 

when sin 2 a is greatest ; 

i.e, when, sin 2a=i ; 

or, when 2a=9o" ; 

or, when a 5=45". 

292. To find the Maximum Range, 

The Range =- sin 2a. (Art. 286.) 
S 
The Range is a maximum when 0=45°. (Art. 292.) 
Let a=45' ; 
«2 
.-. Range=— . 
.g 

Example i. — ^A particle is projected at an angle of elevation of 30** 
with a velocity of 240 f. -s. ; find its height after three seconds. 
The initial vertical component = 240 sin 30** = 120 f. -s. 

,•. J=I20X3— 16x9; 
.'. Height = 2 16 feet. 

Example ii.— A particle is projected at an angle of elevation of 60** 
with a velocity of 1000 f.-s. ; find (i) the Time of Flight, (2) the Range. 

lime of Flight,— \tii, velocity = 1000 sin 60**= 50oVJf.-8. 

.% o=50on/3-32/; * 

. ^_ 5ooV3 ; 
32 ^ 

. •. 7'= —-3. =r 54 seconds nearly ; 

32 
Range, — Hor. Vel. = 1000 cos 60° =500 f.-s. 
Range = 500 X 54=27,000 feet. 
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Example iii. — The Range of a projectile is 1600 feet, the angle of 
eleration 30* ; find its velocity of projection. 

Let »= Vel. of projection. 

Vert, velocity =» sin so'ssii* 

Hor. „ =«cos3o'=?^. 
2 

TimeofFlight=i^;i^. 
«V3 

. •. Time to highest point= i^; 
«V3 
Now, »=«+o/; 
• 0- ^ _ 32x1600 . 
2 W3 

From which equation, ^=419 f.-s., nearly. 
Example iv.— The horizontal Range is 1000 feet, the Time of Flight 
is 15 seconds; find the angle of elevation and the greatest height attained. 
Time to highest point = J Time of Flight =7 J seconds. 

j=ii/+Ja/»=o+?^ii^=900; 

4 
. • . Greatest height = 900 feet. 
Vertical velocity, z'=« + o/, 

z/=o+2?iil5=240f..s. 
2 

Horizontal velocity =15?^=^ f.-s. 
15 3 
Let a =s angle of elevation. 
240 
.'. tana=200=3 6; 

T 
.'. o=tan-«(3-6). 
Example v.— A body is projected with a velocity of 256 f.-s. at an 
angle of elevations a, and passes horizontally over a wall 64 feet high ; 
find the value of a. 

The vertical velocity =256 sin a. 
At the height 64 feet it has lost all vertical velocity. 
z>*=«2 +2aj; 
. •. 0= (256 sin o)2 - 64 X 64 ; 

.'. sina=} ; 
.-. a=sin-«(i). 
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Example vi.— A body is projected with a velocity of 500 f.-s. ; find 
its greatest range on a horizontal plane. 

By Art. 291, the angle of elevation must=45^ 

Vert, velocity =Hor. vel.=-^^=250\^f.-8. 

Time to highest point, »=« + a/; 
.-. 0=250^2-32/; 
. /_25oV2". 

.-. Time of Flight =i55i^ sees. ; 
- 32 

•'• Rapge= ^g ^ X 250V2 

= 78125 feet. 

Examples — LVI. 

1. A body is projected with a velocity of 960 f.-s. at an angle of 
elevation =45** ; find its horizontal Range. 

2. A body is projected at an angle of elevation =30°, with a velocity 
of 1200 f.-s. ; find (i) the greatest, height attained, (2) the Time of 
Flight, (3) the horizontal Range. 

3. A body is projected at an angle of elevation =45" with a velocity 
of. 1600 f.-s. ; find (i) the greatest height attained, (2) the Time of 
Flight, (3) the horizontal Range. 

4 In Example 2, find the direction of the motion after three seconds. 

5. In Example 3, find the vertical velocity after four seconds. 

6. A body is projected at an angle of elevation sin-' (J) with a 
velocity of 600 f.-s., find the horizontal Range. 

7. A body is projected at an angle of elevation =60*, and in six 
seconds passes horizontally over an object; find the velocity of 
projection. 

8. A body is projected with a velocity of 320 f.-s., and has a hori- 
zontal Range =3200 feet ; find the angle of elevation. 

9. A cricketer throws a ball with a velocity of 75 f.-s. at an angle of 
elevation =30' ; how far does he throw it? 

XO. At what angle most he throw it to make the longest possible 
'throw'? 

XX. If he throw it at this angle, find the velocity if he desires it to 
reach the wicket-keeper, who is distant So yards. 
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12. In the experimental proof of the i lo-ton gun the muzzle velocity 
was 2140 f.-s. ; find the horizontal Range if the gun were elevated at 
an angle of 45^ 

13. If the horizontal Range be equal to the greatest height attained, 
find the angle of elevation. 

14. If the horizontal Range be equal to the height due to the velocity 
of projection, find the angle of elevation. 

15. The greatest horizontal Range is 200 feet ; find the velocity of 
projection. 

16. The greatest horizontal Range is 4050 feet ; find the velocity of 
projection. 

17. If two bodies, projected at the same instant from different points 
in the same horizontal plane, be at any moment at the same height 
above the plane, show that their heights are the siame at any subse- 
quent time. 

z8. If the horizontal Range be 3 times the greatest height attained, 
find the angle of elevation. 

19. A ball is projected at an angle of elevation of 30° with a velocity 
due to a fall of 300 feet ; find the greatest height reached by the ball. 

20. A body is projected at an angle of elevation = a, with a velocity 
of 32 f.-s. ; in what time will the direction of its motion be Ja ? 

293. We have considered the Range, Time of Flight, etc., 
on a horizontal plane. We have next to deal with the same 
class of problems when the plane through the point of 
projection is inclined at an angle with the horizon, 

294. When the direction of projection makes an angle 
with an inclined plane through the point of projection ; to 
find (i.) the Time of Flight ; (ii.) the Range on the plane ; 
(iii.) the Greatest Distance of the Projectile from the plane. 



The angle of elevation = a ; 
The inclination of the plane =/?. 
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Resolve u along the plane OR and at right angles to it ; 

>» ^ >» »» »» >> 

Component of u along OR^u cos (a— jS) ; 
^ » =^sin^; 
„ « at right angles to OR=u sin (a— /?) ; 

„ ^ ,» » =^ cos ^. 

The motion along OR is independent of the motion at 
right angles to it. {See Art. 280.) 

(i.) Time of Flight 
When the Projectile is at A^ the greatest distance from 
OR^ its velocity at right angles to OR=o. 

.-. o=u sin (a— )S)— ^cos)8-/; 

' ' "" ^ cos )8 ' 

or, r=^J^">--^). 

^cos p 
Or, the method at the end of Article 285 may be used. 
(ii.) Range, 
The Range =6?^; 
and, OR=OIf seep; 
now, OIf=i Txu cos a ; 
.-. OR=Tx u cos a sec )8, 

but,r='"^'"<°7^); 

^COS p 
g COS* /? 

(iii.) The greatest distance above the plane. 
Let this distance =x 

z;* = w» + 2aj; 
/. o=«' sin* (a— )8) — 2^ cos j8-a:; 
. ^, ^' sin« (g-^) 
2^ cos /J * 
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295. If the velocity of projection bt givm^ to find for what 
Angle of elevation the Range is greatest on an inclined plane 
Passing through the point of projection. 

By Art. 294 (u.) the Range='"^' ^°" ° "° <"-^>. 

g COS* p 

For what value of o is this greatest ? 

Now, 2 cos a sin (a— )S)=sin (2a— )S)— sin )8; 

.*. cos a sin (a— )S)= J {sin (2a— )S)— sin )S}. 

This is greatest when sin (2a—/?) is greatest ; 

Le, when sin (2 a— )8)=i ; 

or, when 2a— )S=9o'; 

or, when o="£— tc. 

2 

Therefore when the angle of elevation =J(9o'+j8), the 
Range is greatest on the plane OR, 

Note. — The direction of the velocity of projection therefore bisects 
the angle between the horizontal line and that drawn at right angles to 
the plane. 

296. To find the condition that a Projectile may strike at 
right angles an inclined plane through the point of projection. 

This will happen when it has no velocity in the direction 
of the plane, at the instant of striking. 

Its velocity due to u along OR^u cos (a— )8) ; 
„ g » =-^sin^x/j 

now, v^u+at', 

here / the Time of Flight =?^iiHL(^^ ; Art 294 (i.) 

g cos p 

t o\ • o 2U sin (a— )8) 
.-. o=« cos {a^P)-g sin p X ^^^;^^^ ; 

. 2sin^sin(a-^)^^^3(^,^). 
cos p 
.-. 2 tan (a— )8)=cot)8. 
And this is the condition required. 
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297. To find the Condition t/iat a Projectile may strike an 
inclined plane horizontally. 
This will happen when it has no vertical velocity at the 

instant of striking. 
The initial vertical velocity =« sin a. 
This must be destroyed in theTime of Flight, 
Now, ZF=«+a/; 

... =« sin a-li£!i^i5-fcr£); 
^cos p 

.*. sin a cos )8=2 (sin a cos yS— cos a sin yS) ; 

.*. 2 cos a sin )8=sin a cos )S; 

.'. 2 cot a=cot yS. 

And this is the condition required. 

Example i.— A particle is projected with a velocity of 800 f.-s. at an 
angle of elevation =60**; find its Range up a plane whose inclination 
is 30'. 

Comp. of Velocity at right angles to OR {see Fig. of Art. 294) 

= 800 sin 30** = 400 f. -s. 
Comp. of Gravity, at right angles to OR =^2 cos 30°= 16V3. 
To find time to greatest distance from OR 
v=u + <U; 
.•. 0=400- 16V3./; 

V3 

... r=:2/=i2^ 

Now, 0/I=Soo cos6o'» x r=8oo x ix-i^=?2i^. 

2 V3 V3 

Then, Oi?=(9^ sec 30°=??J^x-i_=i3,333i feet. 
V3 V3 

Example ii. — A body is projected in a direction making an angle 
of 30* with a plane whose inclination to the horizon is 45'*, the Range 
being 250 feet ; find (i) the velocity of projection, and (2) the Time of 
Fliglit. 
""^ To find Velocity, — Let «= Velocity of projection. 

Velocity at right angles to OR^u sin3o°=ii. 
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Comp. of Gravity at right angles to OR^ 16V2I 
Now, v=« + a/; 

.'. o=— -16V2./; 

2 



•. /=- 



32V2 

T=2t = . 



I6V2 
0H=2S0 cos 45"* ; also, 0-^=« cos 75** x T; 

.'. 2sox_L^=«.5^3:;Ix-^4=- 

V2 2V2 '"V2 

From which, « = 1 24 ft. , nearly. 

l6V2 l6V2 

From which, 7"= 5-6 sec, nearly. 

Example iiL — A ball falls from a height ^ on a plane whose inclina- 
tion is i ; find the range on the plane after the first rebomid, when the 
coefficient of elasticity is e. 

Velocity on striking at B=fj2gh, 

Let this be denoted by u. 
Consider motion parallel to the plane. 
The velocity along the plane is not 

changed, and=:Msint. 
Consider the motion at right angles 

to the plane. ^ 

Vel. of approach =f/ cosi, 
,, recoil =^.M cos/. 
To find time of flight, v^u-^-at; 
,'. o=eu cos t-g cos i.f; 

g' 
The range BD is given by the formula, j=«/+ Ja/«. 

. •. R^u sin I X T'H- fe- sin i x T\ 

= « sin I X ?f!f + ip'sin f X If^L; 
g g^ 

and this reduces to ^h (i+tf) sin i. 




Digitized by VjOOQIC 



Projectiles. 289 



Examples — LVIL 

1. A body is projected at an angle of elevation =75° and with a 
velocity of 96 f.-s. ; find when it will be 30 feet above the point of 
starting, and the distance between its positions at those moments. 

2. A particle is projected at an angle of elevation =45° and with a 
velocity of 100 f. -s. ; find its Range and Time of Flight on a plane 
through the point of projection whose inclination is 30**. 

3. Find the maximum Range on a plane inclined at an angle of 30% 
if the velocity of projection be 300 f.-s. 

4. With what velocity must a projectile be fired at an angle of eleva- 
tion =30°, in order that its Range may be 2600 feet on a plane whose 
angle of inclination = sin- ' (^) ? 

5. If the greatest Range of a projectile on a horizontal plane be 5881 • 5 
feet, find its greatest Range up a plane whose inclination is 30". 

6. A particle is projected with a velocity u at an angle of elevation 
a; find (i) its least velocity, (2) the direction of its path at that 
moment. 

7. In the last Example, find the distance of the projectile from the 
point of projection at that instant. 

8. If the velocity of projection be the same, compare the greatest 
Ranges on a horizontal plane, up a plane whose inclination is 30**, and 
up a plane whose inclination is 45**. 

9. Find the velocity of projection and the angle of elevation in order 
that a projectile may pass through a point with no vertical velocity. 

10. Compare the greatest Ranges on a horizontal plane and up an 
inclined plane whose inclination is 60*, the velocity of projection 
being the same in both cases. 

11. A particle, being projected with a velocity u at an angle of eleva- 
tion o, just grazes the edges of a cube of which the edge is x, and 
which stands on a horizontal plane ; show that 

jf^^*=4«^ cos^ a («' sin*a - 2X^), 

12. A stone is thrown from the top of a tower 32 feet high at an 
angle of elevation =30% with a velocity of -^ f.-s. ; find its velocity 

and direction of motion on striking the horizontal plane through the 
foot of the tower. 

13. If the greatest Range straight down a plane be three times the 
greatest Range up, show that the inclination of the plane is 30**. 

T 
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14. If a gun be fired at an elevation 6, where 6 is very small, so as to 
hit a mark on the ground at a distance a^ and b be the range when fired 

at an angle of 45*, prove that ^=-£- nearly. 

20 

15. A particle is projected with a velocity of 40 f.-s. from a given 
point A in order to hit a point 10 feet in front of A, and 15 feet above 
A ; find the angle of elevation. 

16. Two particles are projected with equal velocities at the same 
instant from the same point. Their horizontal Ranges are the same, 
and their Times of Flight are as V3 : i ; find the angles of elevation. 

17. A particle projected at an angle of elevation =75° fell, at a dis- 
tance of 250 feet, on a plane passing through the point of projection 
whose inclination was 45° ; find the velocity of projection and the Time 
of Flight. 

18. In what time will a shell, projected at an angle of elevation =30% 
obtain a Range of 3000 feet on a horizontal plane ? 

19. A particle is let fall on an inclined plane, and its range on the 
plane after rebounding is f the space fallen through before impact ; 
if ^=J, find the inclination of the plane. 

20. A particle falls from a height ;ir on a plane whose inclination is 30° ; 
after rebounding it strikes the plane again ; show that its Time of Flight 
on the plane is equal to twice the time of its fall, \ie= i. 

21. In Ex. 20 find the Range on the plane. 

22. A ball is projected horizontally from a height of loo feet with a 
velocity of 100 f.-s. After its first rebound it describes a horizontal 
distance of 40 feet ; find the value of e, 

23. A ball is projected from a point in a horizontal plane and rebounds 
twice. If the second Range is equal to the greatest height to which the 
ball rises, show that tan a =4^, if a is the angle of projection and e is 
the coefficient of elasticity. 

24. A heavy particle is projected from the foot of an inclined plane 
at an angle 6 to the plane. The inclination of the plane to the horizon 
is a. Show that, if the particle when it strikes the plane is moving 
perpendicularly to it, tan ^ = i cot a. 

25. If a particle be projected in vacuo with a velocity F at an angle 
a to the horizon, find the greatest height to which it attains, and the 
time which it takes in so doing. 

Apply your formulae when a= 15", and F=5oo f.-s. 
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26. An inclined plane passes through the point of projection of a 
projectile, and is at right angles to the plane of motion ; find the Time 
of Flight, and the Range on the plane« 

27. If, in Ex. 26, the the inclination of the plane, and if the projec- 
tile impinge perpendicularly on the plane, show that the Range on the 

plane is — ^ — '".«„ > where v is the velocity of projection, 
^(i + Ssm^O 

28. A man standing a feet from a wall whose height is h, fires a rifle. 
The bullet just clears the wall, and reaches the ground a feet beyond it; 

prove t|iat the elevation of the rifle must have been tan~*( — \ 

29. AB is the Range of a projectile on a horizontal plane ; show 
that if / be the time from A to any point of /'of the projectile's path, and 
/j the time from P to B, the vertical height of P above AB is i^/j. 

{Noie. — This useful result is known as the 'Student's Formula,') 

30. Determine the angle of elevation so that the Range on a plane 
inclined at an angle of 15" may be the greatest possible. 

31. If a body be projected in such a direction that the Range on a 
horizontal plane is the greatest, show that the direction of motion on 
striking the plane is perpendicular to the direction of projection. 

32. If the velocity of projection be given, show that the horizontal 
Range is the same, whether the angle of elevation be (Jir + a), or 
iiv—a). Prove this, and compare the Times of Flight. 

33. Show that the greatest possible Range on a plane whose inclina- 
tion is t of a body projected with a velocity due to a fall from a height A 

2h 

IS : — r» 

l + sm* 

34. If ^ be the horizontal Range, and T the Time of Flight, show 

that when the angle of elevation is a., tan a=^— ■ . 

35. A particle is projected at an angle of elevation = 0, with a 
velocity =M, and it strikes a wall situated at a distance x feet ; at 
what height does it strike it ? 

36. Having given the Range {R) on a horizontal plane and the 
initial velocity («), find the angle of elevation and the Time of Flight. 

37. Find the condition that for a given horizontal range the velocity 
of projection may be a minimum. 

38. With a given initial velocity, show that the greatest Range on a 
horizontal plane is hplf the greatest range down a plane whose inclina- 
tion is 30°. 
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CHAPTER XV. 
WORK AND ENERGY. 

298. The effect of a force considered as acting on a body 
for a given time is called Momentum ; whereas the effect 
of a force considered as acting on a body through a given 
sfiace is termed Work. 

299. An Agent is said to do Work when it causes the 
point of application of the force which it exerts to move 
through a certain space. E,g,y a carpenter does work in 
planing wood; gravity does work when a stone falls; a 
projectile does work when it penetrates a mound of earth. 

It will be noticed that hoth/orce and motion are necessary 
for the production of work. 

Hence it follows that a stone resting on the ground does 
no work, because, although there is force, yet there is no 
motion. Steam at high pressure in a boiler is doing no 
work for a similar reason. A body which is moving with 
uniform velocity is doing no work, because, although there 
is motion, yet there is no force. {See Art. 92.) 

300. Work is measured by the product of the numbers de- 
noting the force and the distance through which it is exerted. 

If F denote the magnitude of a force, and s denote the 
space through which it acts, then 

No. of Units of Work done=/3r. 

301. Now for certain purposes it is very convenient 
to measure force in terms of a Pound Weight as unit 
Engineers in this country invariably adopt the gravitation 
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measure of force. The Unit of Work used by British 
engineers is called a foot-pound. 

Def. — A Foot-pound is the work dom in overcoming 
through I foot the resistance catised by gravity on a pound of 
matter. In other words, it is the work done in lifting a 
pound of matter a foot high, or in overcoming a Pound 
Weight through a distance of one foot. 

When several forces act on a body, some in the direction 
of the body's motion, and the rest in the opposite directions, 
the former may be said to do positive work, the latter 
negative work ; and the total work done on the body is the 
Algebraical Sum of these works. 

We might have defined a * Foot-pound * as the work done 
by gravity on the body when a pound of matter falls verti- 
cally through one foot. 

302. A foot-pound is a gravitation unit, and is a suitable 
measure of the work done by an engine or by a labourer 
where absolute accuracy is unnecessary. The objection to 
this unit for the scientific measurement of Work is, that its 
value depends on the local value of gravity. To measure 
Work in a uniform and consistent manner, we must use as 
unit the work done by the Kinetic Unit of Force exerted 
through the Unit of Space. {See Art. 310.) 

For the present the student will consider Work as 
measured in Foot-Pounds. 

Example i. — Find the work done by gravity when a mass of 6 lbs. 
falls through a height of lo feet. 

Units of work expended =/^j= 6 x io=6o ft. -lbs. 

Example ii. — How many units of work are expended in raising 
20 lbs. through 8o feet? 

No. of units of work = 20 x 8o = i6oo ft. -lbs. 

Example iii. — If the pressure on a piston be 20 lbs. per sq. in., 
the area of the piston be 40 sq. in., and the length of the stroke be 
2 feet, how many units of work are yielded per stroke? 

No. of units of work = 20 x 40 x 2= 1600 ft. -lbs. 
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303. Now, on comparing the results of the last two 
examples, we infer that any agent which raises 20 Ibs. 
through 40 feet will do the same amount of work as is done 
by the engine at each stroke. 

Yet if the agent in Example ii. takes longer to do this 
work than the engine in Example iil, we know that the 
power of the two is not the same. 

Def. — ^The Power of an agent is the rate at which it 
can do work: 

Hence to make a complete comparison between the 
working power of two agents, we must take account of the 
time in which the work is done. 

304. Thus in the examples referred to, if the agent in 
the first raise 200 lbs. through 80 feet in a minute^ and the 
engine make 10 strokes a minute^ each will perform 16,000 
units of work in the same time, and therefore the two agents 
are capable of yielding exactly the same amount of work. 

It follows then, by our definition, that the true measure 
of the working power of any agent is the number of units 
of work yielded in a given time. 

305. Hence in measuring the working power of machi- 
nery, we must consider not only the work done, but also 
the time in which the work is done. When a comparison 
of the working powers of machines is required, the following 
definition becomes necessary. 

Def. — A Horse-Power is the power of doing 33,000 
foot-pounds per minute ; ^ or, ^$0 foot-pounds per second. 

An engine of x horse-power can therefore perform 
^x 33,000 foot-pounds per minute; or, 550:^ foot-pounds 
per second. 

1 James Watt considered that a horse can yield this amount of work per 
minute. General Morin more accurately estimates a horse-power at 
26,150 foot-poimds per minute. 
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Example iv. — Find the horse-power of an engine which will raise 
660 cubic feet of water in an hour from a depth of 4S0 feet, a cubic 
foot of water weighing 62J lbs. 

Let j:= horse-power required. 

Work yielded by the engine in i hour=j: x 33000 x 60 ft. -lbs. 

Work to be done =660 x 62 J x 480 ft. -lbs. 

These Works are equal. 

.*. ^x 33000x60 =660x62^x480; ,•. j:=io h.p. 

Example V. — Find the h.p. of a locomotive which moves a train 

of 50 tons at the rate of 30 miles an hour along a level railroad, the 

resistance from friction and the air being 16 lbs. weight per ton. 

A velocity of 30 miles an hour = 2640 feet per minute. 

Let j;= horse- power of the engine ; 

.'. jcx 33000= 16x50x2640; .'. Jir=64 H.p. 

Example vL — Find the h.p. of a locomotive which moves a train 

of 44 tons at the rate of 30 miles an hour up an incline of I in 100, the 

resistance caused by friction being 15 lbs. weight per ton. 

The work done per minute = (weight lifted -H friction overcome) x 2640. 

The part of the weight lifted = (44 x 2240 sin t) lbs. weight. 

The resistance overcome = 44 x 15 lbs. weight. 

Let Jir= horse-power of the engine ; 

.•. jp X 33000= (44 X 2240 Xxiir + 44 X 15) X 2640. 

From which equation, j;=i3i'6 h.p. 

306. Theorem. — TAe work done in drawing a body up a 
smooth inclined plane is equal to the work done in raising the 
same body through the vertical height of the plane. 
Let W be the weight of the body, h the height, and / the 

length of the plane. 
The resistance = component of the weight along the plane 

= W sin /. 
The work done in drawing the body along the plane 
= ^sin /x length of the plane. 

= ^xAxZ 

= Wh. 

= weight X height of the plane. 
=work done in lifting the body through the 
vertical height of the plane. (q.e.d.) 
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307. Theorem. — The work done in drawing a body up a 
rough inclined plane is equal to the work done in drawing 
the body along a rough horizontal plane equal to the base of 
the plane, together with the work done in lifting the body 
through the height of the plane. 

Let ^be the weight of the body, 
and fi the coefficient of friction. 
Then the Work done in drawing the body up the plane 
= ( ^sin /+/* ^cos /)/ 

^W(h^lLb) (I.) 

Where h is the height, / is the length, and b is the 
base of the plane. 
The Work done in drawing the body along the horizontal 

plane=/x/W (2.) 

The Work done in lifting the body up a distance h 

-=^Wh (3.) 

The sum of the Works done in (2) and (3) is evidently 
equal to the Work done in (i). (q.e.d.) 

If a man weighing 14 stones ran up a staircase so as to rise vertically 
3 feet per second, he would do 588 ft. -lbs. per second. If he kept this 
up for a minute, he would do 35280 ft. -lbs., i,e, he would do more 
work for that time than a horse can keep up, and, it is estimated, not 
less than 75 times the work which a labourer toiling continuously can 
perform when lifting earth with a spade. 

Examples — LVIII. 

Note. — A cubic foot of water =62^ lbs. 

1. Find the work expended in raising 50 lbs. vertically through 
6 feet. 

2. Find the h.p, of an engine which will raise 352 cubic feet of 
water per minute from a depth of 75 feet. 

3. Find the h.p. of an engine which will raise 6000 cubic feet of 
water per hour from a depth of 500 feet. 
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4. A locomotive draws a train of 70 tons at the rate of 15 miles an 
hour ; the resistances amount to 8 lbs. weight per ton ; find the h. p. of 
the engine. 

5. An engine is required to raise 100, 80, and 30 cubic feet of water 
per minute from depths of 180, 150, and no feet respectively; find 
the H.p. of the engine. 

6. Find the speed at which a locomotive of 35 h.p. will draw a 
train of 80 tons along a level railroad, the resistances amounting to 
10 lbs. weight per ton. 

7. An engine whose h.p. is 30 will draw a train at the rate of 30 
miles an hour against a resistance amounting to 9 lbs. weight per ton ; 
find the mass of the train and engine. 

8. An engine of 25 H. p. draws a train of 45 tons at the rate of 20 
miles an hour ; find the resistance per ton. 

9. If an engine draw a train of 50 tons at the rate of 50 miles an 
hour against a resistance of 8 lbs. weight per ton, find its horse-power ? 

10. An engine of 300 h.p. draws a train of 1 12 tons up a slope rising 
I in 280, the friction amounting to 12 lbs. weight per ton; at what 
speed is the train travelling ? 

IX. An engine of 267 h.p. draws a train of 89 tons at a uniform speed 
of 28^ miles per hour up a slope ; find the slope if the resistance due 
to friction amount to the weight of 1 1 lbs. per ton. 

308. Theorem. — If a number of weights be raised 
through different heights^ the amount of work done is equal 
to that which would be done in raising a weight equal to 
the sum of the weights through the height through which the 
C. G. of the weights has been lifted. 

Let Wxy ^a, ^8> .... be the several weights, 

^1, x^^ ^8» • • • the height^ of their C. G. above a given plane ; 

and h the height of their C. G. above the same plane. 

Then (Art. 196)— 

(^i+^8+^a + ...)^=^i^i+^s^2+^.^a+ . . (I.) 
Now let the weights be lifted to heights kx^ ^a, ^j... above 
the given plane, and their C. G. to a height a above the 
same plane. 



Digitized by VjOOQIC 



298 Elements of Dynamics. 

Then— 

(Wi+PK+lV,+ ...)a=lV,k,+ lV,k,+ W,k,+ . . (2.) 

Subtracting (i) from (2) we have — 

Now the left-hand member of this equation represents 
the work done in lifting a weight equal to the sum of the 
weights through the height through which their C. G. is 
raised, and the right-hand member gives the total work 
expended in lifting the several weights; and thus the 
theorem is established, (q.e.d.) 

Note. — In transporting heavy bodies along a level rail- 
way, the principle of this theorem holds good, because in 
this case also the resistances overcome vary directly as the 
weights. (See Art. 259.) 

Examples — LIX. 

1. Find the work expended in digging a hole 16 feet deep, the area of 
section being 5 sq. feet, if the weight of a cubic foot of earth be 75 lbs. 

2. Find the work expended in raising the materials for building a 
column 120 feet high and 15 feet square, if a cubic foot of the materials 
weigh 140 lbs. 

3. A shaft whose diameter is 14 feet is sunk through 600 feet of 
chalk ; find the work done in raising the materials, the mass of a cubic 
foot of chalk being 145 lbs. 

4. In what time would an engine of 20 h. p. empty a shaft filled with 
water, the depth being 400 feet, and the diameter of the shaft 7 feet ? 

5. A railway is 120 miles long; every year 3000 tons of rails are 
distributed. equally along the line. How much work is expended in 
transporting the metal from a store at one end ? 

6. How many journeys of 120 miles, performed by an engine of 40 
tons, will the work expended in Ex. 5 represent, the resistance amount- 
ing to 10 lbs. weight per ton ? 

7. At what rate can an engine of 30 H. p. draw a train of 50 tons up 
an inclined plane rising i in 280, the resistance amounting to 7 lbs. 
weight per ton ? 
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8. A horse drawing a wagon at the rate of 2 miles per hour exerts 
a traction of 154 lbs. weight ; find the work done per minute. 

9. A train is kept going on a level railroad at the uniform speed of 
45 miles an hour, the resistances amounting to the weight of i^ tons. 
What power is the engine developing? 

10. A rope, whose mass is'3 lbs. per fathom and whose length is 120 
feet, hangs freely over the edge of -a cliff. What work is done in haul- 
ing the rope to the top of the cliff? 

11. A cable, consisting of 1000 links, each 6 inches long and weigh- 
ing 4 lbs., hangs vertically from a viaduct ; find the work done in 
raising the cable to the roadway. 

12. The curtain of a stage is 30 feet long, 20 feet high, and weighs 
f lb. per square foot ; find the work done in gathering it to the level 
of its upper edge. 

13. Five engines, whose combined H.P. is 13 10, pump water from a 
depth of 73 fathoms ; find the number of gallons raised per hour. 

Note, — A gallon of water = 10 lbs. 

14. Twenty men, by means of a treadmill, pump water to a height of 
40 feet. In what time will they raise 10,000 gallons, supposing that 
one-third of the work is useless through friction, and that each man 
yields 3900 units of work per minute ? 

15. A coal-pit 1200 feet deep is flooded by a feeder discharging 
900 gallons per minute at the bottom ; if the united pumping power 
of the engines be 400 h.p., but the engines are in such bad condi- 
tion that only 60 per cent, of their nominal H.P. is useful, what will 
be the result of the work ? 

16. An engine of 10 h.p., working 10 hours a day, supplies 2500 
houses with water, which it raises to a mean level of 50 feet ; required 
the average supply to each house. (A gallon of water = 10 lbs. ) 

309. When strict accuracy is necessary, as in estimating 
the Work done by an electric current, Work must be 
measured in terms of the Absolute or Kinetic Unit of 
Work. (See Art. 302.) 

310. Def. The Absolute unit of Work is the work done 
by the Kinetic unit offeree exerted through the unit of space. 



Digitized by VjOOQIC 



300 Elements of Dynamics. 

The British Absolute Unit of Work is therefore the work 
done by a Poundal exerted through a foot. 

This unit of work is called a ' Foot-paundcd^ 
In the C.G.S. system, the Absolute Unit of Work is the 
work done by a Dyne exerted through a centimetre. 
This Unit of Work is called an 'Erg: 

3ZZ, If a force of F poundals be exerted through a 
distance of / feet, then — 
The number of Absolute Units of work expended 
= Fs foot-poundals. 

Note. — If the force be expressed in Dynes, and the distance in 
centimetres, then the work done=/> ergs, 

EzAinple TiL — Find in absolute units the work done in raising a 
mass of lo lbs. through a height of 20 feet at Greenwich, where 

Work done= /^f = 10 x 32' 191 x 20 
= 6438* 2 ft. -poundals. 
If the mass were raised in the island of Trinidad, where ^=32*091, 
the work expended would be 6418*2 foot-poundals. 

312. Def. — Energy is the capacity to do work.. A 
moving body must have a power to overcome resistance 
through some space, therefore a moving body has the 
capacity of doing work, and therefore possesses Energy. 

313. Zet a body whose mass is m, having started with a 
velocity «, be acted on by a force F, and having described a speue 
s, let its velocity be v ; to find an expression for the work done. 

We know by Art. 63 that z/2=«2±2aj; 

.-. mv^=mu^±2mas\ 

hvXma=F. (Art. 124, 128.) 

.-. \mv^^\mu^±Fs ; .*. Fs^^i^mv^-^mu^). 

Now Fs denotes the work done by the force i^ acting on 

the body while the body describes the space s. If we call the 

quantity ^mv^ {i.e. half the mass multiplied by the square of 
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the velocity) by the name Kinetic Energy, we may draw the 
following conclusions from the equation now established — 

(i) If Fact in the direction of the motion of the body, we 
must take the positive sign ; 

/. Work done=lmv^—^mu^; 
therefore Work done is measured by the increase of the 
Kinetic Energy of the body. 

We infer, therefore, that the Kinetic Energy developed 
is the proper measure of the work done by any force which 
is wholly expended in producing motion. 

(2) If Fact in the direction opposite to that of the motion 
of the body, then we must take the negative sign ; 

.•. Work done =^mu^—^mv^. 

The force in this case, instead of doing work on the 
body, acts as a resistance which the body in its motion 
overcomes. Therefore the Work done has been done at the 
expense of the Kinetic Energy which has been consumed. 

A moving body can do work in overcoming resistance, 
and the Work done is measured by the decrease of the 
Kinetic Energy. 

(3) /f^^^ ^o^y start from rest, then «=o ; 

.-. Work done=|wz/2^ 
i,e. Work done is measured by the Kinetic Energy developed. 

(4) If the body is brought to rest, then v=-o ; 

.'. Work doxie^\mu^, 
i.e. the Work done is measured by the Kinetic Energy 
which the body had when the resistance began to act. 

We may see now the reason why the quantity \md^ is 
appropriately called the Kinetic Energy* of the body. 

The Energy of a body is its capacity or power of doing 



♦ The term Energy, to denote in a precise sense the quantity of Work 
which a system can do, was introduced by Dr. Young. 
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work. This capacity may be due to several causes, such as 
the body's motion, position, heat, electrical state, and so on. 

The Kinetic Energy of a moving body is the power it 
has of doing work in virtue of its mption. This power ot 
doing work is exactly measured at any instant by ^mv^, 
where v is the velocity at that instant. 

Therefore, if the Kinetic Energy of a body be denoted 
by JE, we can say that 

314. When a body is at rest at a height above the ground 
// /las a power of doing work owing to the force of the 
earth's pull on it, and we infer from our definition of Energy 
that it has energy of some sort. Now Energy due to a 
body's position, relative to the earth or otherwise, has been 
variously termed * Possible Energy,' * Energy of Position,' 
* Energy in Store,' and finally 'Potential Energy' by 
Professor Rankine. This last is the term in most familiar use. 

315. The work expended in raising a mass of m lbs. to a 
height of ^ feet=w^j. foot-poundals. (Art. 311.) 

Now if the mass be let fall from the height j, and its 
velocity on reaching the ground be v^ the Work done by 
gravity on the body will be measured by the Kinetic Energy 
acquired by the body, Le, by \mv^ foot-poundals. [Art. 
313 (3).] Nowz;2=2^^; 

.*. Work done by gravity =|^x 2gs=mgs foot-poundals. 

So that the body by its fall acquires sufficient energy to 
reproduce the work expended in raising it to the height from 
which it fell 

316. Thus none of the work expended in raising a body 
to any height is lost, but is all stored up in the body. It 
the body be let fall, it gradually loses its Potential Energy 
and acquires Kinetic Energy, until on returning to the 
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ground, having parted with all its Potential Energy, it is in 
possession once more of an equivalent amount of Kinetic 
Energy. 

A numerical example may make this somewhat clearer. 

If a mass of 10 lbs. be raised to a height of 144 feet at a 
place where ^=32*2, the work expended=iox 32-2 x 144 
=46368 foot-poundals. 

To show that this amount of work is stored up in the 
body in its new position — 

If let fall, it will strike the ground with a 
Velocity = V^4'4 x I44 f.-s. 

.*. its K. E.=^ X 10 X 64-4 X 144=46368 foot-poundals. 
Thus the K. E. gained is equal to the P. E. lost. 

And it may be easily shown that, at any point of the 
body's ascent or descent, the sum of the two is 46368 
foot-poundals. 

317* The following are instances of bodies possessing Potential 
Energy : — A stone resting on a wall, or imbedded in a vertical cliff — 
A bent crossbow — A bent spring — Compressed air — The weights of a 
clock when wound. 

The following are cases of bodies possessing Kinetic Energy : — A 
projectile when fired — Air in motion — Water in motion — The Earth 
moving through space. 

The following may be cited as Stores of Energy : — A head of water 
— The tides on a coast — An electric battery — Food — Coal and wood 
used as fuel — A charge of gunpowder. 

318. Let us next consider the case where, apparently. 
Kinetic Energy is lost and no equivalent is obtained ; for 
instance, when a ball falls dead on a hard surface. We 
may ask what has become of the Energy, because seemingly 
no work has been done. Recent advances in physical 
science enable us to answer that the Kinetic Energy has 
been transformed into another kind of Energy, which we 
name Heat, 
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319. Dr. Joule's experiments have established the ex- 
tremely important fact that the amount of heat capable of 
raising the temperature of a pound of water from 60' to 
61* F. corresponds to 772-43 foot-pounds of work. 

In other words, if 772-43 lbs. be allowed to fall through 
a foot, and the work done in the descent be exclu- 
sively used in imparting heat to a pound of water by a 
rotating paddle, or otherwise, the result will be that the 
temperature of that amount of water will be raised from 60° 
to 61'' F. 

The Heat of a body is explained as being the vibratory 
motion of its molecules through very small spaces. 

320. The above is a case of the Transformation of 
Energy. 

The following additional illustrations may be given : — 

1. When a hammer strikes an anvil, its energy is changed into Heat. 

2. When a train has the steam shut off, and the brakes bring the 
traift to rest on a level railroad, the whole of the K. E. has been 
changed into Heat. 

3. If the train had gone a certain distance up a slope before the 
brakes stopped it, the K. E. would be changed partly into Potential 
Energy and partly into Heat. 

321. The case of a body being raised and thus becoming 
possessed of Potential Energy, and falling and thus acquir- 
ing its original Kinetic Energy (Arts. 315, 316), is a simple 
case of an extremely important modern generalisation known 
as the Conservation of Energy. 

This may be stated as follows : — 

* The total Energy of any system is a quantity which can 
neither be increased nor diminished by any action between 
the parts of that system, though it may be transformed into 
any of the forms of which Energy is susceptible/ 
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322. Dr. Joule proved the law according to which Work may be 
changed into Heat. Sir W. Thomson and others have given attention 
to the law by which Heat may be changed back again into Work. But 
there is a most important difference between these laws. While all 
the Work expended can be transformed into Heat, by no method can 
all the Heat be changed back again into Work. 

If a hammer strike a nail, we cannot recover the heat evolved by the 
blow. 

Now no machine can be made to move without friction ; and from 
this follows the impossibility of ever constructing a piece of mechanism 
which will go for ever : in other words, perpetual motion is a thing 
impossible. The Kinetic Energy of any machine left to itself will 
eventually be transformed into the Energy of Heat. 

323* Let this consideration be also applied to the system of which 
the sun is the source of energy. The sun's rays have given us vast 
stores of energy in various forms, such as Fuel, Tides, animal and 
vegetable Food, and so on. From the sun's energy in the past and in 
the present are thus derived the activities of our earth. The energy 
given out by the sun is estimated at 500 h. p. from every square yard of 
its surface. If the sun continue to give out more heat than it receives, 
it must become cooler in process of time. If the high temperature be 
due to the shrinking of its mass, there must come a time when the 
universe will become an equally heated mass, and, of course, not then 
adapted for the production of Work, since such depends on the dif- 
ference of temperature. 

The student is advised to read the late Professor B. Stewart's Con- 
servation of Energy, 

Example viii.— Find the energy of a body whose mass is 10 lbs., 
and moving with a velocity of 30 f.-s. 

E=\mv'^=\ X 10 X 30^=4500 foot-poundals. 

Example ix. — A projectile travelling at the rate of 700 f.-s. pene 
trates to the depth of 2 inches ; find the velocity necessary to pene 
trate 3 inches. 

Let /"be the resistance offered to the penetration. 

In the first case, Fy.^=^im (700)*. 
In the second, Fx^= ^mz^ ; 
' ^ -3 . 
• • (700)*" 2 ' 
From this equalion, v = SS7'4 f.-s. 

U 
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The following Examples will show how the * Principle of Work * may 
be applied to solve many questions : — 

Example x. — A mass of 8 lbs. is rolled on grass with a velocity of 
12 f.-g. If the resistance be ^th of the weight, how far will the body 
move? 

•'• ^xS^xs=ixSx 12*; 
.'. j=22i feet. 

Example xi.— The last carriage of a train gets loose while the 
train is running at the rate of 30 miles an hour up an incline of i in 150. 
If the resistance from friction amount to ^^ of the weight of the 
carriage, how far will the carriage ascend the slope ? 
Let f»=mass of the carriage ; 
.•. »/^= weight „ 
and 44 f. -s. = velocity , , 
ThenFs=im7^; 

.•. \T^+mgsmAxs=imz^; 

From this equation, J =325 feet. 

Example xii.— Through what space must a force equal to J lb. 
weight act on a mass of 48 lbs. to increase its velocity from 24 f.-s. to 
36f..s.? 

.-. 4^x^=4x48x36^-^x48x24*; 
From this equation, j= 1080 feet. 

Examples — LX. 

1. What is the energy of a mass of 10 lbs. moving with a velocity of 
10 f.-s. ? 

2. What energy does a mass of 300 lbs. possess if its velocity be 60 
f.-s.? 

3. Express in foot-pounds the energy stored up in a mass of 30 lbs. 
resting on the edge of a cliff 140 feet high. 

4. By how much is the energy of a hundredweight of matter increased 
when raised vertically through 10 feet? 
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5. Find the increase of energy when 56 lbs. are raised along a smooth 
plane 300 feet long and inclined at 30' to the horizon. 

6. A projectile whose mass is 64 lbs. leaves a gun with a muzzle 
velocity of 1200 f.-s.; what work is stored up in it at that instant? 

7. The mass of a cutter is 24 tons ; she carries 13 men weighing on 
an average loj stones ; find her energy when moving with a speed of 
4 miles an hour. 

8. A mass of 6 lbs. falls freely from rest ; by how much is its kinetic 
energy increased between the 3d and the 8th seconds ? 

9. Find the work done by its weight on a mass of 8 lbs. falling from 
rest at a height of 10 feet. 

10. A mass of 10 lbs. falls for 6 seconds ; what work has been done 
on it by its weight ? 

11. Two masses of 10 lbs. and 6 lbs. respectively are connected by 
a light string over a smooth peg ; what work is done by gravity on the 
system in 4 seconds ? 

12. Two masses of 3 lbs. and 2 lbs. respectively are connected by a 
light string over a smooth peg ; find the work done on the system by 
gravity in 5 seconds. 

13. In Ex. II, what work can the 10 lbs. do after motion has lasted 
for 8 seconds? 

14. What work (in foot-pounds) is stored in a tank 100 feet long, 
50 feet wide, and 8 feet deep when full, the base being raised 18 feet 
from the ground ? (A cubic foot of water = 62} lbs. ) 

15. In pile-driving 40 men raise a hammer 15 times in an hour, its 
mass being 12 cwt., and the height to which it is raised is i lo feet; find 
the work done by each man in a minute. 

MISCELLANEOUS EXAMPLES- LXI. 

1. A body whose mass is 25 lbs., moving with a velocity of 30 f.-s., 
meets a constant resistance equal to the weight of 4 lbs. ; how far will 
the body move ? 

2. A ball lies on the deck of a ship, and is observed to roll back- 
wards 25 inches ; if the friction between the ball and the deck be -j^ 
of the weight of the ball, find how much the velocity of the ship has 
changed. 

3. If two bodies, moving with the same velocity, possess between 
them X units of work, show that if their masses be m and /Wj, the 

number of units of work accumulated in mis '^^ « 

m+mi 
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4. When a particle slides down a smooth inclined plane, show that 
it loses none of its energy. 

5. If a projectile of mass 64 lbs., and moving with a velocity of 1200 
f.-s., penetrate 4 inches into a target, find the resistance. 

6. A body slides down a plane whose height is 15 feet, and length 
25 feet ; how far will it slide along a horizontal plane at the foot, if the 
coefficient of friction for both surfaces be J, and no velocity be lost on 
passing from the slope to the level ? 

7. The mean pressure in a steam cylinder is 30 lbs. weight per square 
inch, the area of the piston is 1000 square inches, the stroke is 3 feet, 
and 45 double strokes are made per minute; find the h.p. of the 
engine. 

8. A body runs from rest down an incline of i in 100 for one mile ; 
how far will it be carried along the level at the foot of the incline, sup- 
posing the resistance to be 8 lbs. weight per ton for both surfaces. 

9. Establish the equation i^-=-t^-\-2.gs for the motion of a falling 
body, and express it in the language of the Science of Energy. 

10. A ball of 10 lbs. is dropped from a height of 289-8 feet, but, 
after falling half-way, it^ explodes, dividing into two equal parts, one of 
which is reduced to rest by the explosion ; find the subsequent motion 
of each part, and determine the Kinetic Energy developed by the 
explosion. (^=32'2.) 

11. Define the work done by a machine. In what units is it 
measured ? 

12. Show that the work done in drawing a load up a rough inclined 
plane is equal to that done in drawing it along the horizontal base, 
supposed to be equally rough, and then raising it vertically up the 
height. 

13. Define the terms work^ energy, horse-power, 

14. If one yard, one minute, and one ton be the units of length, 
time, and mass respectively, express the unit of work in foot-pounds. 
Find also in the given units the Kinetic Energy possessed by a mass of 
I cwt., moving with a velocity of 10 f.-s. 

15. Prove that if M be the mass of a gun and its carriage, and tn 
the mass of the shot, the Energy of recoil : Energy of the shot \\m\ M^ 

16. A 700 lbs. shot issues with a velocity of 1600 f.-s. from a 35-ton 
gun ; find (i) the energy of translation of the shot; (2) the energy of 
the gun*s recoil. 
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17. The resistance to the motion of a train on the level is 12 lbs. 
veeight for every ton, and it is found that the maximum speed of a train 
of 100 tons with a given engine is 50 miles an hour. Trucks whose 
mass is 20 tons are added to the train ; show that the greatest speed 
then obtainable up an incline of i in 150 is a little greater than 18J miles 
an hour, the friction remaining the same. 

z8. Define Kinetic Energy, and explain what is meant by Potential 
Energy. 

19. What is meant by an * Erg ' ? 

Having given that a foot is 30*4797 centimetres, and that a pound is 
453*59 grammes, express an ' erg ' in British units. 

20. If a body be acquiring Kinetic Energy, and not losing any other 
kind of energy, what inference may be drawn ? 

21. The Kinetic Energy of a raindrop in increased fourfold, while its 
momentum has increased threefold ; in what ratios have its velocity 
and its mass increased ? 

22. How many cubic feet of water will an engine of 100 H.p. raise 
in one hour from a depth of 150 feet, if the efficient work be half the 
work applied, the mass of a cubic foot of water being 62 '5 pounds ? 

23. Apply the principle of Transformation of Energy to solve the 
following problem : A train is moving on a horizontal railway at the 
rate of 30 miles an hour ; if the steam be suddenly turned off, how far 
will it run before it stops, the resistances being taken as equal to the 
weight of 15 lbs. per ton? 

24. Find the work done, in foot-tons, in order to propel a 256 lbs. 
shot with a uniform velocity of 1400 f.-s. 

25. Suppose that the shot in the last example loses 140 f.-s. in 
passing through the air, find the energy of the blow in foot-tons on 
reaching the target. 

26. If the target, in this case, stop the shot in the space of 7 inches, 
find the mean resistance of the target. 

27. What work is done by a winding engine which raises a cage, 
whose mass is 3 tons, from a pit 200 yards deep, and causes it to have 
a velocity of 24 f. -s. at the top ? 

28. A body whose mass is 56 lbs. is projected with a velocity of 
40 f. -s. along a rough horizontal surface ; how far will it move against 
a resistance of i of its own weight ? 
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29. A train whose mass is 100 tons is moving with a speed of 
45 miles an honr ; if the steam be now shut off, and the force of the 
brakes and the friction be a resistance of 30 lbs. weight per ton, how 
far will the train move on the level ? 

30. A mass of 1 12 lbs. is moved 60 feet along a rough level plane ; 
if the resbtance be ^ weight of the body, find the work done against 
that resistance. 

31. An engine draws a train of 90 tons up a smooth slope of i in 
, 270 at a uniform speed of 30 miles an hour ; at what rate is the engine 

working ? 

32. A train of 120 tons, while going a mile, increases its speed 
uniformly, and has then a velocity of 30 miles an hour ; if the friction 
and the air offered a steady resistance of 15 lbs. weight per ton, find 
the H.P. of the engine. 

33. A train is running with a speed of 45 miles an hour ; how far 
will it move (i) going up a slope of i in 100, (2) going down the slope, 
if the brake-power be 60 lbs. weight per ton, and the steam be shut off? 

34. An engine moves, from rest, a train of 60 tons a distance of 4cx> 
yards on a level against a resistance of { ton weight, and gets up a 
velocity of 15 miles per hour ; find the work done by the engine. 

I 35. An engine moves, from rest, a train of 80 tons half a mile up a 

j slope rising i in 240 against a resistance from friction of ij tons weight, 

and has then a velocity of 15 miles an hour; find the work done by 

* the engine. 

] 36. A train is travelling with a speed of 30 miles an hour. If the 

steam be shut off and a brake-power of ^^ weight of the train be applied, 

j how far will the tjrain move, the coefiicient of kinetic friction being i? 

i 37. A train, whose mass is 90 tons, comes to the foot of a slope 

rising I in 160, and begins to move up with a velocity of 30 miles an 
hour. The resistance from friction is 7 lbs. weight per ton. The slope 
is 2 miles long. At the top the velocity is 20 miles per hour. Find 
(i) how many units of work have been expended by the engine; (2) 
how far the same work would have taken the train with uniform 
velocity on a level. 

38. The diameter of a piston is 84 inches, the pressure of steam is 
21 lbs. weight per square inch, the length of stroke 5 feet, and the 
number of double strokes is 18 per minute. It is found to raise 40 
cubic feet of water per minute from a depth of 200 fathoms. What is 
its efficiency? 
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39. The energy of a charge of powder being 2050 million foot- 
poundals, find the velocity of a projectile of 1600 lbs. when fired, sup- 
posing that ^ per cent, of the energy is transformed into heat and 
light. 

4a A mass of m lbs. falls a feet, and drives a pile whose mass is 
2 m lbs. a distance x feet ; find the resistance, there being no recoil. 

41. A steam hammer of 10 tons is driven by a pressure of 30 lbs. 
weight per square inch acting on an area of 800 square inches. If the 
hammer descend 8 feet and compress a body 6 inches, what steady 
pressure has it exerted during the compression ? 
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CHAPTER. XVI. 

THE PENDULUM. 

324. Ij a body fall down a series of inclined planes^ its 
velocity at the bottom is equal to the velocity due to the entire 
vertical height^ provided that it loses no velocity in passing 
from any plane to the next plane in the series. 




By Article 73, the Velocity at j&= Velocity due to the height 
of the plane AB. 

The Velocity at C= Velocity due to the height of the 
plane EC, 

The Velocity at Z>= Velocity due to the height 
of the plane FD 
=Velocity due to FG, (q.e.d.) 

312 
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325. To find the Velocity acquired in falling down the arc 
of a circle. 
The arc of a circle may be considered as^ made u 
of an infinite number of small in- 
clined planes. 

By Article 324, the velocity 
acquired in falling from A to -X'= 
velocity due to the vertical height 
ER 

Let velocity at X-=.v^ 

Then, v^^2g,EF, . (i.) 

Let <?= chord of the arc BA ; 
:r= chord of £X; and r= radius of the circle. 
By Euclid vi. 8, JDjB,BE=BA^; and JDB.BF=:BX^. 
.-. 2 r.BE=a^; 2r.BF^x\ 

.-. BE^^] BF=^. 
2r 2r 

Now EE^EB-FB, 




EF^ 



tf2-^2 



2r 



Substituting in Equation (i) we have — 

... v^ IS- (a^-x^). 

And this is the velocity acquired in falling down the 
arc AX. 

326. A body suspended from a fixed point by a fine 
string or wire, and oscillating in a vertical plane, is called a 
Simple Pendulum. 

The time of swinging from its highest point on one side 
of the vertical line through the point of suspension to its 
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highest point on the other side is called the Time of 
oscillation. 

The time of oscillation is also called a beat^ or the time 
of vibration. 

By some writers the whole interval between a body leaving the 
highest point and coming back to it again, is called the Time of oscilla- 
tion. 

To find the Time of Oscillation of a Simple Pendulum, 

327. Let a particle be suspended from a point (7 by a 
string GB without weight, 
and let it describe a small 
arc AA^ such that its length 
does not sensibly differ from 
that of its chord. 

With B^ the lowest point 
of the arc, as centre, and 
radius = ^^, describe a semi- 
circle OCO^ cutting the tan- A;^ 
gent at B in the points O ^ 
and Oi. 'I 

The velocity of the particle 
at A is zero. 

Using notation of Art.325, 
the velocity of the particle at 

any point X^^l (a^-x^). 

Make BF=BX. From F draw the vertical line FD, 

cutting the semicircle in Z>. Join B£>. 

Now F will describe OBOi as X describes ABAi. 

. •. Velocity of P= Velocity of X 
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The Horizontal Yt\ociiy of the point Z)= Velocity oi P 
.-. Velocity of Z)= Velocity of i'x sec FDB 

^afj C which is constant. 

Therefore X describes the arc ABA^, as D describes the 

semicircle with the uniform velocity a^ il. 

328. To find time of describing OCOx. 
We know that s=vf; 

.•. Time of describing ABAx^ir^ —* 

If we denote the length of the pendulum by /, and the 
time of oscillation by /, we have 



'=Vf 



g 

It will be noticed that the time of oscillation depends 
only on the length of the pendulum, and the acceleration due 
to gravity at the place. 

If a pendulum of known length (/ feet) be made to oscil- 
late some hundreds of times at any place, and the whole 
time of doing so (in seconds) be noted, we can find the 
value of a single oscillation, i.e, the value of /, very accu- 
rately. Hence the local value of g can be found by this 
equation. 

329. When the arc is small the length of the arc does 
not appear in the formula ; we infer, therefore, that for small 



Digitized by VjOOQIC 



3 1 6 Elements of Dynamics. 

arcs the time of oscillation is independent of the length of 
the arc. From this property the oscillations are said to be 
isochronous. 

It will be also noticed that if the pendulum be shortened 
or the value of ^ be increased, the time of oscillation is 
diminished. 

Example L — Find tlv time of oscillation of a pendulum 4S inches 
long at a place, where ^=32*139. 

/=3i4i>v/ ^ 

yf 32-139x12 

From which equation, /=i-io8 seconds. 

Example iL — If the time of oscillation of a pendulum 25 inches 
long at Paris be •799 sec, find the value of ^ at Paris. 

•799=3i4i>v/^^. 

V ^XI2 

From which equation, ^=32* 18. 

330. To find the length of a Seconds Pendulum at a place 
where the acceleration due to gravity is g. 

By Article 328, t^v^ -- 
Let /= I second ; 



•-=V^ ' 



_£ 



/= 



Example i.— Find the length of a seconds pendulum at a place, 
where ^=32* 19. 

Let length = / inches. 
Using the Formula just established. 

,_ 32'l8xi2 

(3-141)' * 
From which equation, 7=39.13 inches. 



Digitized by VjOOQIC 



The Pendulum. 317 

331. To find the number of oscillations gained or lost ai 
anyplace in a given time when the length of the Pendulum is 
slightly altered. 

Let a pendulum of length / make n beats in T seconds. 

T T 

Then, Times of Oscillation =— and — respectively. 

n «! 

By Article 328, Z=n./L- T.=^ n±±; 
■ n y g' n^ '^ g 

•■■-?=■ Vt^^ 

but 1 1 +-^ j~"^= I —^+ other terms which may be neglected ; 

n 2/ 

na 

and (n—n^ is the number of beats gained or lost in the 
time T'by shortening or lengthening the pendulum. 

Esrample i. — The pendulum which beats seconds at Greenwich is 
39-139 inches long. If its length be shortened by two turns of a screw 
which makes 32 turns in an inchj how much will the pendulum gain in 
a week ? 

Here, »=7 x 86,400 seconds 

/=39.i39. 

Then,«-«,=7-^il^^2ai^. 
2x39139 

From which equation, («-«i) = 483 beats gained. 
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Example iL — A pendulum supposed to beat seconds at Greenwich 
loses 20 seconds a day ; find the error in its length. 

Here, «-»i=20; »=86,40o; /=39i39; 
.-. a- 2/(«-«i) _ gx39i39X20 
n 86,400 

From which equation, a= -oiSi. 
Therefore the pendulum is too long by -018 1 inch. 

332. To find the number of oscillations gained or lost in a 
given time when the instrument is taken from one place to 
another. 

Let g and gx be the accelerations due to gravity at the 
two places. 

T /~r T /T 

As in Article 331, —^ir^--\ — .=7r^ ; 
. «!-. /^ . 

«2 g ' 

. («+;gi) {n-n^) _ g-g^ , 
n^ g ' 

but, «+«i=2«, nearly. 
. 2n(n^ni) _ g-'gi . 

,,n^n,^'liii:£^. 

2g 

and («— «i) is the number of oscillations gained or lost. 

From this result may be deduced the solution of the 
converse problem, viz. : — 

333. To compare the acceleration due to gravity at two 
places by observing the number of oscillations at the places in 
a given time. 
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Example i. — A pendulum beating seconds at Greenwich, where 
^=32-19, is carried to the Equator, where ^=3 2 -09 ; how much does 
it lose in a day? 

Here, «= 86,400; ^=3219; ^1=3209; 
. ^ « _ 86,400 (32- 19 -3209) 
* 2x3219 

From which equation, «— «i= 134 seconds. 
Example it — A pendulum beat 85,945 times at Greenwich in a 
mean solar day, and when taken to Paris it was found to beat 85,933 
times; if^=32i9 at Greenwich, find its value at Paris. 
Here, «-«i=i2; 

... ;a- 85,945(^-^1) , 
2X3219 

From which equation, g—gi^ 00899 > 
•••,^1= 32- 19 -0089 
= 32- 181 at Paris. 

334. To find the Height of a Mountain by observing the 
number of oscillations lost in a given time. 

Note. — The acceleration at any point due to gravity 
varies inversely as the square of the distance from the centre 
of the earth when the point is outside the earth. 

Let a pendulum whose length is / beat n times at the sea- 
level in T seconds, and «i times at the top of a mountain 
in the same time. 

Let ^= acceleration at the sea-level; 
Let^i= „ „ summit; 

Let ^= height of mountain in miles, 

Then,^i:^ = 






But, ^=y^; (Art. 332.) 



g 



n r+h 
From which equation, ^= ^ "" ^^ = ' "" ^\ nearly. 



«i 
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Example. — A pendulum beating seconds at the foot of a mountain 
is found to lose 50 seconds a day when taken to the top. Find the 
height of the mountain, on the assumption that the earth is a sphere 
whose radius =4000 miles. 

^_ 4000X5o 
86,400 
From which equation, ^=2'3i miles. 



Examples — LXI I. 

1. Find the length of a seconds pendulum in Spitzbergen, where 
^=32.2528. 

2. Find the length of a seconds pendulum at Stockholm, where 
^=32.212. 

3. Find the length of a pendulum which beats seconds in the Island 
of Ascension, where ^= 32-095. 

4. If a pendulum oscillate once in two seconds in London, where 
^=32-19, find its length. 

5. Find the length of a pendulum which beats half-seconds at 
Greenwich. (^=32- 19.) 

I 6. A clock loses two minutes in a day ; how many turns must be 

I made on a screw to correct the error, if there be 50 turns in an. inch ? 

I 7* -^ seconds pendulum at Greenwich is 39*139 inches long; if a 

I clock gain 58 seconds in a day, how much is the pendulum out ? 

8. The length of the seconds pendulum at the Equator is 39*014 
I inches ; find the local acceleration caused by gravity. 

I 9. If the length of the seconds pendulum at Greenwich be 39* 139, 

'- find the length of a pendulum the time of oscillation of which is 2 

seconds. 

ID. Find the number of seconds lost by a clock in a day at the 
bottom of a mine 2400 feet deep. 

II. A pendulum which beats seconds at Greenwich gains 16 beats 
in a day at a place A ; find the value of g at A^ the value of g at 
Greenwich being 32*19. 
t 12. Find the length of a pendulum which at Greenwich beats 3720 

in every hour. (^=32*19.) 

13. A clock loses four minutes a day ; how much is the pendulum 
' out? 
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14. A clock gains 2^ minutes a day ; find the error in the length of 
its pendulum. 

15. If the length of a pendulum which beats seconds in Mauritius be 
39.0468 inches, find the local value of ^. 

z6. A clock loses five seconds in a day ; how much must its 
pendulum be shortened, if its length be 39*139 inches? 

17. What is the length of a pendulum which beats 240 times a 
minute at Greenwich ? {g= 32 • 1 9. ) 

x8. Suppose that a pendulum, which at the Equator beats seconds, 
would, if carried to the Pole, gain five minutes a day ; compare the 
values of ^ at the two places. 

19. If / be the length of a seconds pendulum at a place, and /^ the 
length of a pendulum which beats once in n seconds at the same place, 
prove that li=nV, 

ao. At a place where the length of a seconds pendulum is 39*047 
inches, find the time occupied by 100 beats of a pendulum 1 1 feet long. 

2Z. A pendulum gains 36 seconds a day; how high must it be 
raised above the sea-level in order that it may keep correct time? 
(Radius of edrth=40OO miles.) 

22. A seconds pendulum is found to lose 48>6 seconds in a day at 
the summit of a mountain ; find the height of the mountain. 

23. A seconds pendulum ( = 39*139 inches) is lengthened by i 05 
inches ; find the time lost in a day. 

24. At what height will a seconds pendulum beat 3588 times in an 
hour, the earth's radius being taken as 3958 miles ? 

25. Two pendulums whose lengths are / and /j respectively begin to 
oscillate at the same instant, and after x oscillations they beat tc^ether 
again ; if /, the greater, be known, find /j. 

26. A seconds pendulum at one place when taken to another place 
loses X minutes a day. It is made to keep correct time by shortening 
it by a inches ; find the length of the pendulum. 

27. A pendulum 36 feet long made 1662 oscillations in 500 seconds ; 
find the local value of ^. 

28. A pendulum makes n oscillations at A in the same time that it 
makes fti oscillations at B. If a string can support a mass m at ^, 
what mass can it support at ^ ? 

Example. — Let n = 640 ; n^ = 6\i\ ;;/ = 100. 

29. Given the length of a seconds pendulum at Greenwich =39* 139 
inches, find the length of the pendulum which oscillates nine times in a 
minute at that place. 

X 
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yi. Find the length of a pendulum which oscillates as often in a 
minnte as there are inches in its length. 

31. Find the length of a pendulum which osciUates three times 
during the time that a particle falls through 81 feet 

335. /f a f article describe a circle with uniform velocity, 
to find the direction and magnitude of the acceleration. 




Let ABCD ... be a regular polygon of n sides inscribed 
in a circle. 

Let T be the time of describing each of the equal sides 
AB^ BCf . . . when the uniform velocity =«^; 
.-. AB=VT. 

Draw Xy, XZ to represent in magnitude and direction 
the velocities of the particle at B and C respectively. 

Then YZ will represent the change of velocity in the 
time T. (Article 32.) 

To find the direction of YZ, 
Let theangle KYZ= ^=angle between ^Cand/4^ produced. 

Now the angle yZAr=~-.-, 
2 2 



And the angle OBC=^(v^e)=:- 

2 

.-.the angle YZX=OBa 
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UXZ be placed on BC, we shall have YZ parallel to BO ; 
.-. Direction of the 'change of velocity' is towards the 
centre of the circle. 

To find the magnitude of the acceleration. 

Let a be the measure of the acceleration. 
We have seen that YZ represents the change of velocity 
in the time t. 

.-. rZ=aT; 
Now XY^XZ^V'y and nO- 2ir. (Euc. i. 32, Cor.) 
But irZ=ArZ sin i^; 

.-. yZ=2ZZsin-; 
n 

Also YZ=ar; 

.'. ar=z2V sm— .... (i) 
n ^ 

Again, — = 0B sin ^AOB ; 

jiT> . , 27r 

.•. AB^2r sin * . — ; 

^ n 

.It . . 

.'. t;T=2rsm— .... (2) 
n ^ 



Dividing (i) by (2) we have — 
a __ V 



a = - 



Now when the sides of the polygon are infinitely small, 
we have the case of a body describing a circle with uniform 
velocity. 

Therefore we infer that when a body describes a circle 
with uniform velocity, the force which compels it to take 
this path is always directed towards the centre of the circle, 
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and produces an acceleration in the same direction whose 
measure is — {Se^ Art. 46.) 

Hence if the Mass of the Body=m lbs., 
The Measure of the Force= — poundals. (See Art. iii.) 

Example. — A mass of 10 lbs. is attached to one end of a string 
14 feet long, the other end being fixed, and is made to describe the 
circle twice in a second ; find the tension of the string. 
z/xi = 2X2xxi4; 

.-. »=56x— =i76.f.-s. 

/^=^='^Ml7^'lbs. weight. 
r 14x32 

From which equation, ^^=691^ lbs. weight. 



Examples — LXIII. 

I. A tramcar whose mass is i^ tons is travelling at the rate of 
5 miles an hour, and goes round a curve whose radius is 220 yards ; 
find the outward pressure on the rails. 

^ 2. A carriage whose mass is 4 tons, and moving at the rate of 
20 miles an hour, goes round a curve whose radius is 11 00 feet ; find 
the outward pressiure against the rails. 

3. A carriage moving at the rate of 30 miles an hour goes round a 
curve the radius of which is 1600 feet. A mass of S lbs. hangs by a 
string from the roof; what horizontal force will keep the string vertical 
while the train is rounding the curve ? 

4 A mass of 10 lbs. is fixed at the end of a wire 4 feet long, and 
made to revolve 100 times a minute in a circle ; find the tension of the 
wire. 

5. A point describes the circumference of a circle whose radius is 
16 feet with a velocity of 15 f.-s. ; find the acceleration. 

6. The width between the rails is 56^ inches ; how much is the outer 
rail higher than the inner on a curve of 1500 feet radius, when the speed 
on the line is 30 miles an hour ? 

7. At what angle (a) must the * way * be inclined, so that the pres- 
sure of an engine passing along a curve of given radius (r) at a given 
speed {v) may be perpendicular to the ground ? 
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8. A string can just stand a strain of 20 lbs. weight. If a mass of 
5 lbs. be caused to revolve in a horizontal circle at the end of the 
string, 4 feet long, determine the greatest number of revolutions which 
it can make in a minute with safety to the string. 
' 9. An engine, whose mass is 9 tons, passes round a curve whose 
radius is 600 feet with a speed of 30 miles an hour ; what force towards 
the centre is exerted by the rails ? 

10. A wet umbrella is caused to rotate 14 times in 33 seconds, the 
handle being vertical. If the diameter of the umbrella is a yard, find 
the direction and magnitude of the force which will keep a drop of 
water (mass j^ oz. ) attached to the rim. 

11. How often per minute must a mass of 10 lbs. revolve horizontally 
at the end of a string 15 inches long so that the tension of the string 
may be equal to the weight of a pound ? 

12. A mass of 3 lbs. is caused to describe a horizontal circle at the 
end of a string 4 feet long ; if the tension of the string be equal to the 
weight of a pound, how often will the body revolve during the time of 
a body falling through 200 feet from rest ? 

13. A mass of 7 lbs. is caused to revolve in a horizontal plane at 
the end of a string 6 feet long ; if the time of a revolution be i^ seconds, 
find the tension of the string. 

14. A mass of 15 lbs. is suspended by a string from the roof inside 
a railway carriage ; the train at a certain part of its journey is 
travelling with a speed of 30 miles an hour round a curve of radius 
1000 feet ; find the tension of the string and its inclination at this time. 
/ 15. A mass of 10 lbs. is caused to rotate in a vertical circle at the 

' end of a string 4 feet long ; if the tension of the string vanish at the 
highest point, find the velocity of the stone in the circle, and the 
tension of the string, at the instant the stone passes through the 
lowest point of its path. 

16. A mass of 5 lbs. fastened to a string 6 feet long is caused to 
describe a vertical circle with a uniform velocity of 30 f.-s. Find the 
tension of the string when the body (i) is at its lowest point ; (2) is at 
its highest point ; (3) when the string makes an angle of 60* with the 
lower vertical radius. 

17. A man sent into the * chains * to call the soundings holds the 
Mine' at a point 20 feet from the Mead,* the mass of which is 14 lbs. 
If the last whirl be described with uniform velocity in 2 seconds, find 
the tension of the * line * at the instants the ' lead ' passes through jts 
highest and lowest positions. 
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x8. Distinguish between the true and apparent weights of a body 
resting on the earth's surface. And find how much faster the earth 
should revolve that a body at the equator may exert no pressure on 
the surface. 

336. If the bob of a pendulum swing in a horizontal 
circle, the arrangement is known as a Conical Pendulum. 

Let the string PA^ whose length is 
/, make an angle S with the vertical, 
and suppose the bob to move in a 
circle, whose radius OA is r, with 
uniform velocity v. 

The forces acting on the bob are 
its weight {mg) downwards, the 
tension {T) of the string, and the 

directed towards the 




force 



(=?) 



centre which compels it to pursue the circular path. 

Resolving the tension vertically and horizontally, and 
equating the vertical forces, and also the horizontal forces, 
we have — 

T cos e=zmg (i) 



and, Tsme=^^ 



{^) 



kM cos d 







-T g 
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/ sfn rsin 




cos 
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If /= time of revolution, then vt^ 27rr= 2ir/ sin d ; 
, 4^V»sin»^ 

. cos ^ _ ^/X/* 

•'•sin*^"^47rV*sin'^* 



From which equation, t—2v^ — 



g 

Comparing this result with the time of oscillation of a 
simple pendulum, found in Art. 328, we see that a conical 
pendulum revolves in twice the time of oscillation of a 
simple pendulum whose length is the vertical projection 
of the conical pendulum. 
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MISCELLANEOUS EXAMPLES.— LXIV. 

X. From a train moving at the rate of 30 miles an hour a carriage is 
slipped at the bottom of an incline, and comes to rest at the top of it ; 
find the height of the plane (leaving friction out of account). 

2. A shot is fired horizontally with a velocity of 900 f.-s. ; find its 
velocity at the end of 3 seconds. 

3. A projectile is fired from a gun laid horizontally from the top of 
a fort 60 feet above the water ; in what time will it reach the ground ? 

• Why is it not necessary to give the velocity on leaving the gun ? 

4. Two bullets are fired simultaneously from the same point in given 
directions; prove their distance apart increases uniformly with the time. 

5. A body is projected at an angle of elevation of 45" with a 
velocity of 3V2 • g from the top of a tower, the height of which is 8^ ; 
how long will it be (i) before it is moving horizontally; (2) before it 
passes the horizontal plane through the point of projection? At 
what distance from the foot of the tower will it strike the ground ? 

6. A shot is fired with a velocity of 1000 f.-s. in a direction in- 
clined at 30° to the horizon; find the greatest height attained, and 
the horizontal range. 

7. Explain the meaning of mass, vtomentum, unit of force, density^ 
weight What weight is taken as the unit of force ? 

8. Define 'force,* and state what is the proper measure of force. 
What is the kinetic unit of force used in England ? 

9. If the units of space, time, and mass be 88 yards, a minute, and 
a J cwt. of matter respectively, find the measure of momentum of a 
train of 60 tons, moving with a velocity of 30 miles an hour. 

10. On what do you rest your belief in the First Law of Motion ? 

XI. State the Second Law of Motion, and apply it to explain the 
path of a projectile in vacuo. 

12, ABC is a triangle. Find a point O within it such that forces, 
completely represented by OAyOB,OC mzy be in equilibrium. 
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13. Enunciate the Third Law of Motion, and explain all the technical 
words made use of. 

14. A bucket is raised from a well in 8 seconds by a mass of 90 lbs. 
connected with it by a string over a pulley ; and in 2VTo seconds by 
a mass of 105 lbs. ; find depth of well, and mass of the bucket. 

25. Two masses m and mi are connected by a string over a rough 
pulley, and motion cannot take place until the tension on one side of 
the pulley exceeds that on the other side by a constant quantity 7\ ; 
find the acceleration. 

16. If the weight of a ton be the unit of force, and a minute and a 
yard those of time and length, what will be the unit of mass ? 

17. A stone thrown down a rough board inclined at an angle of 30" 
neither gains nor loses velocity in its descent. What velocity will it 
gain by falling down the board (which is 20 feet long) when it is 
inclined at an angle of 60** ? 

18. Find the Unit of Force, when an inch, a minute, an ounce are 
the units of space, time, and mass respectively. 

19. A mass of 2 lbs. is drawn up a smooth plane inclined at 30*" to 
the horizon by a force acting along the plane. What is the magnitude 
of the force (in gravitation measure) when, starting from rest at the foot, 
the body reaches the top in the same time as it would take to slide 
freely from the top to the bottom under the influence of gravity alone? 

ao. Three forces PiQ,Ri acting at O, are in equilibrium, and any line 
meets their lines of action in L^ M^ N\ prove that 
P Q R _ 

21. Distinguish between moving and impulsive forces, and state how 
each kind is measured. 

22. A stone A is thrown vertically upwards with a velocity of 96 f. -s. ; 
after 4 seconds from the projection oiA another stone B is let fall from 
the same point. Prove that A will overtake B after 4 seconds more. 

23. A body impinges obliquely on a fixed smooth plane ; find the 
velocity after impact, the elasticity being imperfect. 

24. Find the velocity and direction of projection of a ball that it may 
be 64 feet above the ground at a distance of 384 yards, and may strike 
the ground at a distance of 640 yards. 

25. If a constant force P act on a body whose weight is W, the 

p 
velocity generated in one second is -77^ . ^ ; find the amount of work 

done by the force in producing this velocity. 
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a6. A body of mass 65 is moving with a velocity of 91, the units of 
mass, length, and time being the lb,, foot, and second respectively; 
express its Momentum and its Kinetic Enei^ when the units are the 
gramme (= -035 oz.)i the centimetre (=39 in.)> and the second. 

27. A mass of 5 lbs., after falling freely through 64 feet, commences 
to raise a mass of 7 lbs. by a string over a smooth fixed pulley ; how 
high will it lift it? 

aS. The triangle i4^C, right-angled at B, has its hypothenuse AC 
vertical, and D is the middle point of BC. If two equal masses start 
from rest at the summit A, one falling freely down AC, the other sliding 
down ABf prove that their C. G. describes AD with uniform acceleration. 

29. Two masses, m and m^ (««>»ii), hang over a smooth pulley; 

prove that the acceleration of their C. G. is ( ^ )g' 

JO. A bird whose mass is i lb., flying with a velocity of 10 f.-s., is 
killed instantaneously by a shot whose mass is 'Oa oz., and moving with 
a velocity of 400 f. -s. in a direction at right angles to the bird's ; find the 
tangent which the direction of its motion immediately after makes with 
that of its flight. Neglect the fact that the bird's mass is increased by 
the shot. 

. 31. A merchant buys a cargo of tea at Shanghai, where ^= 32-12, and 
sells it at St. Petersburg, where ^=32 20, by weight as indicated in 
the two places by the same spring-balance which had been tested by 
standard at Odessa, where ^=32- 16, and found correct for that latitude. 
Selling the same apparent weight that he bought, he still holds what 
his balance calls a ton. Find in standard weight the tonnage of cargo. 

32. If the mass of platinum at the Exchequer Office, which weighs 
I lb. in London (^=32* 19) be the unit of mass, then 

(i) What is the unit of weight in London? 
(2) What, in terms of this weight, is the weight of the platinum 
mass at the Equator (^=32 09)? 

33. What becomes of the energy of a projectile when it strikes a target ? 

34. By what methods may acceleration due to gravity be determined ? 

35. Three bullets are fired vertically upwards at the end of three 
successive seconds of time, the first with a velocity of 500 f.-s., the next 
with a velocity of 6co, the third with a velocity of u ; determine u, so 
that all three bullets may pass through a plane parallel to the horizon 
at the same instant. 

36. A train moving at the rate of 30 miles an hour comes to the foot 
of an incline of i in 400. If the steam be turned off, find how far the 
train will ascend the slope, the resistance to the motion due to friction 
and the air being equal to the weight of 12 lbs. per ton. 
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37. A particle starting from A runs down a smooth plane AB inclined 
at 45" to the horizon. Two seconds before it starts another is pro- 

jected up the plane from B with a velocity ^77=> and meets the first 

one half of the way from B to A, Find when they meet. 

38. ; If three forces be in equilibrium, and the sides of a triangle taken 
in order represent them in direction, they will also represent them in 
magnitude ; but if five forces be in equilibrium, and the sides of a 
pentagon taken in order represent them in direction, they will not 
necessarily represent them in magnitude. Explain this. 

39. A body placed in a spring balance at a place where ^=32 
appeared to weigh 14 lbs. ; what is its true mass, if the balance was 
made at a place where ^=32-2? 

40. A uniform beam 9 ft. long rests with one end against a smooth 
vertical wall, the other on a smooth horizontal plane, and is prevented 
from slipping by a horizontal force applied at that end, equal to \ of 
the weight of the beam, and by a weight equal to the weight of the beam 
suspended from a certain point of the beam ; find the distance of this 
point from the lower end of the beam if the beam be inclined at an 
angle of 45** to the horizon. 

41. Several forces in different directions act in one plane on a par- 
ticle ; find the conditions for equilibrium. 

42. A plank rests over a cliff having f of its length projecting over 
the edge, to which it lies at right angles. An animal whose weight is 
I the plank's crawls along it. When will the equilibrium be disturbed ? 

43. ABC is a triangle, one side of which, AC^ is divided into four 
equal parts in the points DtE^F\ show that if BA, BD, BEy BF, BC 
represent in magnitude and direction forces acting at the point B^ their 
resultant will be fully represented by sBE, 

44. ABC is an isosceles triangle, A and B being the equal angles, 
and from C a perpendicular CD is drawn to AB, If Cr be a point in 
CD such that GD-\CD, show that forces fully represented by GA^ 
GBf GD will be in equilibrium. 

45. If three forces act on a rigid body, and are in equilibrium, prove 
that their lines of action are either all parallel or pass through a point. 

46. ABC is a triangle, B and C being fixed points, A moves about in 
space ; show that the direction of the resultant of forces represented in 
magnitude and direction by AB and A C passes, through a fixed point. 

47. ABCD is a quadrilateral, and forces are fully represented by 
ABy BC, ADy DC; show that their resultant passes through the 
middle point of BD, and is equal to 2AC, 
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48. Three forces acting on a particle are in equilibrium. One of 
the forces is 120, and the others are in the ratio i : 2. Find the 
magnitude of these forces if the angle between their directions be 135**. 

49. Forces which are proportional to cos A^ cos By 2 cos C act 
along the sides of a triangle in the directions BC^ CA, BA ; show 
that the direction of their resultant will pass through the intersection 
of the perpendiculars on the sides from the opposite angles. 

50. A uniform lamina of weight W in the form of an equilateral 
triangle rests with the base on a smooth inclined plane whose inclina- 
tion is 30^, the plane of the triangle being vertical and at right angles 
to the inclined plane ; find the force to be applied to the vertex in a 
horizontal direction in order to keep it in equilibrium. 

51. The resultant of two forces is 2/*, the magnitude of one is P^ 
and the direction of the other makes an angle of 30* with the direc- 
tion of the resultant ; find the direction of the former and the magni- 
tude of the latter. 

52. A sunk fence is formed of two walls, one vertical, and the other 
inclined at an angle 45*" to the vertical ; find the position in which a 
j)]ank will rest against the two walls, the sur&ces being smooth. 

53. Two weights P and 2P are in equilibrium on a double inclined 
plane, connected by a string passing over a smooth peg vertically over 
the highest point of the plane ; the angle at the vertex of the plane is 
90** ; find the condition that the strings may be equally inclined to the 
iwo planes. 

54. Three equal forces OA^ OB^ OC act at in the same plane. 
If L be the point of intersection of the perpendiculars from Ay B^ C 
on the opposite sides of the triangle ABC^ prove that OL will re- 
present the resultant of the forces. 

55. ABCDEF is a regular hexagon inscribed in a circle. Forces 
Py nP act on a particle at -<4, in the directions AD^ FA respectively ; 
find «, in order that their resultant may act along the tangent to the 
circle at A^ and determine the magnitude of the resultant. 

56. A heavy uniform rod AB (weight = W)^ moveable about a 
horizontal axis at A^ has fastened to it at jff a string, which, after 
passing over a small pulley at C in the plane of the rod's motion, and 
in the same horizontal line as A, supports a weight W, If AB^AC^ 
and B be above A C, find the position of equilibrium. 

57. AB and CD are any two equal and parallel chords of a given 
circle. -P is a point on the circumference between A and B* Show 
that if forces completely represented by PA, PB, PC^ PD act at /*, 

• their resultant is of constant magnitude. 
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58. Show how to find the centre of any number of parallel forces 
acting on a rigid body. Apply proposition to define the C. G. of a body, 

59. Give examples of the three classes of levers. Find the con- 
dition for equilibrium, and show in which of the classes Mechanical 
Advantage is lost or gained. 

60. A heavy uniform board in the form of an isosceles triangle, each 
of whose equal sides is three times the base, is suspended from one 
extremity of the base. What weight must be suspended from the other 
extremity of the base in order that the sides through the point of sus- 
pension may be equally inclined to the horizon ? 

6x. Prove that when an inclined plane is rougA the mechanical 
advantage in dragging a body up by a force parallel to the plane is not 
the same as that in letting it down. 

62. A ball whose mass is 6 lbs. , resting on a smooth table, is connected 
by a string lo feet long with a mass of 2 lbs. just over the edge at a 
height of 4 feet ; in what time will the 6 lbs. reach the ground, at what 
distance from the other body, and with what momentum? 

Two weights, P and Q, are suspended by fine silk threads from the 
extremities of the base of a lamina in the form of an isosceles triangle . 
ABC, whose weight is JV, and which is free to move about a horizontal 
axis through the vertex A ; find the inclination of the base to the 
horizon, A being the altitude of the triangle, and 2a the length of its base. 

63. A body is kept at rest by the forces P, Q, R, S acting along the 
sides of the quadrilateral ABCD ; prove that — 

Py.R\ QxS: lABxCD lADxBC, 

64. A body is acted on by forces completely represented by the sides 
BAf BC, and the diagonals CA, BD of a square. Find the magnitude 
of the force along DC, in order that the whole system of forces may 
reduce to a single resultant passing through A ; and when this is the 
case, find the magnitude and direction of this resultant. 

65. Two small rings slide on the arc of a vertical circle. A string 
passing through them has three equal weights attached to it at each 
end, and one between the rings. Find the position of equilibrium. 

66. The points A, B, C and Z), E, F are taken in two parallel 
straight lines, A C and DF respectively, and five forces represented in 
magnitude and direction by AD, DB, BE, EC, CF ; prove that their 
resultant is completely represented by AF, 

67. ABCD is a square ; E, F are the middle points of CD, DA 
respectively. Forces are represented in magnitude and direction by 
AB, EF ; find the magnitude of the force which must act along BD 
so that the three forces may have a resultant which passes through C. 
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68. A heavy uniform rod AB 4V6 feet long is in equilibrium at an 
angle of 15* to the vertical, with its lower extremity A resting on a 
smooth wall inclined at an angle of 60"* to the horizon, and a point in 
it, C, pressing against a smooth horizontal peg; prove that the 
distance of C from the wall is (V3— i) feet. 

69. ABCDEF is a regular hexagon ; forces P, Q act at ^4 in direc- 
tions AC^ AF respectively. Find the ratio of QXo Pva order that 
their resultant may act along AD^ and find magnitude of the resultant. 

70. A straight line is drawn through A^ one of the angles of a triangle 
ABC^ so as not to cut the opposite side ; show that the distance of 
the C. G. of the triangle from this line is \ of the sum of the distances 
of B and C from it. 

71. A piece of uniform board, in the form of two isosceles triangles 
on opposite sides of a common base, will just rest in a vertical plane 
with a side in contact with a horizontal plane surfoce. If 2a, 2/3 be 
the vertical angles of the triangles, prove that 

cot /3= cot a + 3 tan a. 

72. If G be the centre of three equal parallel forces acting at A^ B^ C, 
being any other point, the resultant of three forces represented in 
magnitude and lines of action by OA^ OB, OC is represented by 3 OG 
along OG. 

73. ABCis a triangle, D, E, /^the middle points of BC, CA^ AB 
respectively; prove that the forces represented by AD^ BE^ CF 
maintain equilibrium. 

74. Three parallel forces act at the vertices, A^ By C, of a triangle 
in a direction at right angles to the plane of the triangle, and their 
resultant acts through the C. G. of the triangle ; prove that the forces 
are equal. 

75. If at a point on the circumference of a circle two unequal forces 
act, represented in magnitude and direction by chords of the circle, 
find the condition that the resultant may pass through the centre. 

76. A triangular board is kept in equilibrium by forces acting upon 
its three sides (one upon each side) in directions perpendicular to them ; 
show that these forces are proportional to the sides on which they act. 

77. One of two forces is given in direction but not in magnitude, 
and the resultant of the two is given in both magnitude and direction ; 
find the least possible magnitude and corresponding direction of the 
second force. 
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78. A right-angled triangular board of sides 2^, 6, 6^ feet is in 
equilibrium in a vertical plane, with its side of 6 feet horizontal and 
resting on a smooth peg, and with its vertex opposite that side fastened 
to the lower end of a string attached to a fixed point. Prove that this 
string must be vertical ; and find the least possible horizontal distance 
between the peg and the right angle. 

79. Part of a heavy imiform cord lies on a smooth inclined plane, 
and the rest hangs vertically from the top of the plane ; show that 
the ends of the cord are in the same horizontal plane. 

80. If any number of forces acting at a point can be represented in 
magnitude and direction by the sides of a polygon taken in order, they 
will be in equilibrium ; prove this proposition. 

If for one of the forces another were substituted, not acting at the 
point, but having the same direction and double the magnitude, what 
would be the resultant of the system ? 

81. If Ly M, N ht the vertices and P, Q, R the position of the 
C. G.'s of the three equilateral triangles described externally on the 
sides of a triangle ABCy then having given that the C. G.'s of the 
triangles ABC, LMN coincide, prove that the C. G. of the triangle 
PQR is at the same point. 

82. A weightless rod is moveable in a plane round a pivot at its middle 
point; two strings attached to its extremities intersect on a fixed 
straight line in the plane, and are pulled with equal and constant 
forces. When the rod is in equilibrium in a given position, where 
must their point of intersection be ? Find also the position of the rod 
in which the pressure on the pivot is least. 

83. Obtain from the Laws of Motion a Definition, and also a 
Measure of Force. 

84. ABCDy AB'CD' are two parallelograms with one point 
common; prove that forces parallel and proportional to BB', CC, 
Dl/y and all acting at the same point will be in equilibrium. 

85. Forces F, Q, R . , , Xf K acting at a point are in equilibrium ; 
the magnitudes of all but X, and the directions of all but Fare known. 
Show by a geometrical construction how the unknown quantities may 
be determined. 

86. A uniform rod AC of weight fV can turn in a vertical plane 
about a hinge at ^. A string passing round a fixed pulley B has one 
end attached to C, and the other to a weight P which hangs freely. 
UAB be horizontal and equal to AC, find the ratio of i' to PV in 
order that ABC may be an equilateral triangle. Find also the strain 
on the hinge. 
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99. If in a false balance, the length of which is /, a body weigh/ at 
one end and q at the other, express the lengths of the arms in terms of 
p and q and /. 

xoa The beam of a false balance being uniform, show that the arms 
are respectively proportional to the differences between the true and the 
false weights of a body. 

101. Parallel forces act at the angles ABC of a triangle and are 
proportional to a cos ^, ^ cos B^ c cos C, respectively ; show that their 
centre coincides with the centre of the circumscribing circle. 

102. Like parallel forces, 3, 5, 7, 5 act at A^ B^ C, Z>, the angular 
points of a quadrilateral ABCD taken in order ; show that their centre 
will remain unchanged if, instead of these forces, we have parallel 
forces Py 10— P, 4 + /^, 6— P acting at the middle points of AB^ BC, 
CD, DAf where P may have any value. 

Z03. Find the centre of equal and like parallel forces acting at seven 
of the angular points of a cube. 

Z04. Parallel forces P, Q, P, act at the angular points A, B, C of 
a triangle, and their centre is at O; show that P: Q : P= lBOC : 
tiCOA : lAOB, 

105. The sides of a heavy triangle are 3, 4, 5 respectively ; if it be 
suspended from the centre of the inscribed circle, show that it will rest 
with the shortest side horizontal. 

Z06. The altitude of a solid cone is A, and the diameter of the base 
is ^ ; a string is fastened to the vertex and to a point in the rim of the 
base, and is then hung over a smooth peg; if the cone rest with its 
axis horizontal, show that the length of the string =VA^ + ^. 

X07. A ship is moving with a velocity u ; a cannon is fired at an 
elevation a ; the velocity produced by the charge of powder is v when 
the ship is at rest. Find the range, supposing that the ship and the shot 
are moving in the same vertical plane. 

Z08. A body projected along a horizontal surface with a velocity of 
20 f.-s. is brought to rest in 400 yards ; find the coefficient of friction 
and the time of motion. 

109. The numerical measure of a certain force is 56 in the 'foot- 
pound-second* system of units; find its measure in the *yard-cwt.- 
minute ' system of units. 

ZXO. A train travelling 50 miles an hour comes into collision with a 
fixed object. From what height must a person fall in order to receive 
a blow equal to that sustained by him in the collision ? C^=32'2.) 
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XZZ. A shot is fired vertically from a gun, the barrel of which is 
30 inches long. It rises 2640 feet. Compare the acceleration caused by 
the discharge with that caused by gravity. 

ZZ2. With what force will a 10 lbs. mass falling 100 feet strike a fixed 
surface if its motion be destroyed in -^^ second 7 ig= 32*2.) 

1x3. If the ball in Ex. 112 be flattened ^ inch, and then recovering 
its form rebound, find (i) the retardation, (2) the time taken to bring 
the ball to rest, (3) the mean pressure between the surfaces. 

1x4. A uniform rod is freely moveable about a hinge at one end, and 
is supported by a string attached to the other ; show that if the direc- 
tion of the reaction at the hinge be equally inclined to the rod and the 
vertical, then the direction of the string is at right angles to that of the 
action at the hinge. 

1x5. A right circular cone whose vertical angle = 2a stands on a rough 
plane which is gradually tilted up ; show that if 4 tan a=tan /a, where 
fi is the angle of friction, it will be uncertain whether the cone will first 
slip or upset. 

116. Two parties are pulling against each other in a *tug-of-war,' 
and neither overcomes the other ; what are the forces in equilibrium ? 

What forces become unequal when one party is prevailing ? 

XX7. A uniform ladder, 16 feet long, is being lifted up about one end 
by a force applied at right angles to the ladder at 6 ft. distance from 
that end ; show that when the ladder makes an angle of 30** in the 
ground, the reaction at that end is horizontal. 

xx8. The horizontal roadway of a bridge is 30 ft. long, and weighs 
6 tons; it rests on similar supports at its ends. What pressure is 
borne by each support when a carriage weighing 2 tons is one-third 
of the way across the bridge ? 

XX9. A uniform heavy rod AB is fastened at -<4 to a vertical wall, and 
is kept in a horizontal position by means of a weightless rod C/> in- 
clined at an angle of 45' to it ; one end Z> is fastened to the wall 
below A, and the other C to AB, midway between A and thejniddle 
point ; show that the reactions at A and C are respectively V5 ^and 
2V2 IV, where JV is the weight of the rod. 

Z20. Three equal forces each of I lb. weight act along three sides 
of a square taken in order ; find the force which will balance them. 

X2X. AB, AC, are two straight lines incHned at an angle 26; ^ is 
the resultant of forces P and Q acting along AB, AC respectively; 
^1 is the resultant of forces P and Q acting along AC, AB respec- 
tively ; find the resultant of R and R^, 
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122. Forces I, 2, 3, 4 act along the sides AB^ BC, CD, DA of a 
square ; find their resultant. 

123. If through a fixed point there be drawn three straight lines 
representing three forces in equilibrium, any one of them will if 
produced bisect the line joining the extremities of the other two. 

124. AD, BEt CF are the perpendiculars from the angles of a 
triangle oji the opposite sides; show that forces acting at a point 
parallel and proportional to AD, BE, CF, FA, DB, EC are in 
equilibrium. 

125. A smooth uniform rod of length. 2/ rests over a peg and has 
one end in contact with a smooth inclined plane ; show that if a be 
the inclination of the plane and d the distance of the peg from it, the 
rod will make an angle B with the vertical given by the equation, — 

/ sin B cos* (a- ^) =^ sin a. 

126. Forces i, 6, 3, 4, 5, 2 act at a point in a plane making equal 
angles with each other ; find their resultant. 

X27. Find the resultant of any number of forces acting in one plane 
on a body, and deduce the necessary and sufficient conditions of 
equilibrium. 

128. The arc of a semicircle APQRSB is divided into five equal 
arcs in the points P, Q, R, S ; show that the resultant of five equal 
forces acting along AP, AQ, AR, AS, AB respectively is inclined at 
an angle of 36" to the diameter AB. 

129. ABCDEF is a regular hexagon ; find the magnitude of the 
resultant of four forces 3/*, 4/*, 6P, 2/* which act in the directions 
AB, AC, AD, AH, 

130. Six forces 6, V2, 4, 5, 6, V2 act at a point, and include 
angles of 45% 75", 60", 30% 15"* respectively ; find the magnitude of the 
force which will keep them in equilibrium. 

131. A rectangular lamina ABCD, having AB=^ ft., ^C=3 ft., 
and weighing 30 lbs., movable about a horizontal axis at A, is kept in 
equilibrium with AD vertical by the tension of a string acting along 
DB ; find the pressure on A» 

132. ABCD is a quadrilateral divided into equal triangles by the 
diagonal BD ; prove that the system of forces fully represented by 
DA, AB, DC, CB, 2BD is in equilibrium. 

133. The sides AB, ACo(a, triangle ABC are bisected at D&ndE; 
prove that the resultant of the forces represented in magnitude, and 
line of action by BE and DC is parallel to BC and represented in 
matmitude by \BC. 
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134. A particle is projected at an angle of 60'' to the horizon from 
a given poiftt on an inclined plane of 30* ; if R^y R^ be the ranges 
when the particle is projected up and down respectively, prove that 
R^^2R^. 

135- ^1 By C are three tacks in a vertical plane ; BC is hori- 
zontal, A is below and to the left of BC^ so that AB is inclined at 
an angle 60'' to the horizon ; a string hanging over the tacks 
supports equal masses of 3 lbs. at its ends. Find the pressure on each 
tack. 

136. A merchant using a spring balance buys goods at x-^ shillings 
per cwt. at a place where the measure of the acceleration due to gravity is 
^1, and sells at x^ shillings per cwt. at a place where the measure is g^ ; 
find his gain per cent., and show that it is independent of the value of 
g at the place where the balance was graduated. 

137. In example 135, if AB be inclined at an angle B, and equai 
weights W hang at the ends of the string, find the pressures 
exerted. 

138. A uniform ladder 10 feet long rests with one end against a 
smooth vertical wall, and the other on the ground, the coefficient of 
friction being \ \ find how high a man (whose weight is four times 
that of the ladder) may rise before it begins to slip, the foot of the 
ladder being 6 ft. from the wall. 

139. Forces /*, Q^ R act along the sides of a triangle ABC ; show 
that their resultant will act along the line joining the centres of the 
inscribed and circumscribed circles of the triangle if 

P I Q : R=:cos B^cos C : cos C-cos A : cos A^ cos B, 
X40. It is found that the greatest distance that the foot of a ladder 
65 feet long can be placed from the foot of a smooth vertical wall, against 
which it rests, is 33 feet. "What proportion of the maximum friction 
possible is called into play when the foot of the ladder is 25 feet from 
the wall? 

Z41. Two scale-pans, each of mass ;//, are connected as in Atwood*s 
machine, and in them are placed two bodies whose masses are m^ and 
m^ respectively. Show that the pressures on the pans are — 

W'"» + «").j.and '"''<'^'» + '") ^respectively. 

Z42. A beam, divided at its C. G. into two parts a and ^, lies wholly 
within a hemispherical bowl. If r be the radius of the sphere, and 0, 
B^ be the angles at the centre subtended by a and b respectively, find 
the values of B and ^i. 
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143. A train is crossing a viaduct over a river with a speed of 60 
miles an hour, the height of the carriage window above the water 
being 144 feet ; at what distance from the end must a passenger drop 
a stone so as just to strike the water's edge ? 

144. A projectile whose mass is f ton leaves the bore of a gun 30 
feet long with a muzzle velocity of 1600 f.-s. ; find the steady push 
exerted by the powder gas. 

145. A projectile whose mass is iocx> lbs. strikes a target with a 
velocity of 1500 f.-s. ; find the penetration if the resistance of the plate 
be equal to the weight of 8ocx) tons. 

Z46. If a yard be the unit of length, a pound the unit of mass, and a 
minute be the unit of time, show that the new unit of work is -^ 
foot-poundals. 

147. A bullet whose mass is i oz. strikes a plank 3 inches thick with 
a velocity of 1400 f.-s., and emerges on the other side with a velocity of 
1200 ; through how many similar planks will the bullet make its way ? 

X48. Two particles leave the summit of an inclined plane, one sliding 
down the slope, the other falling vertically ; show that the line joining 
them at any instant is perpendicular to the length of the plane. 

149. A small shell explodes in all directions into equal fragments ; if 
the velocity of the particle which rises vertically will carry it to a height 
of 81 feet, find the area of danger on the plane. 

150. A mass of 3 lbs. is placed on the slope of a right-angled wedge 
whose inclination is 60**; through what space must the wedge be 
moved along a table in a second so that the body shall be at rest 
relatively to the wedge, and fin4 the pressure exerted by the body on 
the wedge? 

151. A driving belt in a machine is moving with a velocity of 
30 f.-s. ; find the h.p. of the engine if the difference of the tensions 
on each side of a small pulley be equal to the weight of 40 lbs. 

152. The area of a piston is 2000 square inches, and it makes twenty 
double strokes per minute, the length of the stroke being 4^ feet. If 
the pressure of steam be equal to the weight of 25 lbs. per square inch, 
and the efficiency of the machine be f , how many gallons of water can 
the engine raise from a depth of 200 feet in a working day of 10 hours? 

Note. 1— A gallon of water = 10 lbs. 

153. A train whose mass is 200 tons is drawn by a locomotive of 
250 H.p. ; if the friction and the pressure of the air offer a resistance 
of 12J lbs. weight per ton, what is the greatest speed which the train 
can have on the level ? 
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154. Explain why the pressure of a jet of water from a fire-eDgine 
varies as the square of the velocity. 

Z55. A jet of water whose section is 3 square inches strikes an 
inelastic wall with a velocity of 90 f. -s. ; find the pressure on the wall. 
A cubic foot of water =62} lbs. 

156. If in Ex. 155 the velocity of recoil be 10 f.-s., find the pressure 
on the wall. 

157* If 400 gallons of water fall from a height of 40 feet every five 
minutes, what is the pressure on the ground below, assuming that the 
water runs oflf? 

Z58. If in a storm which raged for two hours the steady rainfall was 
ij inches, find the pressure on the ground during the storm, on the 
supposition that the rain fell through 1000 feet. 

159* Expose the fallacy in the following reasoning : ' If a particle be 
projected vertically downward from a given height h, with ^ initial 
velocity «, its velocity on striking the ground must be « + ^2gh, ' 

z6o. A skater, moving with a uniform velocity 10 f.-s., throws a ball 
horizontally in such a manner that its direction is at right angles to his 
original path, and its velocity is 50 f. -s. ; find the impulse on the ball, 
and his own path immediately after, on the supposition that his mass 
is 500 times the mass of the ball. 

161. A body projected vertically upwards with a velocity of 20 miles 
a minute passes at the end of each second through an obstruction which 
at once reduces the striking velocity by 160 f.-s. ; how high will the 
body rise ? 

162. A body is projected with a velocity « in a direction at right 
angles to that of the sun, and in the same vertical plane, with it. Show 
that the retardation of the body's shadow on the horizontal plane 
through the point of projection is g cot a, and that the shadow will be 
at its greatest distance from its initial position after a time u sec a/^, a 
being the sun's altitude. 

163. Find the shortest time (from rest to rest) in which a chain, 
capable of bearing a safe load of P tons, can lift a mass of W tons out 
of a hold k feet deep. 

164. Prove that the greatest load which can be lowered gently into 
the hold of a vessel h feet deep by a chain capable of bearing a safe 
load of W tons in / seconds from rest to rest is 



-K-ff.) 



tons. 
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ANSWERS. 

I. P. 4. 

I. 60. 2. 22 ; 44- 3. 2 : 5- 4. 900. 
5. 2160. 6. t- 7. li sec- 8. f » sec. 
9.3 ft. 10. ^ft. 11.^- 12.1- 

ft fit 

II. p. 5 

1. 360 ft. 2. 58I. 3. 2 : I. 4. 6 : 7. 

5, 1500 ft. 6. 7i miles nearly. 7. 2179 miles. 

8. 4of.-s. 9. -63 nearly. 10. 16* 27 w nearly. 

11. 33f.-s. 12. 135. 13. 75 days. 

III. P. 8. 

1. [a) 12 ; (d) IS to the E. ; {c) 4 to the N. ; {d) 9 in first direction. 

2. 21. 3. 24|f.-s. 4. 4lf--s. 

IV. p. II. 

1. 10 f.-s. bisecting the angle. 2. 50 ^--s- 3. 55 f-"''- 

4. 11.6 . . . f,-s. Direction with ship's motion = tan~MZ2y 

5. W37 = 24-3 . . . f.-s. 6. 15-18 f.-s. 7. 27; 3. 

8. -^ f.-s. 9. 6o^ 10. 134-7 . . . f.-s 

V3 _ _ 

II. 3o+5^/3; 3o-5^^3. 12. ^3:1- 13. 1051 • • . 
14. 30'. 16. 144'. 16. V3Z/1 ; 2Vi. 
17. Cos-i(5:z^7). 18. Cos- (-g). 

ai5 
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19. Coi-i (59vi). 20. (-1). 21. 90'. 

22. V2 : 1. 23. loVJ"; 10. 24. 32. 

26. Distance described by either. 27. t {v^ + v^-2v^v^ cos d)l 

V. P. 14. 

2, Yes. Euc. i. 22. 3. o. 4. VJ, at right angles to 5. 

5. Vn7 = io.8 ... 6. 90^ 7. Cos-i (-^)- 

VL P. 20. 

1. 40 V3"; 40. 2. 3oof--s. 3. 60 VJ"; 60. 

4. 7 V2 miles per hour in each direction. 5. 80. 

6. 8-99 . . . ; 37-39 ... 7. i («'i + VJ^^a). 

VII. p. 26. 

1. 7-15 J • . f.s. N.E. nearly. 2. 2^, 120" with original direction. 
3. 12V2, S.W. 4. (I) 25 f.-s., 120° with original direction. 

_ (2) 25 V2 f.-s., 135" with original direction. 

5. -~ f.-s., making an angle with original direction = 

tan-i (^). 

VIII. p. 28. 

2. I. 3. 10.47 • . . f.-s. 4. -- 

2r 

5. 2ir. 6. I : 12 : 720. 7, ^\^ f.-s. nearly. 

8. 1536 f.-s. nearly. 9. u : 216. 

IX. p. 3Z- 

1. 10. 2. 50^ 3. loVia. 4, 30.4... 

6. 23.17 ... 6. V7 f.-s. 8. S.W., 5\/i miles per hour. 

9. N 30'' E. 11. tan-i (H) with vertical. 
12. (I) 10 f.-s. (2) 120 ft. (3) 16 sec. 
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13. 4 yards ; } sec. 14. tan-^ {-jj with the vertical. 

15. 44 f.'S. 16. NW., 4V2 miles per hour. 

17. Wind blew from the North with a velocity equal to that of the 

traveller. 
19, 24 miles per hour. 20. 40 seconds. 21. 44 ^--s- 
23. 80 miles per hour. 24. Perp. to the line OAB ; v. 

X. p. 43. 

1. {a.) lof ; {d) 38400 ; {c) 21 A ; W) 2i3i J (^) ^i J 



(/)^^, 


U) 78545A. 


" 


2i 300 : I. 

6. 9:25. 


3. ^- 4. 6. 
7. f^. 8. W. 


5. 3. 
9, 6 sec. 



10. 1*. 11. looo- , 12. ^ sec. 13. T^r sec. 

14. 10^ sec. 15. 22J miles. 16. (i) Vb* 5 (2) tt^hjii- 
17. (I) T^ sec. ; (2) \ ft. 18. I20 sec. 

XL P. 46. 

1. i02f.-s. 2. i36f.-s. 3. 15. 4. I. 

5. 5 sec. 

XII. P. 47. 

1, 625 ft. 2. i5f.-s.^ 3'. 6 sees.- 4. 10. 

XIII. P. 48. 

1. lof.-s. 2. 6f.-s. 3. 7 f-s.-s. 4. 2Sf.-s.-s. 5. 63ft. 

XIV. p. 51- 

1. 160J.-S. ; 400 ft. 2. 976 A ft. 3. 32N/5 f.-s. 

4. 256 f.-s. 5. 3f--s.-s.; 2 sec. 

6. J sec. nearly, or 12J sec. nearly. 7. o. 

8. 10 f.-s. -s. 9. I sec. ; 39 sec. 10. 6 sec. 11. loof.-s. 

12 132 f.-s. 13, 66 -6 f.-s. 14. usee. 

15.' .6 sec. nearly. 16. *±^^±?S sec. 17. i^^.,. 
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18. 4 sec. 19. 224f.-s. 20. iSsf.-s. 

21. I sec. after 2nd is let fall ; 96 ft. 22. 18 f.-s. 

23. (i) 84 f.-s. ; (2) 72lf| ft. from ground. 

24. 240J ft. ; 71 sec. 

XV. P. 54. 

1. 3o'._ 2. 4^^sec. 3. 30'. 4. 30". 
5.^-^ = 3'!... sees. 6. 9-7 ft. 7. 8o\/2f.-s. 8.15'. 

9. 185 J f.-s. 10. 5 sec; 5i^^:^f^Wc. 11. J sec. nearly. 

2V3 2V3 

12. I20^ 13. sViTf.-s. 14. The inclination is sin-* (-^-j- 

XVL P. 56. 

1. 208. 2. 2of.-s..s. ai. 24 f.-s. -s. 4. 11:23. 

5. 500 ft. ; 2133^ ft. 6. 24 f.-s.-s. 7. 30 f.-s. ; 8 f.-s.-s. 

8. 2i sec. 9. 256 ft. 10. 36 ft. 11. 3136 ft. 

12. 1024 ft. 13. 8 sec. 14. 345-6 ft. 

XVII. p. 62. 

3. cos-^/ "^-^^ ^ J with vertical. 4. 45** with the vertical. 

5. 60^* with the vertical. 6. I5^ 

8, V2 rg" (I -sinl') ; \/2rg(i + sih B), where ADC=e ; sin d = ^. 

XVIII. p. 65. 

2. V^(V3~ i)sec.- 

XIX. p. 65. 

1. 4: I. 2. 4: I. 3. Art. 51. 4. II : 17280. 
5. It ft. 9. W. 10. (I) 2000 ft. ; (2) 195 ft. 

13. 10 sec. 14. (i) 160 f.-s.; (2) 400 ft.; (3) 1.46 sec, or 

8-53 sec. ; (4) 80 f.-s. 
15. 74 sec. 18. 60 yds. 19. 72. 20. lO miles. 

21. 4 sec. 22. 336 ft. 24. f*ft. 25. lojft. 
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26. 2jf..s..s. 27. tV3. 28. ^sinV. 30. 57f ft. 

31. S$, 32. 3i sec. ; 64 f.-s. 33. 30'- 

34. In ratio i : 3. 35. Arts. II and 56. 36. I5 • "^ ; 33i ft. 

38. I ft. 39. 13; angle with the vertical = tan-^(-^j. 

42. 17 f.-s. 43. 12 f.-s.-s. ; 5 f.-s. 44. 64 ft. ; 48 f.-s. 

45. 160 ft. 46. 420 ft. 47. No. 

49. ^-^Jjfr^Ta)- 50. «±V;i(^3T). 51. ^. 

52. V ft. ; 2 sec. 53. 22 ft. ; IS sec. ; ^f.-s.-s. 54, 90 sec. 

55. Art. 46. 56. (.1) 256 ft. ; (2) 8 sec. 

57. Meas. of Vel. not affected ; of Accel, doubled. 58. 75 f.-R. 

59. 5 sec. after second ball is projected ; height of 560 ft. 

60. 107 A f.-s. 61. 6400 ft. ; 26I sec. 

62. (I) "4 ft. ; (2) 144 ft. 63. (I) 8 sec. ; (2) 128 ft. ; (3)20 sec. 

64. (i) 864 ft. ; (2) 197.6 f.-s. downwards. 

65. (I) 800 ft. ; (2) 1300 ft. ; (3) 900 ft. 

66. (i) 2| sec. ; (2) Just over 8 sec. ; (3) 473 ft. 

67. (i) 68.i7'f.-s. ; (2) 306.7 ft. . 68. 1260 ft. nearly. 69. 400 ft. 
70. '68 sec. 71. I '6 sec. after second is projected ; 284 ft. 

72. 70 sec. after second is projected. 

73. 1 1 84 ft. nearly. 74. 10 sec. ; 2400 ft. 75. 66^ f.-s. nearly. 



'^■H^:iy'-''-if-^''Wr. 



sec. 
3^ 

73. 13!L . 79. 6.15 miles per hour. 

32,?- 

12 
80. 966. 81. 7^ miles ; when slower has gone 2 miles. 

82. I : ^/2T 83. 100 f.-s.; 500 f.-s. ; 32-2 f.-s.-s. 84. 135 ft. 
85. sin-MVr-i)«. 86. i^i^ i^ 

87. /v/-^ ( — r~ )• 88. 2 sec. after the particle leaves A, 

89. sin-Hi); sin-Mi). 90. -f-H2V^. 91. — . 

t ^M 

92. ^(2^+^) 93. v^^v+gt. 95. 787 f.-s. 

2{Vi- V-gt) J 

96. X':^'^X^-2X\ g\/x^-2X', X = 2, 

99. Dist. up Hypoth. = Base. 
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100. o; 44Vi~f.-s, 101. 2 : I 102. iV8Ai^+«3r^ 

103. rS"^-^'. 105. ^AE, 106. VTT. 

108. LEL^. 114. 8Jft 115. 1 2 miles per hour. 

/ * 

117. i« miles; I H miles. 118. tAtt f-s. 120. tan-^f). 
122. 267 ft. nearly. 126. (i) ttjW f-s. ; (2) Tiyi^TJ f-'S- 

XX. p. 83. 

1. 150- 2. (I) 2304; (2) 1728 V^ 3. 322560. 
4. 16 : 25. 5. 86240. 6. 17^1 ft. 7. 4800. 

8. 160CX). 9. 6oos/Ti 10. 6i lbs. 11. 4^ ft. 

12. 22400; 12800; o; -6400. 13. 200,000: I. 14. I3333i- 
15. 5 : 24. 

XXI. P. 95- 

1, 1 2i lbs. weight. 2. 72 poundals. 3. if f.-s.-s. 

4. The latter. 5. 320 ft. 6. 14 ft* 

7. 821^ lbs. weight. 8. 112 lbs. weight. 9. 2i sec. ; 192f.-s.-s. 
10. 4l lbs. 11. 293 ft. nearly. 12. 4i lbs. weight. 

13. 40. 14. S sec. 15. 10. 16. 2i lbs. weight. 
17, 900 poundals. 18. 3l lbs. weight. 19. 12 poundals. 
20. 300 poundals ; 9| lbs. weight. 21. n : 1080. 
22. S6J lbs. weiglit. 23. I3ilbs. weight. 24. 253 : 48. 

25. 85f tons. 26. 7 : 15 ; 7 : 15- 27. 33 : 25. 

28. 2 : I ; I : 2. 

XXII. P. 100. 

1. 3840, Le. it is doubled. 2. H* poundals, or ij lbs. wt. 

3. 25 sec. 4. i8f sec. 5. 64 poundals, or 2 lbs. weight. 

6. 68^ sec. 7, 14^ sec. 8. 1140^? lbs. weight. 

9, 25 lbs. wt. 10. 30 minutes. 11, 280 sec. 

12. 46I sec. 13. 630\/2 f.-s. 14. 171,200 pndls.,or5350 lbs. wt- 

15, 44,800,000 poundals, or 1,400,000 lbs. weight. 

16. (0 150 poundals, or 4f| lbs. weight ; (2) 7500 poundals, or 

234I lbs. weight. 
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XXIII. P. 103. 

1. 4oof..s. 2. 1800 ft. 3. 3"^: 5^2- 4. 225 : 49. 
5. 27 : 28. 6. V^ •• 10. 7. 8 : 5. 8. 400 f.-s. 

9. 12^. 10. Unit Momentum towards the centre of the figure. 

11. i -^. 12. 384 poundals, or 12 lbs. weight. 

13. 960 poundals, or 30 lbs. weight. 

14. (i) 780 poundals, or 24I lbs. weight ; 
(2) 24,960 poundals, or 780 lbs. weight. 

15. 7CXX) m poundals, or 2i8f m lbs. weight. 

16. 2,736,000 poundals, or 85,500 lbs. weight. 

XXIII. (2) p. 106. 

1. S sec. 2. 56 pndls. 3. 5 ft. 4. lAr pndl. 

5. 2 sec. 6. 160 lbs. 7. 182J ft, ; 20 sec. 

8. 240: II. 9. A- 10. 8oJf units of space. 

11, 160 units of velocity. 12. 4i sec. 



XXIV. p. 115. 

1. io9tt ft. 2. 266I ft. 3. 128 ft. ; 30 ft. 
4. 92A ft. ; 73Hf--s. 5. 2ii ft. ; io| ft. 6. k sec. ; i ft. 

7.3W7,.,. g^^^,.^ 

9. 4Hf.s.-s. ; 6iAft. ; 36Hft. ; 24Af.-s. 10. T%f.-s.s. 

11. 3-7_sec. 12. 27 ft. 13. i7jft. 

14. "^3 sec. 15. 20 lbs. weight. 

16. 32 f.-s. ; 4 oz. will describe 768 ft. ; the 12 oz. will describe 192 ft. 

17. io| ^••s.-s. ; 13^ lbs. weight. 18. 352 ft. 
19. 30ft. from the top. 20. 80 ft. 21. 48 \^ f.-s. 
22. 6 J ft. 23. 2.7 sec. 24. V f.-s.-s. 
25. io(V2+i)lbs. 26. sin-Mi). 27. sin-MirV). 

28. V (4\/3-3V2=6.i3f.-s.-s. nearly. 

29. 10-05 ^-s.-s. ; 40-2 f.-s. ; 181 ft. nearly. 
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30. 6-07 lbs. weight ; 22-2 ft. nescrlj. 

31. i2||lbs. 32. 5:3. 33. 3:1. 
34. 140J. 35. 2off lbs. 36. 14? lbs. 
37. 6i sec. ; 52 ft. 38. 224 ft. 39. 6 lbs, 

40. m = m,. 41. I : 2. 42. ^. 

44. (8 + 2VW) lbs. ; (8-2%/!^) lbs. 

45. Weight of either mass. 47. 15 lbs. 

48. l2A^oz.;9AVo2. 49. ^-6 sec 51. 3-2\V: i. 

52. i sec. 55. 4V2/, or 4V2Jr, as jr /. 

56. 6t^ lbs. ; SH lbs. 59. 30 lbs. ; or 3i ll>s. 61. 34 ft. 

62.^- 63. 2jfft. 64. Sf.-s.-s. 

V2I 

67. 322 f.-s..s. 68. 32-17 f -S..S. 69. 32 f.-s.-s. 

XXV. P. 122. 

1. {a) 3200 poundals; (//) 4800 poundals ; {c) 1600 poundals; 

(^ 5600 poundals ; {e) o. 

2. {a) 140 lbs. weight ; {b) 140 lbs.' weight ; {c) 154 lbs. weight ; 

{d) 874 lbs. weight; (^) o; (/) 280 lbs. weight; 175 lbs. 
weight. 

3. o. 4. Descendmg with acceleration = i^. 

5. Descending with an acceleration =^. 

6. {a) 4 lbs. weight; {b) 2 lbs. weight; (c) 12 lbs. weight; {d) 8 

lbs. weight. 

7. 4 lbs. weight. g. f ^ upwards. 9. 7200 ft. 
10. Vertical ; 15 lbs. weight. H. Vertical ; o. 
12. lfP>Qy pressure exerted by />=^i^^±i^ . 

/ + {/ + 2fV 

\_ 2Q{P+fV ) 

" . " ^^P+Q + 2^' 

13.64-3802. 14. (I) 125; (2) 75. 

xxyi. p. 125. 

1. 3ff.-s. 2. 4Mf.-s. 3. iiif.-s. 

4. 9lif.-s. 5. 27.4...ft. 6. 3.6...ft. 
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7. 32-8...ft. 8. 256V6f.-s. 9. iS-6...f.-s. 

10. Rather more than 28 tons weight. 11. i6-i ft. 

12. 255Aft. 



XXVII. p. 132. 

2. No. See Euc. i. 22. 5. Cos-M-i). 7. 6 V2T 

8. If each force is /*, the Force =P>f 4 + 2 fj2, and its direclion 
makes with that of the first force tan-^ ( V2 + 1). 

10. -7^ = T-^= -t4?5; ; ^Q+ QR-{-RP=zeo\ 
sin Qk sin RP^ sin PQ 

11.2. 14. 2 a/2. 15. 27; 7. 16.^2+1:1. 

19. 120°, in same line as 60. 20. Cos-H~ A)- 

21. 56^ and 1 8i nearly. 22. 21 nearly, makes wiih line of action of 47, 

24. Twice the line joining the point and intersection of the diagonals. 

25. 2AD. 27. ^'23 + 8V3 28. O^/s- 
29. V93 lbs. weight. R makes with -4C, tan-^ (7^3 Y 

80. If ^ divide CZ? so that CE=2ED, then the resultant = 3^^. 

32. 2 Vs, and inclined to CB^ tan-^ (i). 

35. (I) o; (2) 2BC. 38. 2^a 



XXVIII. p. 142. 

1. . 12 ; 10 in. from the 7. 2. 4 ; 12 in. from the 10. 
8. 26 ; 32 ft. beyond the 78. 5. 4 ; 12 in. beyond the 7. 

8. I9i to the right of the point. 9. *lVt to tbe right of the point. 

10. 36; 24. 11. 22J; i7t. 
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XXIX. P. 148. 

2. 80. 8. O ; 108 ; - 108. 4. 30 v^3. 

5. o; 160; o; -160. 6. 5 : 12. 7. 3l from lo; 4^ from 8. 

13. 388 lbs. weight nearly. 14, ^ from the ground. 15. I : 2. 

V2 



XXX. P. 151. 

1. 3A fro"'! same end. 3. 6. 

4. 36 ; 1 ft. from the middle. 6. 4? ft. from the same end. 

7. Where -9 acts. 8. The middle point. 

^- 2 V ^0- ^3 . / ^^' ^ 

11. 5i in- 12. iiH in. from 3. 

^/ 
13. V^^rom middle point. 14, 6. 

15. 1*7 ft' nearly from the fulcrum. 

XXXI. p. 167. 

8. 5-1 ft- ; 2-9 ft. ; 2.9 ft. 8, Yes. See Art. 202. 10. 18 in. 

12. 120. 14. r( 7=^4= -) from centre. 

\V2 + V3 + 3/ 

15. 47^» where a is length of side. 18, ^ ^^(^ 

3 ' 
17, 7-6 ft. nearly. 18. i-6ft. nearly. 19. 4J ft. 

20. 3-6 ft. nearly. 21. 7*8 in. nearly. 

22. 6-7 in. nearly. 23. 1-53 ft- nearly. 

25. 2V37t. _^ 26. 2-62 ft. nearly. 27. 3i ft. 

28. ^-^19 from I ; e^3from2; ^-^ from 3. 

31. -^ from E. 32. % height from the base. 
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83. — r— from centre of original square, side of which = a. 

84. I median from base. 35. A median from base. 
36. «'-3» + 2y^< q£ the median from the 'base. 

87. Altitude of BDC=i alt. of BAC. 38. ^ inches. 

40. See Ex. 35. 41. A median from base. 

42. Alt, of A =^— ^ a, if fl= side of square. 

2 

43. Alt. of A =^I—^af if fl= longer side. 

2 

44. ^-^ ft. from centre of square. 45. 18-04 in* 

46. 3(4^ + ^) ' 47. I in. 48. VS : i. 

49. ^ hypothenuse. 51. Coincides with C.G. of the plane triangle. 

62. r c/5 rp 63. 3 in. 54. 9 in. 58. St in. 

69. Art. 198. 67. i hypoth. 69. 5*6 in. nearly. 

70. -^; -^» where fl=one of the equal sides. 80. 2 ft. 



XXXII. p. 177. 

2 ^ lbs. wt. ; ^ lbs. wt. 2. i8f lbs. weight ; 314 lbs. wt. 

• V3 V3 

3. 100V3 lbs. wt. 

4. 60V2 lbs. wt. ; 6o^^2-^/2lbs. wt. ; eo'^z - V2 lbs. wt. 

5. 5 lbs. wt. ; 5V3 lbs. wt. ; 5'^2- V3"lbs. wt. ; 5'^2-\/^lbs. wt. 

7. Pressure =^ Vi(2-V2) ; Tension = J V^^^; ^ being the 
weight of the rod. 

S» ;^.lbs. wt. 9. 35^2" lbs. wt. 10. 30V^lbs.wt. 

11. 6o\ 12. 15 lbs. wt. 13. i^ lbs. wt. 



14. 13-28 ft. nearly. 15. 113 lbs. wt. ; 138 lbs. wt. 
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T - 

17. i ton weight. 18. 600 V3 lbs. 

19. J weight of beam. 20. 120 lbs. wt. ; 90 lbs. wt 

21. 15 lbs. wt ; 30 lbs. wt. 23. i- 24. Vertical; i wt. of rod. 
26. I : 2 cos ia ; a being the angle between parts of the string ; 
Tension is diminished. 

30.2sViibs.wt sa.—^^^ 



XXXIII. p. 188. 

2. Tensions J ^cot ^= Pressure on wall ; Pressure on plane = IV. 

3. Tan-i (4). 5. See Art 218. 

8. If o and /3 be the inclinations of the strings to horizon, the 

Tensions are J^^:^ and f^f^^^. Inclination of 
sin(a + /3) sm(a-f/3) 

rod = tan-^ J(tan a - tan /3). 

9. .30 lbs. wt. ; 30\/3 lbs. wt. 

10. 10 oz. wt. ; 24 oz. wt Inclination of rod to vertical =cot-^ (HJ)- 

11. Tensions J lb. wt. ; angle between the strings=sin-i (i|). 

12. 12rr; ^pv. 
^^' 10 10 

100 100 

14. (I) -^ lbs. wt. ; (2) ;^lbs. wt ; (3) 200 lbs. wt. 
16. 30 n/3 lbs. wt. ; 30 \/39 lbs, w t 

18. Tens. = 22j lbs. wt ; Press. = 54-8 lbs. wt nearly. 19. f^J ^^2. 

21. i^2-V3); ^v'6-V2);Inclin. tothehor.=tan-i(^^^V 

22. Tand=— ; Press, on plane = PV; Press, on wall=/». 

24. Press, on plane e= J^^!EA ; Press, on plane /i= .^^^°-.\. 

25. Cos^= ± . /^^±IL; Press, on rim= tlfK cos $ ; Press, at the 

lower end = JV tan 6. 
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XXXIV. P. 191. 

2-Acouple. 8.^ 6.^ini^rPrcos^f. 

13. i^'^S ; sin-i (^). 14. 4 ^cot a. 

•^•^* sm(a+^)' sin(a + ^)' I m ) 

16. ^sec^; ^tan g, where g = cot-^ ^ {m + n)^Una y 

\ »? + « / 

18. tan-i /^cottt-«cot^\ ^j^^j,^ ^ ^^^^ ^ ^^.^ ^^^^ ^pgigg ^ade 

V »!+« / 

with the vertical by the strings sustaining P and Q. 

19, If a be the shorter, d the longer arm, then a makes with the 

horizon the angle, tan-^ ^' cot 6 ^a^ cos,c Oy ^^ ^^ ^^ 

21. If AB=2a, the depths , ^»^ . 28. ^^^^jf^ ^ 
24. tan-^^^-gg!^^~^^^^'\ if a and ^ be the radii ; or, angle 
=tan-i /^iCot/-^cot>A j^ ^^ ^^^ j^^ ^^ ^^e weights of 
the spheres. 25. 4 sum of the weights. 

2«-f(TOT|-> 27.-^cotiC. 88.-^si„C. 

33. J^tan o, where a = angle of either wedge. 

34. \'Jl W: Angle with vertical = cot-^^—F=j- 

35. W6 ^; i (3 N/i- n/6) PT. 86. ;^™^ ^sin B. 

39. Its C. G. at J length of rod from thicker end vertically under 
centre of sphere. _ ^ _^ 
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XXXV. P. 201. 

8. Second. 4. Third. 

6. Weight of lever might act in either of the arms. 

7. 6J ft. ; 3J ft. 8. 5 ft. ; I ft. 9. 12 ft. ; 74 ft. 
10. iHft* from the middle. 11. /'=I3| lbs. wt ; W=2il lbs. wt. 

12. 84 lbs. weight. 18. 49 lbs. weight. 14. 10 in. 

15. It ft. from 2 lbs. 16. 8i in. ; 3J in. 17. 5 ft. from F". 

18. 12 ft. 19. /'=3 lbs. weight ; W=<) lbs. weight. 

20. 6 ft. 21. 82i lbs. weight. 22.. 4° lbs. wt. 

23. Middle point. 24. Middle point of rod. 

25. 6 ft. 26. 4ii lbs. wt. 

27. 13^ ft- ; 15 lbs. wt. 28. I in. ft^om middle point. 

29. H ft. from F. 30. 22i in. 31. 30^ 

32. 7-84... inches from the 6. _ 33. 5© ft. 

34. 57-7... lbs. weight. 35. 7V2 : lo* 

36. 36- 1 7^ lbs. wt. perp. to rod at 6- 14 ft. from 25. 37. tan-^ ( V )• 

38. tan-»(i). 39. 115 lbs. weight 40. I20^ 

41. 20} lbs. weight. 42. cos-M-i). 43. 120'. 

44.-:Vi: 46.,-(^);,-(^.from^ 

49. ?_(^±I) />. 50. 5 : 2. 

m 

XXXVI. p. 210. 

2. 6 oz. weight ; 3 : 2. 4. 8^. 5. He loses i lb. 

6. 4^^95=4-87... lbs. weight. 9. 4 : 3- 

10. If a and b be the arms, he loses SH^LLpV. 12. ij inches. 

a a 

13. i in. from C.G. ; i in. 14, 230 lbs. wt. ; ^ lbs. weight. 

15. SH oz. weight ; 3.64 oz. weight, nearly. 

16. II : I, if weight of pan be neglected ; if not, then 10 : I. 

17. The movable weight must be shifted nearer to the fulcrum. 

22. If ^i» ^a ^ ^^^ weights, 2a length of beam, k distance of 

point of suspension from the beam, 6 the inclination of beam 

a /IV — IV\ 
to the horizon : then tan ^= -^ {—} — ^J], If the weight of 

the beam= W^ and k the distance of the C.G. from the point 
of suspension; then, tan *=^-^^^g^|j£^_ 

23. Stability increased, sensibility diminished. 
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XXXVIL P. 213. 



1. 192 lbs. wt.; 216 lbs. 


2. 18. 


3. 50 lbs. wt. 


4. 14 in.; 6 in. 


5. 270 lbs. wt. 


6.74. 


7. 36 in. 


8. 3 lbs. wt. 


9. i25if- 



XXXVIII. p. 218. 

1. I : V3". 2. 400 lbs. wt. 3. 120°. 4. 60'. 

5. 20 lbs. wt. ; 20 {'J6— \^)=20'7 lbs. wt. nearly ; 20 V2 lbs. wt. 

6. ioo\/2lbs. wt. 7. 2cos-i(H*). 8. 64 lbs. wt. 
9. 53 lbs. wt. 

XXXIX. p. 221. 

1. 7 lbs. wt. 2. 9l lbs. wt. 3. 80 lbs. wt. 

4. 5. 5. 6. 6. 128. 

7. I lb. wt. 8. 275 lbs. wt. 10. Yes. 

11. Iff lbs. wt. 12. 2lf lbs. wt. 18. 4 lbs. wt. 

14. IM lbs. wt. 15. 9 lbs. wt. 16. 4 lbs. wt. 

17. 4 lbs. wt. 18. 3 lbs. wt. 19. 5 lbs. wt. 

20. i6P=PV+Ssw. 21. 16:15. 22. I4lbs. wt. 

XL. P. 223. 

1. i ton wt. 2. i ton wt. 3, 15 lbs. wt. 

4. 2 lbs. wt. 6. 7- 6. 10 lbs. wt. ; 6. 
7. 16. 8. 156 lbs. wt. 
9. 3P hanging from lower block. 



XLI. P. 226. 

1. 3 2. 6. 3. 20. 

4. 20. 5. 89 lbs. wt. 7. 5 lbs. wt. 

8. 3 lbs. wt. 9. /'= twice weight of pulley. 

10. 267*3: lbs. wt. 11. 57 oz. wt. 12. 832 lbs. wt. 

13. I40tV lbs. wt. 
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XLn. P. 227. 

1. 56 lbs. wt 2. A ^. 8. (I) 1344 lbs. wL; (2) iS7i lbs. wt. 
4. (l)l.fr,or--^;(2)-l_»; or -^- fT; in both cases as 

2n 2n+l 2I»+I 2« + 2 

the ' Standing part ' is fixed to the upper or lower block. 
8. 40 lbs. wL 6. 42 lbs. wt. 

7. 2ciy^^(^AJFI±^. 9. ^ 12 f^ 

\ 24 / ^± VG»+8^« 15 

15. 33^2^ lbs. wt. 16. 2j in. ; } in. ; i in. respectively. 

18. Heaviest at bottom ; 25) lbs. wt. 

XLIIL P. 232. 

1. 20 lbs. wt. ; 20 V^lbs. wt. 2. 30° ; 25^3 lbs. wt. 8. 2 : i. 
4. 30*- fi. 24. 6. 45"; V2. 7. 10 lbs. wt. 

XLIV. P. 233. 



100 



1. i2V3lbs. wt. 2. -7= lbs. wt. 8. 8 lbs. wt. 

4. 37 J lbs. wt. 5. 17J lbs. wt. ; 62^ lbs. wt. 

6. tan-M^). 7. sin-M«) ; lo/iT. 



XLV. P. 235. 

1, 99-6 lbs. wt. 2. 23"* 2'. 8. 31-65 lbs. wt. 

4. 25** 52'. 5. 105.2 lbs. wt. 6. 43' 4'. 



XLVI. P. 236. 

2. 121 nearly. 8. 57° 42' ; i6.9 lbs. wt. nearly. 5, 32 ozs. 
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XLVII. P. 236. 

1. I : cos I. 2. cos e : sin i. 8. IS'JJ^^^ wt.- 

6. i^sin ?(^i-cos /). 7. loVio lbs. wt. 8. 2 : i. 

9. cos-MVI). 11. V2>. 12. (i)cos-M«; (2)sin-Mi). 

XLVIII. p. 241. 

1. 66. 2. — . 3. 352 lbs. wt. 

7 
4. I40f lbs. wt. 5.. I A lbs. wt. 6. 9A in- 

7. 45°. 8. 2036^ lbs. wt. 9. 59il in.__ 

lb. I5(2-V3)=4*035 lbs. wt. 11. liVtlbs. wt. 12. 5^3- 
13. 424? lbs. wt. 14.45°- 15. io5V3lbs. wt. 

16. 75. 17. ^^ 18. 50^3-^ lbs. wt. 

XLIX. P. 243. 

1. 60°. 2. 100 lbs. weight. 8. 60 (V6 + V2) lbs. wt. 

L. P. 245. 

2. 472 J lbs. 8. f ^; I ^. 4. 20 lbs. 5. 6 feet. 

6, 5 ft. from him. 7. y ft. from the middle point. 8. lolbs. wt. 
9*. io| ft. 11. 4 in. ; 12 lbs. 12. 20 lbs. 

W'slx{2r-x) . 1.7^ K.^0^^^ i a. 18. i : 3- 

^— ^ 3 

19. finches. 20.(3. 2-~«-x).. 21. f^^^. 

22. -^^^ •^. 23. 40 lbs. 24. 89U lbs. 

25. Of 30=^^; of 9=TPir^; of 7=M^. Tension in upper string 

= 24^7 lbs. wt. Tension in lower string = 12.^ lbs. wt. 

26. The accels. would be \%g\ ^g\ H^- 

The Tensions would be 24^^ lbs. wt. ; and \\\% lbs. wt. 
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w 

27. I2,'y lbs. 29* ry— f ^ being the weight of the sphere. 

30. - ^^tan e. 81. r^ IV, 

2 3V2 

32. Press, on ground = ^^ + ^j ; Press, of upper against rod = V '^• 
Press, of lower against rod = V ^^^ ; Press, between spheres 

33. Between upper and bowl = 20 lbs. wt. ; between lower and base 

=60 lbs. wt. 
Between lower and curved portion of bowl = 80 lbs. wt. ; be- 
tween spheres =40 lbs. wt. 

34. Accel. o( m= — —r-^-^-r^ *-^; 

ofw - ^i ^^2 + 3 ^2^ + 4 ^^i . „ . 
^ m^m^ + m^w + z^mmi^ 

m-^fti^ + ffi^n + 4 ffifn^ 
Tension= ^^^^i^^g 

85* W^ ^"SCt. 86. o ; when »i and m^ are interchanged, the 

value of ^2=^ lt>. 



LI. P. 255. 

I 96 

1, I. 2."7=; 12 lbs. wt. 3. Greater than— T—- lbs. wt. 

4. 130 lbs. wt. 6. f 6. >tan-i (f). 

7, 20 lbs. wt. 11. 25 lbs. wt. 12. ^=tan-i (/x). 

13. (0 4' 3 lbs. wt. nearly ; (2) 465 lbs. wt 

14. 25 lbs. wt. ; 25\/3~lbs. wt. 16. Art. 261. 
17, Wsin 2t, making an angle t with the plane. 

15. Greater than 34 lbs. wt. when 30 acts along the plane. 

19. -108. 20. 104 lbs. wt. 22. ^^^2'-- + ^). 

23. At right angles to the plane downwards. 

24. Art. 266. 26. -048 lbs. wt. 
26. (0 50 lbs. wt. ; (2) 50 lbs. wt. 27. /'=<» . 
28, Art. 266; M= I- 29. Art. 266. 
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ftl ,,_ ^sing-/'cos? jj^ I 

»8-'-^(l|:!^> 84. 4 feet. 

85. .•=taa-:(^iL^±^). 86. Art. 267. 

87. f^. ^ ' 38.00. 

39. When angle of screw= (90°- c) ; P^ca, 

40. 1 104 lbs. wt. 41. 357-3 lbs. wt. 42. VJ-i. 
43. 7tV ft. 44. U length of ladder. 

45. tan ^=>:Z^Wfz>l 4e. tan^= '-:^; J^^^^; ^ 



47. tan e= ^^=m)L. 48. tan g^ ^c°t(,-±e)-j>cot(i,Te) 

49. cot-i (^^). 

I / P W \ 

51. M=^-. S4. cos->(--^^i^=). 

55t Between the vertical and the normal to the plane. 

58. (I) 336 lbs. wt. ; (2) 42 tK+8) lbs. wt. 61. g^* 

63. ^^LlHtka- (i+m)(^^iL . 
fft + mi^* pt + ffii 

LII. P. 264. 

1, 32i f.-s. 2. 12J f.-s. in the direction of the latter. 

3. 13H f*-8' 4. 4t^ ^.-s. in the direction of the latter. 

5. 12J f.-s. 6. 4 f--s. in the direction of the former. 

7. II : I. 8. 3* f--s. 9. 25 f -s. 10. I7f f.-s. 

11. One loses ^v; the other gains ^v, .12. 16 f.-s. 

LIII. P. 267. 

1. 3iif--s. ; 46if.-s. 

2. First rebounds with a vel. 24^ f.-s. ; the other with a vel. 20f f.-s. 

3. I f.-s. ; 16 f.-s. 
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4. They rebound with vels. 16^ f.-s.> and 33^ f.-s., respectively. 

5. (i) ^^ rebounds with double its former vel. ; ^m remains at rest. 
{2)m „ H „ ; 3»j retains A of its vel. 

5, ^= J. 1[, m rebounds with a vel. = 13}^ ; ^m retains a vel. = 2jz>. 
8. 12 f.-s. 9. I : S. iO. I : 6 ; e=i. 

LIV. P. 269. 

fJZ 

1. 20 f.-s. 2.^=—^. 3. ^=4- 4. 122 f.-s. nearly. 

2 

5. Vf; lisecs. 6. <? : I. 7. "39^1. 8. 2.56 ft. 

ll.^(j^y 12. 2jsec.; 74 sec. 

13. 100 ft. First has a vel. = 160 f.-s. downwards ; seconds 140 f.-s. 
downwards. 

LV. P. 273. 

1. Art. 276. 2. Art. 274. 4. 30**; 45'*' 

5, J ; I : 4« 6. Art. 274, Cor. ii. 

7. 2n/7o f.-s., and makes with plane tan~* (^ j. 

8. M loses f y; A^ ga ins i V. 9. 8\/i5 f..s. ; .16 sec. 

18. The masses are in the ratio e : i. 14. Art. 276. 
15. — » where a = angle of impact. 17. 3 : 2. 

20. 1st rebounds with a vel. %vi 2*d rebounds with a vel. | v. 

21. 125 : 1728. 

22. If «=-4's vel. before impact, A rebounds with %u\ B rebounds 

with J u. 

23. -5- 5 — • 24. K. E. is diminished by impact. 

25. Body struck goes on ; and striking body goes on, stops, or 

rebounds as m- is greater than, equal to, or less than ^Wj. 

26. 48,000 poundals, or 1500 lbs. weight. 

27. 19,200 poundals, or 600 lbs. weight. 
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28. Weight of 2304 tons. 

29. 2,150,400 poundals, or 67,200 lbs. weight 

80. 2240 poundals, or 70 lbs. weight. 

81. 483,840 poundals, or 15,120 lbs. weight. 

82. 1728 poundals, or 54 lbs. weight. 
88. 41,280 poundals, or 1290 lbs. weight. 

84. 195 lbs. 

85. 31,360 lbs. weight. 

86. (I) 766,080 lbs. weight. (2) 6 inches. 

87. 39,200,000 lbs. weight. 

88. 1250 foot-poundals. 

89. 1 5,272 A ^oot- poundals. 



LVI. P. 283. 

1. 28,800 ft. 2. (I) 5625 ft. ; (2) 37i sec. ; (3) 22,5oon/3 ft. 

8. (I) 20,000 ft. ; (2) 50^/2 sec. ; (3) 80,000 feet. 

4. tan-i(7^y. 5. 1003.36 f.-s. ^.l^ll'^it. 

7. i28\/3f..s. 8. 45**. 

9, 5625x^3 ^^ ft^ 10. 45^ Art. 291. 

64 
11. i6\/30=88f..-s. nearly. 12. 143112.5 ft. 

18. tan-i(4). 14. 15'. 15. 8of..s. 

16. 36of.-s. 18. tan-i(f). 19. 75 ft- 

20. tan Ja. sec. 

LVII. p. 289. 

1. -345 sec. ; 5-45 sec. ; 126-83 ft. 

2. 152-3 ft. ; 1-86 sec. 8. 1875 ft. 

4. 317 f.-s. nearly. 5. 3921 ft. 6. «cosa; horizontal. 



u^sma 



'^4-3 J 



2^ 
8. 3 : 2 : 3 (2 - n/2) J i,e.f 1000 : 667 : 586, nearly. 
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Answers. 



[LVII. 



9. Ifx and J' be the horizontal and vertical distances of Ihe point. 



10. 2+\'3':2. 

15. tan-»(2), ortan-i(8). 
17. 124-4 t-s- ; S-49 sec. 
19. 30°. 21, +r. 



.-^(4= 



(^) 



25. 



r'sin'a, Fsina 



12. 49f-s. nearly; tan-*^^ 1 
below the horizon. ^ 

16. 6o^3o^ ; 

18. io*4 sec. 
22. ^=A. 



-; 261-6 ft. ; 4-04 sec 
26. Art. 294 (i) and (ii). * 



Z» Cos + sin a : cos o— sin a. 



30. s^r 

35. •* tan a — 



^<r 



2«* cos* a 
36. « = i sin-1 i^\ ; ?^iEi^. 37. Angle of elevation =45"- 



1. 300 ft. -lbs. 
4. 22^ H.P. 
7, 41I tons. 
10. 50^ miles per hour. 



LVIII. P. 296. 

2. 50 H. p. 
5. 63AH.P. 
8. 10^ lbs. wt. 



8. 94il H.p. 
6. 16^ miles per hour. 

9. S3i H.p. 
11. I in 80. 



LIX. P. 298. 



1, 48,000 ft. -lbs. 

8. 4,019,400,060 ft. -lbs. 

5. 2,128^896,000,000 /tt ft. -lbs. 
7. IS miles per hour. 

9. 4031 H.P. 

11. 1 ,000,000 ft. -lbs. 

13. 592,192 gallons nearly. 



2. 226,800,000 ft. -lbs. 

4. 4^. S^tn, 4ar. 

6. 8400. 

8. 27,104 ft. -lbs. 
10. 3600 ft. -lbs. 
12. 4500 ft. -lbs. 
14. 76H minutes. 



15. The water will rise 320 feet in the pit. 



16. I58f gallons. 



LX. P. 306. 

1, 5ooft.-pdls. 2. 540,000 ft. -pdls. 3. 4200 ft. -lbs. 

4, 1 1 20 ft. -lbs. 5. 8400 ft. -lbs. 6. 1,440,000 ft. -lbs. 

7. 4039^/r ft. -lbs. 8. 168,960 ft. -pdls. ; or 5280 ft. -lbs. 
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-LXii. 31.] Answers. 367 

9. 256o-ft.-pdls., or 80 ft. -lbs. 

10. 184,320 ft.-pdls., or 5760 ft. -lbs. 

11. 256 ft. -lbs. 12. 80 ft. -lbs. 13. 640 ft. -lbs. 
14. 55,000,000 ft. -lbs. 15. 924ft..lbs. 

LXI. p. 307. 

1. 87U. 2. 2-88 f.-s. nearly. 5. 4,320,000 lbs. wt. 

6. 85 ft. 7. 245 A H.p. 8'. 9504 ft. 

10- 46657«8 foot-poundals ; one part drops from the rest ; the velocity 

of the other is doubled. 14. A ft- -lb. ; looo. 

16. (i) 28,000,000 foot-pounds ; (2) 250,000 foot-pounds. 
19. 421,390 ergs= I foot-poundal. 
21. Velocity in the ratio 4:3; Mass in the ratio 9 : 4. 



22. 


10,560. 


23. 45i7i ft. 24. 3500 foot-tons. 


25. 


283S foot- tons. 


26. 10,886,400 lbs. wt. 27. 4,092,480 ft. -lbs. 


28. 


100 ft. 


29. 5082 ft. 30. 480 ft.-lbs. 


31. 


591tH.p. 


32. i33f H.p. 33. (I) i85oA\ ft. 
(2)4054ffft. 


34. 


3,032,400 ft. -lbs. 35. 12, 197,000 ft.-lbs. 


36. 


292M ft. 


37. (I) 16,570,400 ft. -lbs. 
(2) 26,302 ft. nearly. 


38. 


} neatly. 


39. 25oV37= 1520 f.-s. 


40. 


Ma + yc) ^f^ 


-pdls. 41. 664,800 ft. -lbs. 

LXII. P. 320. 


1. 


39-22 in. 


2. 39- 18 in. 3. 39-03 in. 


4. 


1305 ft. 


5. 9-78 in. 6. T^ length. 


7. 


^ in. nearly. 


•8. 32-075- 9. 13-046 ft. 


10. 


Nearly 5. 


11. .32.202. 12. 41-808 in. 


13. 


Too long by y^ of its length. 


14. 


Too short by ^ of its length. 15, 32- 103. 


16. 


•004s in. 


17. 2.446 in. 18. 143 : 144. 


20. 


183-9 sec. 


21. If miles. 22'. 2j miles. 


23. 


1 1 59 sec. 


24. 13-19 miles.- 25. /i=(^^-)/. 


26. 


72<« in. 


27.32-14. 28. 7;; 99-7. 


29. 


17394 inches. 


30. 16.36 S/i^ inches. 31. ^feet. 
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368 Answers. [LXiii. i— 

LXIII. P. 324^ 

1. 8t lbs. wt. 2. 219.02 lbs. wt. 3. iU lbs. wt. 

4. 137?^ lbs. wt. 5. 14^ f..s.-s. 6. 2.28 inches. 

7. tano=~. fi 420N^ ^ , 

^ °' „ =54» nearly. 

9. 2032* lbs. wt. 10. jhf poundal. H. 15^. 

^^'^' 1^- '8Wlbs.wt. 

14. I5'02...1bs. weight; angle with vertical =tan-i(,W^). 

15. 8N/ibf..s.;6olbs. wt 

16. (I) 28A lbs. wt. (2) 18A lbs. wt. (3) 25H lbs. wt 

17. 72f lbs. wt. ; loof lbs. wt 18. 17 tunes very nearly. 

LXIV. P. 328. 

1. 30* ft. 2. 9051 f.-s. 3. .1-93 sec. ; Art 105 (3). 

6. (I) 3 sec. ; (2) 6 sec. ; (3) 24^. 

6. 3906ift ; (I25)« N/Jft 7. Art 121. 

9. 24,cx)0. 12. O is at the C. G. 14. 128 ft. ; 70 lbs. 

Ig- ^'Tl^''' - 16. 38.400 tons. 

■■7 i6sR g 

^'- -T^ »--s. 18. u siioo oz. wt. 

19. 2 lbs. wt 24. 477 f.-s. nearly; arrtan-M^V). 
25. i-^. 26. 83,200,000; 116,480,000,000. 

27. 66|ft. 30. tan-i(iV). 31. 402 tons. 

^^' 32^ ^^^- ^'- ' 32-09. 35. 787 f.-s. 

36. 3850 ft. 37. 2 seconds after particle leaves ^. 

39. l4Albs. 40. I J feet 

42. When at A length from the end. 48. 8143; 162.86. 

^^' -;jZ' 51. 60° with direction of 2/*; i^S.P, 

52. Plank makes with horizon the angle, tan-i(J). 



Digitized by VjOOQIC 



— LXiv. 122J Answers. 369 

53. Inclination of plane on which P rests = tan— ^ (2). 

55. «=25 Vs./'. 

56. If ^ be inclination of rod to horizon, then sin i^= Jlilzi. 

2 

57. 4 times the radius. 60. I wt. of triangle. 

61. Art. 266. 62. 2i sec. ; 4 ft. ; 48/^5. 

64. 2a ; tj2.a parallel to DB^ where a = side of square. 

65. The radii to the positions of the rings are inclined at 30** to the 

horizon. 

67. ,- , where a is the side of the square. 69. I : \^3 ; 2^. 

2n/2 

73. Art. 217. 75. They must be at right angles. 

77. If Q be the known angle, and /*the known force, then the required 

force makes an L (90° -^) with P^ and=/'sin B. 

78. 2 feet: 

80. R6S. = replaced force in mag. but acts in the opposite direction. 
82. (i) Where the perp. to the rod through the pivot cuts the fixed 

line ; (2) when the rod is parallel to the fixed line. 
86. I:2n/3; n^t".^- 

88. The middle side makes with the horizon tan— ^(f). 

89. -3— s* 92. Dists. from sides 4, 3 are I, ^^^» respectively. 



93. Chord makes with vert. diam. cos— '( — ). 

94. Makes with vertical, cos-^(^3-2 V2\ 

««-^-SS^.- 96..^ 98.6. 

103. Distance from remaining point = A diag. of a face of cube. 
107. ££^(« + «;cosa). 108. TirJ 120 sec. 

109. 600. 110. A little over 85J feet. HI. 1056 : i. 

112. 498444 lbs. wt. 

113. (I) 1,152,000 f.-s.-s.; (2) Trimrsec; (3) 360,000 lbs. wt. 
118. 4i tons wt..; 3I tons wt. 120. i lb. wt. 

121. 2{P-vQ)co%e. 122. 2n/2" 

2 A 
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Zjo Answers. [lxiv. 126-163. 

126. 2 V3; makes 150^ with I. 129. /^S + Sn/J). 
130. n/4 9-6n/j : 131. 25 lbs. wt. 
185. 3n/2- Va'ibs. wt.; 3 lbs. wt.; 3\/2lbs. wt. 
136..oo(^^'fi). 

137. ^V2(i-sin^); ^\/2(i-cos^); fFVI 

138. 7iVft. 140. K. 

rV (2r)3-4^ ' ' fV (2r)2-4a^ 

143. 264 ft. 144, 2,240,000 lbs. weight. 

145. i-96...ft. 147. Stopped in 4th. 

149. 82481 sq. feet, or a circle whose radius is 162 feet. 

150. i6n/3 ft. ; 6 lbs. wt. 151. 2^ h.p. 

152. 1,200,000 gallons. 153. 37i miles an hour. 

155. 329-58.. .lbs. wt. 156. 366.2i...lbs. wt. 

157. 2i'061bs. wt. 158. 0'274...pounc'als. 

160. 10 \l26m, where m is mass of the ball in lbs. His vel. = I0'02... 

f.-s., and his path makes with his original path an angle 

sin-i/ i__\. 

\I00«2.../ 

161. 8800 feet. 168. ^??.~IZ_ seconds. 
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